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Abstract. In this paper we shall discuss the approximation of a function

f = f(t) on the interval [0, 1] by a monospline function of degree n ≥ 2 with

the nodes {tk}k=1,m and defects z = (z1, z2, . . . , zm) , 1 ≤ zk ≤ n , k = 1, m .

The problem of approximating a function f has a unique solution if and only

if certain Chakalov-Popoviciu quadrature of Radau and Lobatto type exist

coresponding to measures depending on f .
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1. Introduction

We denote Pn the space of polynomials of degree most equal with n. Let

dλ be a nonnegative measure on the line R, with compact or infinite support,

for which all moments

µk =

∫
R

tkdλ(t) , k = 0, 1, . . .

exists and are finite, and µ0 > 0
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Let m ∈ N and σ = (s1, s2, . . . , sm) , where si , i = 1, m are nonnegative

integers. The nodes

x1 < x2 < · · · < xm , xk ∈ supp(dλ) , k = 1, m

have the orders of multiplicity 2s1 + 1, 2s2 + 1, . . . , 2sm + 1, respectively.

Definition 1 The polynomial

πm,σ(t) =
m∏

k=1

(x− xk)

which satisfies the orthogonality conditions∫
R

m∏
k=1

(t− xk)
2sk+1tkdλ(t) = 0 , k = 0, . . . , m− 1 (1)

is called σ-orthogonal polynomial with respect to the measure dλ(t).

The quadrature formulae∫
R

f(t)dλ(t) =
m∑

k=1

2sk∑
i=0

AG
ikf

(i)(xk) +Rm[f ] (2)

has the maximum degree of exactness r = 2
m∑

k=1

sk + 2m − 1 if and only if

xk , k = 1, m are the roots of σ-orthogonal polynomial of degree m with

respect to the measure dλ(t)

The quadrature formulae (2) is called Chakalov-Popoviciu quadra-

ture formulae.

Let [a, b] be the support of the nonnegative measure dλ(t) = w(t)dt, where

w(t) is the weight function. Let∫ b

a

f(t)dλ(t) =
m∑

k=1

2sk∑
i=0

Aikf
(i)(xk) +

q∑
k=1

pk∑
i=0

αikf
(i)(yk) +Rm,q[f ] (3)
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be a quadrature formulae, where yk ∈ R \ (a, b) , k = 1, q are fixed, dis-

tinct nodes and outside of (a, b), and the nodes xk ∈ (a, b) , k = 1, m will

be determined such that the quadrature formulae (3) to have maximal al-

gebraic degree of precision. These quadrature formulas are so-called Gauss

quadrature formulas with fixed nodes. To observe that the function f must

be defined on the nodes from outside of (a, b).

The Gauss-Radau quadrature formulas are the Gauss quadrature

formulas with one fixed node, namely y1 = a or y1 = b.

The quadrature formulas∫ b

a

f(t)dλ(t) =

p∑
i=0

αi1f
(i)(a) +

m∑
k=1

2sk∑
i=0

AR
ikf

(i)(xk) +RR
m,p[f ] (4)

where xk ∈ (a, b) , k = 1, m , −∞ < a < +∞ , p ∈ N with

RR
m,p[f ] = 0 for f ∈ P2(

∑m
k=1 sk+m)+p

and ∫ b

a

f(t)dλ(t) =

p∑
i=0

α̃i1f
(i)(b) +

m∑
k=1

2sk∑
i=0

Ãik
R
f (i)(x̃k) + R̃R

m,p[f ] (5)

where x̃k ∈ (a, b) , k = 1, m , −∞ < b < +∞ , p ∈ N with

R̃R
m,p[f ] = 0 for f ∈ P2(

∑m
k=1 sk+m)+p

are called Chakalov-Popoviciu quadrature formulas of Radau type.

The Gauss-Lobatto quadrature formulas are the Gauss quadrature

formulas with two fixed nodes, namely y1 = a and y2 = b.

The quadrature formulae∫ b

a

f(t)dλ(t) =

p1∑
i=0

αi1f
(i)(a)+

p2∑
i=0

αi2f
(i)(b)+

m∑
k=1

2sk∑
i=0

AL
ikf

(i)(xk)+RL
m,p1,p2

[f ]

(6)
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where xk ∈ (a, b) , k = 1, m , −∞ < a < b < +∞ , p1 , p2 ∈ N with

RL
m,p1,p2

[f ] = 0 for f ∈ P2(
∑m

k=1 sk+m)+p1+p2+1

is called Chakalov-Popoviciu quadrature formulae of Lobatto type.

In [13], M.M. Spalević gives a method of approximating a function f =

f(t) on the interval [0, 1], by a spline function of degree n ≥ 2 with the nodes

{tk}k=1,m and defects z = (z1, z2, . . . , zm) , 1 ≤ zk ≤ n , k = 1, m.

M.M. Spalević shows that the problem has a unique solution if and only if

certain Chakalov-Popoviciu quadrature formulae of Radau and Lobatto type

exist corresponding to measures depending on f .

A spline function of degree n ≥ 2 with the distinct nodes {tk}m
k=1 , tk ∈

(0, 1) and defects z = (z1, z2, . . . , zm) can be written

s(t) = pn(t) +
m∑

k=1

zk−1∑
i=0

cki(tk − t)n−i
+ (7)

where cik are real numbers and pn(t) is a polynomial with degree most equal

n. Some interesting results about spline functions were obtain in [1], [2], [3],

[4].

