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Abstract. The purpose of the present paper is to establish some new results
giving the sharp bounds of the real parts of ratios of harmonic univalent functions
to its sequences of partial sums by involving the Gaussian hypergeometric function.
Relevant connections of the results presented here with various known results are
briefly indicated. We also mention results which are associated with certain classical
orthogonal polynomials (deduced from some of the main results) exhibiting the
usefulness of the results presented in this paper.
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1. Introduction

A continuous complex-valued function f = u+ iv is said to be harmonic in a simply-
connected domain D if both u and v are real harmonic in D. In any simply-connected
domain we can write f = h + g, where h and g are analytic in D. We call h the
analytic part and g the co-analytic part of f. A necessary and sufficient condition for
f to be locally univalent and sense-preserving in D is that |h′(z)| > |g′(z)|, z ∈ D;
see Clunie and Sheil-Small [4].

Denote by SH the class of functions f = h+g which are harmonic univalent and
sense-preserving in the open unit disk U = {z : |z| < 1} for which f(0) = fz(0)−1 =
0. For f = h+ g ∈ SH , we may express the analytic functions h and g as

h(z) = z +
∞∑
k=2

akz
k, g(z) =

∞∑
k=1

bkz
k, |b1| < 1. (1)

For basic results on harmonic functions, one may refer to the book by Duren
[10], see also Ahuja [2] and Ponnusamy and Rasila ([18], [19]).

53



S. Porwal and A. Singh - Partial Sums of Generalized Class of Harmonic...

Note that SH reduces to the class S of normalized analytic univalent functions,
if the co-analytic part of its member is zero, i.e. g ≡ 0, and for this class f(z) may
be expressed as

f(z) = z +
∞∑
k=2

akz
k. (2)

Let φ(z) ∈ SH be a fixed function of the form

φ(z) = z +
∞∑
k=2

ckz
k +

∞∑
k=1

dkzk, (dk ≥ ck ≥ c2 > 0; k ≥ 2 and |d1| < 1). (3)

We now introduce a class SH(ck, dk, δ) consisting of functions of the form 1 which
satisfies the inequality that

∞∑
k=2

ck|ak|+
∞∑
k=1

dk|bk| ≤ δ, where δ > 0, (4)

and we note that if dk = 0, then the class SH(ck, dk, δ) reduces to the class Sφ(ck, δ)
which was studied by Frasin [13]. In this case condition 4 reduces to

∞∑
k=2

ck|ak| ≤ δ, where δ > 0. (5)

It is easy to see that various subclasses of SH consisting of functions f(z) of the
form:

h(z) = z −
∞∑
k=2

|ak|zk, g(z) =
∞∑
k=1

|bk|zk, |b1| < 1, (6)

can be represented by SH(ck, dk, δ) for suitable choices of ck, dk and δ studied
earlier by various researchers. We illustrate some known consequences by noting the
following relationships:

1. SH(k, k, 1) ≡ S∗H (Silverman [28]; Silverman and Silvia [29]).

2. SH(k − α, k + α, 1− α) ≡ S∗H(α) (Jahangiri [14], (see also [24])).

3. SH(2k − 1− α, 2k + 1 + α, 1− α) ≡ GH(α) (Rosy et al. [25]).

4. SH(k(1− αλ)− α(1− λ), k(1− αλ) + α(1− λ), 1− α) ≡ S∗H(α, λ) (Öztürk et
al. [17]).

5. SH(λk − α, µk + α, 1− α) ≡ SH(Φ,Ψ, α) (Frasin [11]).
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6. SH(km − αkn, km − αkn, 1− α) ≡ HS(m,n, α) (Dixit and Porwal [6], (see also
[9])).

7. SH(λk(1− αλ)− α(1− λ), µk(1− αλ) + α(1− λ), 1− α) ≡ SH(Φ,Ψ, α, λ)
(Dixit and Porwal [8]).

8. SH((k − α)(φ(k, λ)), (k + α)(φ(k, λ)), 1− α) ≡ S∗H,λ(α) (Dixit and Porwal [7]).

9.

