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RADIUS PROBLEMS FOR CERTAIN SUBCLASSES OF
MEROMORPHIC FUNCTIONS

B.A. FRASIN

ABSTRACT. For analytic functions f(z) in the punctured open unit disk D,
subclasses M (31, B2, B3; A), Xj(a) and Xg(a, B) are introduced. The object of the
present paper is to discuss some interesting properties of functions f(z) associated
with classes 9(B1, B2, B3; A). Radius problems for the classes 33 (o) and g (o, B) are
also obtained.
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1. INTRODUCTION AND DEFINITIONS

Let X denote the class of functions of the form

1 o

O Sy 1)
n=1

which are analytic in the punctured unit disk D = {z € C : 0 < |2| < 1}. We also

write by U the open unit disk.

A function f(z) in ¥ is said to be meromorphically starlike of order « if and only
if

2f'(2)
9%{— B } >« (z € U), (2)
for some (0 < a < 1). We denote by ¥*(«) the class of all meromorphically starlike
functions of order a.

The class ¥*(«) and various other subclasses of ¥ have been studied rather
extensively by Nehari and Netanyahu [7], Clunie [3], Pommerenke [8, 9], Miller [6],
Royster [10], Cho et al.[2], Aouf [1] and others.

A function f(z) in X is said to be in the class ¥(a, ) if and only if
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2f'(2) } 2f'(2)
Re — >
{ f(z) f(z)
for some (0 < a < 1) and g > 0. Clearly, X(a,0) = X*(«).
Let 9(51, B2, B3; A) be the subclass of ¥ consisting of all functions f(z) satisfying

—i—l‘—i—a (z € U), (3)

|B1(Z°f'(2) + 1) + Boz(2° f'(2)) + Bs2° (22 f'(2))"| <X (2 €D) (4)
for some complex numbers 1, 82 and (3, and for some real A\ > 0.
Example 1.1 Let us consider the function f,(z) given by

1=z (14 2)
z

f’Y(z) a(VER)'

Then we have
18122 f(2) + 1) + Baz(2° f1(2)) + Bs2*(2° 1(2))"]

= Zn’yn(ﬁl + (n41)B2 + n(n +1)B3) 2",

n=1

where
Yy =Dy —=2)..(y —n+1)
n!

m =

Therefore, if v = 1, then

|B1(2° f1(2) + 1) + Baz(2° f1(2)) + Bs22(Z° F1(2))"| = |(Br + 2B2 + 2B3)2%| < |Bu]+2 62| +2Bs] -
This implies that f1(z) € M(B1, B2, B3; A) for A > |B1|+2|52] +2|8s]. If v = 2, then
181(2° f3(2) + 1) + B2z(2° f3(2)) + Bs22(2° f3(2))"|
= |2(B1+ 282 +2B3)2" + 2(B1 + 3B2 + 683)2° | < 4[B1| +10(B2| + 16 (B3] .

Therefore, fo(z) € M(By, B2, B3; A) for A > 4|51 +10]|52|+16|33]. Further, if v = 3,
then we have

181(2° f3(2) + 1) + B22(2 f3(2)) + B32*(2° f3(2))"]
|3(B1 + 282 +283)2° + 6(B1 + 362 + 683)2° + 3(B1 + 482 + 123)2" |
12|B1] + 36 | B2| 4+ 90 [ B3] -

IN

Thus, f3(2) € M(B1, B2, B3; A) for A > 12|51 + 36 | 32| + 90 53] .
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Now, let 3y denote the subclass of ¥ consisting of functions f(z) with
an = |an| DY (n=1,2,..).
Also, we introduce the subclasses ¥j(a) and Yg(c, B) of g as follows:
Yp(a) =g NE*(a) andXy(a, ) = ZgNE(a, B).

Radius problems for some subclasses of analytic functions in the open unit disk
U and also for some subclasses of meromorphic functions in the punctured unit disk
D have been considered by several authors (see, for example, [4, 5, 11]). In this
paper, we proved some properties of the subclass 9(/51, 52, B3; A) of meromorphic
functions. Radius problems for the classes ¥j(a) and Xg(a, 3) are also derived.

2.PROPERTIES OF THE CLASS I((1, B2, O3; A)

We first prove
Theorem 2.1 If f(z) € ¥ satisfies

Z (181] + (n+ 1) |Ba] +n(n+1) [Bs]) an| < A (5)

for some complex numbers (1, B2 and B3, and for some real A > 0, then f(z) €

M(B1, B2, B3 A).
Proof. We observe that

|BL(22f/(2) + 1) + Boz(22f'(2)) + Bs2* (22 F'(2))"]

= Z (B1 + (n+1)B2 + n(n + 1)B3)a, 2"

n=1

< Z (181] + (n + 1) 2] + n(n + 1) |B5]) |an| |2
< Y n(IBi+ (n+1) B +n(n+1)[B3]) |an] -
n=1

Therefore, if f(z) satisfies the inequality (5), then f(z) € 9(51, B2, B3; A).