SH((k(β + 1)− t(β + γ))Γ(α1, k), (k(β + 1) + t(β + γ))Γ(α1, k)), (k − 1)!(1− γ))

≡ GH(α1, β, γ, t) (Porwal et al. [22])

In 1985, Silvia [30] studied the partial sums of convex functions of order α. Later
on, Silverman [27], Abubaker and Darus [1], Dixit and Porwal [5], Frasin ([12], [13]),
Murugusundaramoorthy et al. [15], Orahan et al. [16], Raina and Bansal [23] and
Rosy et al. [26] studied and generalized the results on partial sums for various classes
of analytic functions. Very recently, Porwal [20], Porwal and Dixit [21] also studied
the partial sums of harmonic univalent functions.

We denote the sequences of certain partial sums of functions of the form 1 (with
b1 = 0) as follows:

fm(z) = z +
m∑
k=2

akz
k +

∞∑
k=2

bkzk,

fn(z) = z +
∞∑
k=2

akz
k +

n∑
k=2

bkzk,

fm,n(z) = z +
m∑
k=2

akz
k +

n∑
k=2

bkzk,

where the coefficients of f are sufficiently small to satisfy the condition 4.
The Gaussian hypergeometric function F (a, b; c; z), z ∈ U , used in this paper is

defined by the series:

F (a, b; c; z) =

∞∑
n=0

(a)n(b)n
(c)n(1)n

zn,

which has vast applications in various fields such as conformal mappings, quasi con-
formal theory, continued fractions and in several other areas of applied mathematics
and engineering. Here a, b, c are complex numbers such that c 6= 0,−1,−2,−3...;
(a)0 = 1 for a 6= 0, and for each positive integer n, (a)n = a(a+1)(a+2)...(a+n−1)

55



S. Porwal and A. Singh - Partial Sums of Generalized Class of Harmonic...

is the familiar Pochhammer symbol. Results regarding F (a, b; c; z) when Re(c−a−b)
is positive, zero or negative are abundant in literature. These cases for Gaussian
hypergeometric function are discussed in [31].

In the present paper, we investigate results pertaining to the class SH(ck, dk, δ)
by using the Gaussian hypergeometric function and determine sharp lower bounds

for Re
{

f(z)∗H(a,b;c;z)
fm(z)∗H(a,b;c;z)

}
, Re

{
fm(z)∗H(a,b;c;z)
f(z)∗H(a,b;c;z)

}
, Re

{
(f(z)∗H(a,b;c;z))′

(fm(z)∗H(a,b;c;z))′

}
,

Re
{

(fm(z)∗H(a,b;c;z))′

(f(z)∗H(a,b;c;z))′

}
, Re

{
f(z)∗H(a,b;c;z)
fn(z)∗H(a,b;c;z)

}
, Re

{
fn(z)∗H(a,b;c;z)
f(z)∗H(a,b;c;z)

}
,

Re
{

(f(z)∗H(a,b;c;z))′

(fn(z)∗H(a,b;c;z))′

}
, Re

{
(fn(z)∗H(a,b;c;z))′

(f(z)∗H(a,b;c;z))′

}
Re
{

f(z)∗H(a,b;c;z)
fm,n(z)∗H(a,b;c;z)

}
,

Re
{
fm,n(z)∗H(a,b;c;z)
f(z)∗H(a,b;c;z)

}
, Re

{
(f(z)∗H(a,b;c;z))′

(fm,n(z)∗H(a,b;c;z))′

}
, Re

{
(fm,n(z)∗H(a,b;c;z))′

(f(z)∗H(a,b;c;z))′

}
, where

H(a, b; c; z) = zF (a, b; c; z).

Several consequences of the main theorems are deduced and also as special cases, we
consider the cases involving some classical orthogonal polynomials, like, the Legendre
polynomials, the Jacobi polynomials and the Laguerre polynomials.

2. Main Results

We begin by determining the sharp lower bounds for Re
{

f(z)∗H(a,b;c;z)
fm(z)∗H(a,b;c;z)

}
which is

contained in the following:
Theorem 2.1. If f of the form 1 with b1 = 0, satisfies the condition 4 with

ck ≥


δ(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ....,m
cm+1

(a)m(b)m
(c)mm!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = m+ 1,m+ 2...
,

then

Re

{
f(z) ∗H(a, b; c; z)

fm(z) ∗H(a, b; c; z)

}
≥
cm+1 − δ(a)m(b)m

(c)m(m)!

cm+1
, for all z ∈ U. (7)

The result 7 is sharp with the function given by

f(z) = z +
δ

cm+1
zm+1. (8)

Proof.
To obtain sharp lower bound given by 7, let us put

1 + ω(z)

1− ω(z)
=

cm+1

δ(a)m(b)m
(c)m(m)!

 f(z) ∗H(a, b; c; z)

fm(z) ∗H(a, b; c; z)
−
cm+1 − δ(a)m(b)m

(c)m(m)!

cm+1


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=

1 +
m∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

akr
k−1ei(k−1)θ +

∞∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

bkr
k−1e−i(k+1)θ

+ cm+1
δ(a)m(b)m
(c)m(m)!

[ ∞∑
k=m+1

(a)k−1(b)k−1
(c)k−1(k − 1)!

akr
k−1ei(k−1)θ

]

1 +

m∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

akr
k−1ei(k−1)θ +

∞∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

bkr
k−1e−i(k+1)θ

,

then

ω(z) =

cm+1

δ(a)m(b)m
(c)m(m)!

[ ∞∑
k=m+1

(a)k−1(b)k−1
(c)k−1(k − 1)!

akr
k−1ei(k−1)θ

]

2 + 2

(
m∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

akr
k−1ei(k−1)θ +

∞∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

b̄kr
k−1e−i(k+1)θ

)

+ cm+1
δ(a)m(b)m
(c)m(m)!

( ∞∑
k=m+1

(a)k−1(b)k−1
(c)k−1(k − 1)!

akr
k−1ei(k−1)θ

)
.

Thus

|ω(z)| ≤

cm+1

δ(a)m(b)m
(c)m(m)!

[ ∞∑
k=m+1

(a)k−1(b)k−1
(c)k−1(k − 1)!

|ak|

]

2− 2

(
m∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

|ak|+
∞∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

|bk|

)

− cm+1
δ(a)m(b)m
(c)m(m)!

( ∞∑
k=m+1

(a)k−1(b)k−1
(c)k−1(k − 1)!

|ak|

)
.

This last expression is bounded above by 1, if and only if

m∑
k=2

δ(a)k−1(b)k−1
(c)k−1(k − 1)!

|ak|+
∞∑
k=2

δ(a)k−1(b)k−1
(c)k−1(k − 1)!

|bk|

+ cm+1
δ(a)m(b)m
(c)m(m)!

∑∞
k=m+1

δ(a)k−1(b)k−1

(c)k−1(k−1)! |ak| ≤ 1.

In view of 4, it suffices to show that L.H.S. of 9 is bounded above by
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∞∑
k=2

ck
δ
|ak|+

∞∑
k=2

dk
δ
|bk|, which is equivalent to

m∑
k=2

(
ck
δ
− (a)k−1(b)k−1

(c)k−1(k − 1)!

)
|ak|+

∞∑
k=2

(
dk
δ
− (a)k−1(b)k−1

(c)k−1(k − 1)!

)
|bk|

+
∞∑

k=m+1

ck
δ
− cm+1

δ(a)m(b)m
(c)mm!

 |ak| ≥ 0.

To see that f(z) = z +
δ

cm+1
zm+1 gives the sharp result, we observe that for

z = reiπ/m that

f(z) ∗H(a, b; c; z)

fm(z) ∗H(a, b; c; z)
=

z+
δ(a)m(b)m

(c)m(m)!cm+1
zm+1

z

= 1− δ(a)m(b)m
(c)m(m)!cm+1

=
cm+1− δ(a)m(b)m

(c)m(m)!

cm+1
,

when r → 1−.