Next, we prove
Theorem 2.2 If f(z) € M(5, B2, B3; A) with arg 1 = arg 52 = arg B3 = ¢ and
an = |an| eH10=9) (n, = 1,2, ..), then we have

[e.9]

> n(1B1] + (n+ 1) 82| + n(n + 1) |Bs]) |an| < A

n=1
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Proof. Let f(z) € IM(B1, P2, B3; A) with arg 51 = argfs = argfSl3 = ¢ and
an = |an| (H10=9) (n, = 1,2, ...). Then we see that

|B1(22 f'(2) + 1) + B22(2f'(2))" + B32°(=*F'(2))"|

o0

Zn(ﬁl +(n+1)B2+n(n+ 1)33)611@2"“

n=1

> 081 + (n 4 1) |Ba] + n(n + 1) Bs]) ay| " HD7 2+
n=1

<A

for all z € U. Let us consider a point z € U such that z = |z| ™. Then we have
[e.e]
> n(181] + (n+ 1) |Ba] + n(n + 1) |Bs]) |an| [z < A
n=1

Letting |z| — 17, we obtain

> n(1B1] + (n+ 1) 82| + n(n + 1) |Bs]) |an| < A
n=1

Corollary 2.3 If f(z) € M(B1, P2, B3; A) with arg f; = arg B2 = arg 3 = ¢ and
an = |ay| e(H10=6) (n, = 1,2, ..), then we have

A
n([B1l + (n+ 1) [B2] + n(n + 1) |B3])

Example 2.4 Let us consider the function f(z) € M(B1, Pe, f3; A) with arg f1 =
arg By = arg B3 = ¢ and

(n=1,2,...).

|an| <

\eil(n+1)6-9)
n2(n+1)(|61] + (n +1) [Ba| + n(n +1)[B3])’

an = (n: 1,2,...).

Then we see that

;nmm (n+ 1) [Ba] +n(n+ 1) B fon] = AD ———
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Corollary 2.5 If f(z) € M(B1, Po, B3; A) with arg 1 = arg S = arg 3 = ¢ and
an = |ay| e((H10=6) (n, = 1,2, ..), then we have

<.

1 J
Q—ZIanHz\ — Aj 2T < f(2) Z an| |2|" + Aj |2
n=1
with A
J
A— zln(\ﬁll + (n+1)|Ba| + n(n + 1) |B3]) |an]
T GHDB A G H2) 1Bl + (G + 1) +2) [8s])
and
1< -
W—Zn\an\]z\”—Bj\zV |/( “I! +Z |an| |2|" + Bj 2|’
n=1
with

A= 52 (8] + (1) J8e] + -+ 1) 5o
b= T B G+ 1Bl - G DG+ 2 18

Proof. In view of Theorem 2.1, we know that

o0

> 0B+ (n+1)|B2| + n(n + 1) B3] [an|
n=j+1
J
< A=Y (8] + (n+ 1) |B2] + n(n + 1) |B3]) lan]

n=1

Further, we note that

G+ DB+ G +2) 18l + G+ 1) +2)18s) D lanl
n=j+1

< Y (Bl + (n+1) ] + n(n+ 1) |Bs]) |an] -

n=j+1

Therefore, we see that

A i n(161] + (n+ 1) 82| + n(n + 1) |5]) |an]
IE GBI G DB G DG D) —

n=j+1
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Thus, we have

1 >
f(2)] < Z Z lan 12"+ ) Jan||2["
n=j+1
1 J

A
\

B Z Jan| |2 + A |27+
=1

and

1 >
f(2) > E—Z\anHZ\"— > lanl |z
n=1

n=j+1

o S A P
=
Next, we observe that
(1B + G +2)1B2] + G+ 1) +2) Bs]) ilnranr
"5
< iln(lﬁlH(er)lﬁﬂ+n(n+1)|53\)lan\
5
< A- iln|51|+ (n+1) 82| + n(n+1)[Bs]) |an| ,
that is, that _
. A= 35 0]+ (0 -+ 1)5al + n(n+ 1) ) al
n;”’a“ TGO Gr OGO

Therefore, we obtain that

1F'(2)] < +Z Jan] |27 + Z nlan| |2

n=j+1

1 J . ;
—5+ > nlan| 2" + B; |2

N -
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and
1 ¢ _ )
1f'(z)| = ﬁ—znlan\lzw‘ - Z n|an| 2"
’Z‘ n=1 n=j+1
1 . :
> W—annHz\n — Bzl
n=1

3.RADIUS PROBLEMS FOR THE CLASS ¥j(«)

To obtain the radius problem for the class ¥j(a), we need that following lemma.
Lemma 3.1 If f(z) € ¥j(«), then

(n+a)la,| <1-—a. (6)

n=1

Proof. Let f(z) € ¥}(a). Then, we have

00 S .

f/( ) 1— Z nanzn-l-l 1— Z n |an| ez(n+1)0zn+1
%e{”}—iﬁe il = Re =l >
f(Z) 14+ Z Ay 2" 1 14 Z ’an’ei(n—&-l)an—&-l

n=1 n=1

for all z € U. Let us consider a point z € U such that z = |z| e~®. Then we have

= 1
1= 3 nlan|[2[""

n=1

> > .
L+ 3 [an] 2"
n=1

Letting |z| — 1~, we obtain
oo oo
1—Zn|an| > o <1+Z]an|> ,
n=1 n=1

which is equivalent to the inequality (6).