Adopting the same procedure as in Theorem 2.1, and performing simple calcu-
lations, we can obtain the sharp lower bounds for the real parts of the following
ratios:

Re
{
fm(z)∗H(a,b;c;z)
f(z)∗H(a,b;c;z)

}
, Re

{
(f(z)∗H(a,b;c;z))′

(fm(z)∗H(a,b;c;z))′

}
, Re

{
(fm(z)∗H(a,b;c;z))′

(f(z)∗H(a,b;c;z))′

}
;

Re
{
f(z)∗H(a,b;c;z)
fn(z)∗H(a,b;c;z)

}
, Re

{
fn(z)∗H(a,b;c;z)
f(z)∗H(a,b;c;z)

}
; Re

{
(f(z)∗H(a,b;c;z))′

(fn(z)∗H(a,b;c;z))′

}
and Re

{
(fn(z)∗H(a,b;c;z))′

(f(z)∗H(a,b;c;z))′

}
.

The results corresponding to real parts of these ratios are contained in the fol-
lowing Theorems 2.2, 2.3, 2.4, 2.5, 2.6, 2.7 and 2.8.

Theorem 2.2. If f of the form 1 with b1 = 0, satisfies the condition 4 with

ck ≥


δ(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ....,m
cm+1

(a)m(b)m
(c)mm!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = m+ 1,m+ 2...
,

then

Re

{
fm(z) ∗H(a, b; c; z)

f(z) ∗H(a, b; c; z)

}
≥ cm+1

cm+1 + δ(a)m(b)m
(c)m(m)!

, for all z ∈ U. (9)

58



S. Porwal and A. Singh - Partial Sums of Generalized Class of Harmonic...

The result 9 is sharp with the function given by 8.

Theorem 2.3. If f of the form 1 with b1 = 0, satisfies the condition 4 with

ck ≥


δk(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ...m.
kcm+1

m+1
(a)m(b)m
(c)m(m)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = m+ 1,m+ 2, ...
,

then

Re

{
(f(z) ∗H(a, b; c; z))′

(fm(z) ∗H(a, b; c; z))′

}
≥
cm+1 − (m+1)δ(a)m(b)m

(c)m(m)!

cm+1
, for all z ∈ U. (10)

The result 10 is sharp with the function given by 8.

Theorem 2.4. If f of the form 1 with b1 = 0, satisfies the condition 4 with

ck ≥

 k
δ(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ....,m
kcm+1

(m+1)
(a)m(b)m
(c)m(m)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = m+ 1,m+ 2...
,

then

Re

{
(fm(z) ∗H(a, b; c; z))′

(f(z) ∗H(a, b; c; z))′

}
≥ cm+1

cm+1 + (m+ 1) δ(a)m(b)m
(c)m(m)!

, (z ∈ U). (11)

The result 11 is sharp with the function given by 8.

Theorem 2.5. If f of the form 1 with b1 = 0 satisfies the condition 4 with

dk ≥


δ(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ...., n
dn+1

(a)n(b)n
(c)n(n)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = n+ 1, n+ 2...
,

then

Re

{
f(z) ∗H(a, b; c; z)

fn(z) ∗H(a, b; c; z)

}
≥
dn+1 − δ(a)n(b)n

(c)n(n)!

dn+1
, (z ∈ U). (12)

The result 12 is sharp with the function

f(z) = z +
δ

dn+1
z̄n+1. (13)

Theorem 2.6. If f of the form 1 with b1 = 0 , satisfies the condition 4 with

59



S. Porwal and A. Singh - Partial Sums of Generalized Class of Harmonic...

dk ≥


δ(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ...., n
dn+1

(a)n(b)n
(c)n(n)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = n+ 1, n+ 2...
,

then

Re

{
fn(z) ∗H(a, b; c; z)

f(z) ∗H(a, b; c; z)

}
≥ dn+1

dn+1 + δ(a)n(b)n
(c)n(n)!

, (z ∈ U). (14)

The result 14 is sharp with the function given by 13.

Theorem 2.7. If f of the form 1 with b1 = 0, satisfies the condition 4 with

dk ≥


δk(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ...n.
kdn+1

(n+1)
(a)n(b)n
(c)n(n)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = n+ 1, n+ 2, ...
,

then

Re

{
(f(z) ∗H(a, b; c; z))′

(fn(z) ∗H(a, b; c; z))′

}
≥
dn+1 − (n+1)δ(a)n(b)n

(c)nn!

dn+1
, (z ∈ U). (15)

The result 15 is sharp with the function given by 13.

Theorem 2.8. If f of the form 1 with b1 = 0, satisfies the condition 4 with

dk ≥


δk(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ...n.
kdn+1

(n+1)
(a)n(b)n
(c)n(n)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = n+ 1, n+ 2, ...
,

then

Re

{
(fn(z) ∗H(a, b; c; z))′

(f(z) ∗H(a, b; c; z))′

}
≥ dn+1

dn+1 + (n+1)δ(a)n(b)n
(c)nn!

, z ∈ U. (16)

The result 16 is sharp with the function given by 13.

We next determine bound for Re
{

f(z)∗H(a,b;c;z)
fm,n(z)∗H(a,b;c;z)

}
.

Theorem 2.9. If f of the form 1 with b1 = 0, satisfies the condition 4 with

ck ≥


δ(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ....,m
cm+1

(a)m(b)m
(c)m(m)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = m+ 1,m+ 2...
,
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and

dk ≥


δ(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ...., n
cm+1

(a)n(b)n
(c)n(n)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = n+ 1, n+ 2...
,

then

(i) Re

{
f(z) ∗H(a, b; c; z)

fm,n(z) ∗H(a, b; c; z)

}
≥
cm+1 − δ(a)m(b)m

(c)m(m)!

cm+1
, (z ∈ U). (17)

and if the condition

ck ≥


δ(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ....,m
dn+1

(a)m(b)m
(c)m(m)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = m+ 1,m+ 2...
,

and

dk ≥


δ(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ...., n
dn+1

(a)n(b)n
(c)n(n)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = n+ 1, n+ 2...
,

(ii) Re

{
f(z) ∗H(a, b; c; z)

fm,n(z) ∗H(a, b; c; z)

}
≥
dn+1 − δ(a)n(b)n

(c)n(n)!

dn+1
, (z ∈ U). (18)

The results 17 and 18 are sharp with the functions given by 8 and 13, respectively.

Proof. To obtain sharp lower bound given by 17, we put

1 + ω(z)

1− ω(z)
=

cm+1

δ(a)m(b)m
(c)m(m)!

 f(z) ∗H(a, b; c; z)

fm,n(z) ∗H(a, b; c; z)
−
cm+1 − δ(a)m(b)m

(c)m(m)!

cm+1



=

1 +

m∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

akr
k−1ei(k−1)θ +

n∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

bkr
k−1e−i(k+1)θ +

cm+1

δ(a)m(b)m
(c)m(m)![ ∞∑

k=m+1

(a)k−1(b)k−1
(c)k−1(k − 1)!

akr
k−1ei(k−1)θ +

∞∑
k=n+1

(a)k−1(b)k−1
(c)k−1(k − 1)!

bkr
k−1e−i(k+1)θ

]

1 +
m∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

akr
k−1ei(k−1)θ +

n∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

bkr
k−1e−i(k+1)θ

.
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So that

ω(z) =

cm+1
δ(a)m(b)m
(c)m(m)!

[
∞∑

k=m+1

(a)k−1(b)k−1

(c)k−1(k − 1)!
akr

k−1ei(k−1)θ +

∞∑
k=n+1

(a)k−1(b)k−1

(c)k−1(k − 1)!
b̄kr

k−1e−i(k+1)θ

]

2 + 2

(
m∑
k=2

(a)k−1(b)k−1

(c)k−1(k − 1)!
akr

k−1ei(k−1)θ +

n∑
k=2

(a)k−1(b)k−1

(c)k−1(k − 1)!
b̄kr

k−1e−i(k+1)θ

)

+
cm+1

δ(a)m(b)m
(c)m(m)!

(
∞∑

k=m+1

(a)k−1(b)k−1

(c)k−1(k − 1)!
akr

k−1ei(k−1)θ +

∞∑
k=n+1

(a)k−1(b)k−1

(c)k−1(k − 1)!
b̄kr

k−1e−i(k+1)θ

)
.