From the above lemma, we immediately have
Corollary 3.2 If f(z) € ¥}(«a), then

11—«

|an| <
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Remark 3.3 If f(z) € ¥j(«), then

oo [e.e]
Zn\anl < Z(n+a)|an\ <1l-oa.
n=1 n=1

Applying Theorem 2.1 and Lemma 3.1, we derive
Theorem 3.4 If f(z) € ¥j(a) and 6 € C (0 < |§] < 1). Then the function

5f(6z) € M(By, P2, B3; A) for (0 < || < [09(A)]), where |dp(N)| is the smallest positive
root of the equation

|81 1821 1/ 2(16] + 2)

0] Iﬁl\ﬁ J—a
1_
1 |oP (1—[3]2)2 )
21612183 /2161 + 15 |6)* + 12]6]> + 1
+ \/ 5 VvV1-—«o
(1—10]7)3
= A

in 0< |6 <1.
Proof. For f(z) € ¥j(a), we see that

1 o0
== + Z "t la, 2"
n=1

and
o

E:n|an|2 <1-—a.

n=1
To show that §f(0z) € 9M(51, B2, B3; ), we need to prove that

o

Z (181] + (n + 1) |B2] + n(n + 1) |B5]) 18] [an| < X

Applying Cauchy-Schwarz inequality, we note that

> n(IBi] + (n+ 1) |Ba] + n(n+ 1) |B3]) [6]" " |an|
n=1

< 16]184] (ZnW") (annF)

n=1 n=1
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N

1
oo 2
2 : 2
n=1

+ 1183 (Z n’(n+1)° |5!2”> (ananl2)
n=1

n=1

+10]152] (Z n(n+1)? |5|2">

n=1

< [0 1A] (ZMW”) VI —a+ 0] ]3] (Zn(n+1)2\5|2”)
n=1

n=1

1
2

13113 (Z n¥(n +1)? w?n) a.
n=1

For |z| < 1, it is easy to see that

e T
nz" = ,
2= oy

o0 2

222 + 4
Z (n+41)%gn = 2212
— (1—x2)*

and - A , ,
8 60 48 4
E n3(n+1)%2" = v 00 63: AT
(1—x)

By using (8)-(10) with |6|* = z, from (7), we obtain

> n(1B1] + (n+ 1) |Ba] + n(n + 1) |Bs]) 6] |an]
n=1

)% 18] 1/2(/6) + 2
- 162 wl\ﬁ 1017152 (|2| )m
1[5 (1—6]%)?
2161 183]1/216/° +156]* + 126 + 1
N V21 2t
(1 —10]7)

Now, let us consider the complex number ¢ (0 < |§| < 1) such that

5161 o Bl )
ETEAC a-ppr e
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21512 1851 1/2151° + 1516]" + 12 |8]? + 1
(1—16%)?

+ V11—«
= A\

If we define the function A(|d|) by

RS = 1621601 (1 = 16P)VT=a +16 52l (1 = 312)y/ 20088 +2)(1 - )
42162 Bl /(2181° + 15131 + 1216 + 1)(1 — @) = A(1 5"

21531 /30(1 — ) > 0. This means that

0 (0 < |dp|] < 1). This completes the proof

then we have h(0) = —X\ < 0 and h(1)
there exists some dg such that h(|dg|) =
of the theorem.

4.RADIUS PROBLEM FOR THE CLASS ¥y (a, §)

Lemma 4.1 If f(z) € ¥p(a, ), then

o0

Y 1+ B) +a+p)lan <1 -0 (11)

n=1

where 0 < a <1 and B > 0.
Proof. Let f(z) € ¥p(a, 5). Then, we have

{50 e

+1‘—|—a

or, equivalently

ne{ LG nd
f(2) 1+8
Now, using the same technique as in the proof of Lemma 3.1, we get the required
result.
From Lemma 4.1, we have the following corollary.
Corollary 4.2 If f(z) € Xy(e,3), then

1l -«
1+8)+a+p

Remark 4.3 If f(z) € ¥y(a, ), then

(n=1,2,...).

|an| <
n

> nlan <Y (14 8) +a+B)lan| <1 - a.
n n=1

=1
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Applying Theorem 2.1 and Lemma 4.1 and using the same technique as in the

proof of Theorem 3.4, we derive the following theorem.

Theorem 4.4 If f(z) € Yy(a,8) and 6 € C (0 < |§] < 1). Then the function

df(8z) € M(B, B2, B3; A) for (0 < 8] < [00(A)]), where |dp(A)] is the smallest positive
root of the equation

|81 1821 4/ 2(16] + 2)

16 |1
P T —a+ Vi—a

1[5 (1—15]%)?
21812 1851 1/2151° + 1516]" + 12 |8]? + 1
+ «o
(1—1[5]%)3
= A
in 0 < |0 < 1.
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