Then

|ω(z)| ≤

cm+1
δ(a)m(b)m
(c)m(m)!

[ ∞∑
k=m+1

(a)k−1(b)k−1
(c)k−1(k − 1)!

|ak|+
∞∑

k=n+1

(a)k−1(b)k−1
(c)k−1(k − 1)!

|bk|

]

2− 2

(
m∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

|ak|+
n∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

|bk|

)

− cm+1
δ(a)m(b)m
(c)m(m)!

( ∞∑
k=m+1

(a)k−1(b)k−1
(c)k−1(k − 1)!

|ak|+
∞∑

k=n+1

(a)k−1(b)k−1
(c)k−1(k − 1)!

|bk|

)
.

The last expression is bounded above by 1 if and only if

m∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

|ak|+
n∑
k=2

(a)k−1(b)k−1
(c)k−1(k − 1)!

|bk|+
cm+1

δ(a)m(b)m
(c)m(m)!( ∞∑

k=m+1

(a)k−1(b)k−1
(c)k−1(k − 1)!

|ak|+
∞∑

k=n+1

(a)k−1(b)k−1
(c)k−1(k − 1)!

|bk|

)
≤ 1.

(19)

It suffices to show that L.H.S. of 19 is bounded above by
∞∑
k=2

ck
δ
|ak|+

∞∑
k=2

dk
δ
|bk|,

which is equivalent to

m∑
k=2

(
ck
δ
− (a)k−1(b)k−1

(c)k−1(k − 1)!

)
|ak|+

n∑
k=2

(
dk
δ
− (a)k−1(b)k−1

(c)k−1(k − 1)!

)
|bk|

+
∞∑

k=m+1

ck
δ
− cm+1

δ(a)m(b)m
(c)m(m)!

(a)k−1(b)k−1
(c)k−1(k − 1)!

 |ak|
+

∞∑
n+1

dk
δ
− cm+1

δ(a)m(b)m
(c)m(m)!

(a)k−1(b)k−1
(c)k−1(k − 1)!

 |bk| ≥ 0.
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To see that f(z) = z +
δ

cm+1
zm+1 gives the sharp result, we observe that for

z = reiπ/m that

f(z) ∗H(a, b; c; z)

fm,n(z) ∗H(a, b; c; z)
=

z+
δ(a)m(b)m

cm+1(c)m(m)!
zm+1

z

= 1 + δ(a)m(b)m
(c)m(m)!cm+1

zm

=
cm+1− δ(a)m(b)m

(c)m(m)!

cm+1

when r → 1−.
For finding sharp lower bound given by 18, we follow the same steps as just

mentioned above to arrive at the desired bound.

By applying the same technique as used in proving Theorem 2.9, we can derive
the sharp lower bounds of real parts of the following ratios:

Re
{
fm,n(z)∗H(a,b;c;z)
f(z)∗H(a,b;c;z)

}
, Re

{
(f(z)∗H(a,b;c;z))′

(fm,n(z)∗H(a,b;c;z))′

}
andRe

{
(fm,n(z)∗H(a,b;c;z))′

(f(z)∗H(a,b;c;z))′

}
. The

results obtained are given by the following Theorems 2.10, 2.11 and 2.12.
Theorem 2.10. If f of the form 1 with b1 = 0, satisfies the condition 4 with

ck ≥


δ(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ....,m
cm+1

(a)m(b)m
(c)m(m)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = m+ 1,m+ 2...
,

and

dk ≥


δ(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ...., n
cm+1

(a)n(b)n
(c)n(n)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = n+ 1, n+ 2...
,

then

(i) Re

{
fm,n(z) ∗H(a, b; c; z)

f(z) ∗H(a, b; c; z)

}
≥ cm+1

cm+1 + δ(a)m(b)m
(c)m(m)!

, (z ∈ U), (20)

and if the condition

ck ≥


δ(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ....,m
dn+1

(a)m(b)m
(c)m(m)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = m+ 1,m+ 2...
,

and

dk ≥


δ(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ...., n
dn+1

(a)n(b)n
(c)n(n)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = n+ 1, n+ 2...
,
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(ii) Re

{
fm,n(z) ∗H(a, b; c; z)

f(z) ∗H(a, b; c; z)

}
≥ dn+1

dn+1 + δ(a)n(b)n
(c)n(n)!

, (z ∈ U). (21)

The results 20 and 21 are sharp with the functions given by 8 and 13, respectively.

Theorem 2.11. If f of the form 1 with b1 = 0, satisfies the condition 4 with

ck ≥


δk(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ...m.
kcm+1

m+1
(a)m(b)m
(c)m(m)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = m+ 1,m+ 2, ...
,

and

dk ≥


δk(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ...n.
kcm+1

m+1
(a)m(b)m
(c)m(m)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = n + 1,n + 2, ...
.

Then

Re

{
(f(z) ∗H(a, b; c; z))′

(fm,n(z) ∗H(a, b; c; z))′

}
≥
cm+1 − (m+1)δ(a)m(b)m

(c)m(m)!

cm+1
, forall z ∈ U. (22)

The result 22 is sharp with the function given by 8.

Theorem 2.12. If f of the form 1 with b1 = 0, satisfies the condition 4 with

ck ≥


δk(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ...m.
kcm+1

m+1
(a)m(b)m
(c)m(m)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = m+ 1,m+ 2, ...

and

dk ≥


δk(a)k−1(b)k−1

(c)k−1(k−1)! if k = 2, 3, ...n.
kcm+1

m+1
(a)m(b)m
(c)m(m)!

(a)k−1(b)k−1

(c)k−1(k−1)! if k = n+ 1, n+ 2, ...
,

then

Re

{
(fm,n(z) ∗H(a, b; c; z))′

(f(z) ∗H(a, b; c; z))′

}
≥ cm+1

cm+1 + (m+1)δ(a)m(b)m
(c)m(m)!

, for all z ∈ U. (23)

The result 23 is sharp with the function given by 8.
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3. Some Consequences and Concluding Remarks

In this section we specifically point out the relevances of some of our main results
with those results which have appeared recently in literature.

If we put a = c, b = 1 in Theorems 2.1 - 2.12, then we obtain the corresponding
results of Porwal [20].

Next, if we put a = c, b = 1, ck = k − α, dk = k + α, δ = 1 − α in Theorems
2.1 - 2.12, then we obtain the results of Porwal and Dixit [21].

Lastly, if we put g ≡ 0, a = c, b = 1, then we obtain the result of Frasin [13].
We mention below some corollaries giving sharp bounds of the real parts of the

ratio of univalent functions to its sequences of partial sums.
By putting a = c, b = 1 in Theorem 2.1 for the function f of the form 2 with

ck = k − α and δ = 1 − α, then we obtain the following result of Silverman ([27],
Theorem 1).

Corollary 3.1. If f of the form 2 satisfies the condition 5 with ck = k−α, then

Re

{
f(z)

fm(z)

}
≥ m

m+ 1− α
, z ∈ U.

The result is sharp for every m, with the extremal function given by

f(z) = z +
1− α

m+ 1− α
zm+1. (24)

On the other hand, if we put a = c, b = 1 in Theorem 2.3 for the function f of
the form 2 with ck = k − α and δ = 1 − α, then we obtain the following result of
Silverman ([27], Theorem 4(i)).

Corollary 3.2. If f of the form 2 satisfies the condition 5 with ck = k−α, then
for z ∈ U :

Re

{
f ′(z)

f ′m(z)

}
≥ αm

m+ 1− α
.

The result is sharp for every m, with the extremal function given by 24.

Also, if we put a = c, b = 1 in Theorem 2.1 for the function f of the form 2
belonging to the class Sφ(ck, δ), then we obtain the following result of Frasin [13].

Corollary 3.3. If f ∈ Sφ(ck, δ) , then

Re

{
f (z)

fm (z)

}
≥ cm+1 − δ

cm+1
, (z ∈ U) , (25)
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where ck ≥
{

δ if k = 2, 3, ..., n
cm+1 if k = m+ 1,m+ 2, ...

.

The result is sharp for every m, with the extremal function given by

f(z) = z +
δ

cm+1
zm+1. (26)

Again, if we set a = c, b = 1 in Theorem 2.1, then we obtain the following result
of Porwal [20].

Corollary 3.4. If f of the form 1 with b1 = 0, satisfies the condition 4 with

ck ≥
{

δ if k = 2, 3, ....,m
cm+1 if k = m+ 1,m+ 2...

,

then

Re

{
f(z)

fm(z)

}
≥ cm+1 − δ

cm+1
, for all z ∈ U. (27)

The result 27 is sharp with the function given by 26.

We conclude this paper by considering some specific values for the parameters
a, b, c involved in H(a, b; c; z), so that it reduces to a familiar special function. By
making use of these values in Theorems 2.1 - 2.12, we can obtain various interesting
results. To illustrate, we consider some of the cases of our theorems as follows.

By choosing a = −n, b = n+ 1, c = 1 in H(a, b; c; z), so that

H(a, b; c; z) = zF (−n, n+ 1; 1; z) = zPn(1− 2z),

where Pn(z) is Legendre polynomial (see [3]).
Using this specialization, Theorem 2.1 yields the following result.
Corollary 3.5. If f of the form 1 with b1 = 0, satisfies the condition 4 with

ck ≥


δ(−n)k−1(n+1)k−1

(1)k−1(k−1)! if k = 2, 3, ....,m
cm+1

(−n)m(n+1)m
(1)mm!

(−n)k−1(n+1)k−1

(1)k−1(k−1)! if k = m+ 1,m+ 2, ..., n
,

then

Re

{
f(z) ∗ zPn(1− 2z)

fm(z) ∗ zPn(1− 2z)

}
≥
cm+1 − δ(−n)m(n+1)m

(1)m(m)!

cm+1
, for all z ∈ U, (28)

provided that n > m.
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The result 28 is sharp with the function given by

f(z) = z +
δ

cm+1
zm+1. (29)

Again, if we put a = −n, b = 1 + α+ β + n; c = 1 + α, then we have

H(a, b; c; z) = zF (−n, 1+α+β+n; 1+α; z) = z
n!

(1 + α)n
P (α,β)
n (1−2z) = JP (α, β, n; z),

where P
(α,β)
n (z) is the well known Jacobi polynomial.

Theorem 2.1 with these above specializations gives the following result.
Corollary 3.6. If f of the form 1 with b1 = 0, satisfies the condition 4 with

ck ≥


δ(−n)k−1(1+α+β+n)k−1

(1+α)k−1(k−1)! if k = 2, 3, ....,m
cm+1

(−n)m(1+α+β+n)m
(1+α)mm!

(−n)k−1(1+α+β+n)k−1

(1+α)k−1(k−1)! if k = m+ 1,m+ 2, ..., n
,

then

Re

{
f(z) ∗ JP (α, β, n; z)

fm(z) ∗ JP (α, β, n; z)

}
≥
cm+1 − δ(−n)m(1+α+β+n)m

(1+α)m(m)!

cm+1
, for all z ∈ U, (30)

provided that n > m.
The result 30 is sharp with the function given by 29.

Similarly, if a = −n, b = 1, c = 1, then

H(a, b; c; z) = zF (−n, 1; 1; z) = zLn(z),

where Ln(z) is a Laguerre polynomial. Based on these substitutions, Theorem 2.1
yields the following result.

Corollary 3.7. If f of the form 1 with b1 = 0, satisfies the condition 4 with

ck ≥


δ(−n)k−1

(k−1)! if k = 2, 3, ....,m
cm+1
(−n)m
m!

(−n)k−1

(k−1)! if k = m+ 1,m+ 2, ..., n
,

then

Re

{
f(z) ∗ zLn(z)

fm(z) ∗ zLn(z))

}
≥
cm+1 − δ(−n)m

m!

cm+1
, for all z ∈ U, (31)

provided that n > m.
The result 31 is sharp with the function given by 29.
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