Choosing zk = 2sk + 1 , k = 1, m, the spline function (7) can be written

s(t) = pn(t) +
m∑

k=1

2sk∑
i=0

cki(tk − t)n−i
+ (8)

M.M. Spalević considers the problem:

Problem S1. Determine the spline function s, defined in (8) such that∫ 1

0

tjs(t)dt =

∫ 1

0

tjf(t)dt , j = 0, 1, . . . , 2(
m∑

k=1

sk + m) + n (9)

Theorem 1 Let f ∈ Cn+1[0, 1]. There exist a unique spline function s,

defined in (8), satisfying (9), if and only if the measure dλ(t) =
(−1)n+1

n!
f (n+1)(t)dt
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admits a Chakalov-Popoviciu quadrature formulae of Lobatto type∫ 1

0

f(t)dλ(t) =
n∑

k=0

αk,1f
(k)(0)+

n∑
k=0

αk,2f
(k)(1)+

m∑
k=1

2sk∑
i=0

AL
ikf

(i)(xk)+RL
m,n[f ]

(10)

where

RL
m,n[f ] = 0 for f ∈ P2(

∑m
k=1 sk+m)+2n+1

with distinct real zeros xk ∈ (0, 1) , k = 1, m.

The spline function (8) is given by

tk = xk , k = 1, m

cki =
n!

(n− 1)!
AL

ik , k = 1, m , i = 0, 2sk

where xk and AL
ik are the nodes and coefficients, respective of Chakalov-

Popoviciu quadrature formulae of Lobatto type, and the polynomial pn(t) is

given by

pn(t) =
n∑

k=0

(t− 1)k

k!

[
(−1)kn!αn−k,2 + f (k)(1)

]
.

Remark 1 The case s1 = s2 = · · · = sm = 0 of Theorem 1 was obtain by

M. Frontini, W. Gautschi, G.V. Milovanović in [5], and generalized, namely

s1 = · · · = sm = s , s ∈ N in [6] by M. Frontini and G.V. Milovanović.

Theorem 2 Let f ∈ Cn+1[0, 1] and rx(t) = (t − x)n
+ , 0 ≤ t ≤ 1. If the

spline function s, defined in (8), satisfies the relations (9), then

f(x)− s(x) = RL
m,n[rx] , 0 < x < 1

where RL
m,n[f ] is the remainder term in the Chakalov-Popoviciu quadrature

formulae of Lobatto type (10).

M.M. Spalević considers in [13] the problem:
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Problem S2. Determine the spline function s, defined in (8), such that

s(k)(1) = p(k)
n (1) = f (k)(1) , k = 0, n (11)∫ 1

0

tjs(t)dt =

∫ 1

0

tjf(t)dt , j = 0, 1, . . . , 2(
m∑

k=1

sk + m)− 1 (12)

Theorem 3 Let f ∈ Cn+1[0, 1]. There exist a unique spline function s,

defined in (8), satisfying (11), (12), if and only if the measure

dλ(t) =
(−1)n+1

n!
f (n+1)(t)dt

admits a Chakalov-Popoviciu quadrature formulae of Radau type∫ 1

0

f(t)dλ(t) =
n∑

k=0

αk,1f
(k)(0) +

m∑
k=1

2sk∑
i=0

AR
ikf

(i)(xk) +RR
m,n[f ] (13)

where

RR
m,n[f ] = 0 for f ∈ P2(

∑m
k=1 sk+m)+n

with distinct real zeros xk ∈ (0, 1) , k = 1, m.

The spline function (8) is given by

tk = xk , k = 1, m

cki =
n!

(n− i)!
AR

ik , k = 1, m , i = 0, 2sk

where xk and AR
ik are the nodes and coefficients, respective of Chakalov-

Popoviciu quadrature formulae of Radau type, and the polynomial pn(t) is

given by

pn(t) =
n∑

k=0

f (k)(1)

k!
(t− 1)k .
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Theorem 4 Let f ∈ Cn+1[0, 1] and rx(t) = (t − x)n
+ , 0 ≤ t ≤ 1. If the

spline function s, defined in (8), satisfies the relations (11), (12), then

f(x)− s(x) = RR
m,n[rx] , 0 < x < 1

where RR
m,n[f ] is the remainder term in the Chakalov-Popoviciu quadrature

formulae of Radau type(13).

2. Main results

Similar as in [13] we shall consider next problem:

Problem S3. Determine the spline function s, defined in (8) such that∫ 1

0

tjs(t)dt =

∫ 1

0

tjf(t)dt , j = 0, 1, . . . , 2(
m∑

k=1

sk + m)− 1 (14)

Theorem 5 Let f ∈ Cn+1[0, 1]. There exists a unique spline func-

tion s, defined in (8), satisfying (14), if and only if the measure dλ(t) =
(−1)n+1

n!
f (n+1)(t)dt admits a Chakalov-Popoviciu quadrature formulae of Radau

type ∫ 1

0

f(t)dλ(t) =
n∑

k=0

α̃k,1f
(k)(1) +

m∑
k=1

2sk∑
i=0

ÃR
ikf

(i)(x̃k) + R̃R
m,n[f ] , (15)

where

R̃R
m,n[f ] = 0 for f ∈ P2(

∑m
k=1 sk+m)+n

with distinct real zero x̃k ∈ (0, 1) , k = 1, m.

The spline function (8) is given by

tk = x̃k , k = 1, m

cki =
n!

(n− i)!
ÃR

ik , k = 1, m , i = 0, 2sk
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where x̃k and ÃR
ik are the nodes and coefficients, respective of Chakalov-

Popoviciu quadrature formulae of Radau type, and the polynomial pn(t) is

given by

pn(t) =
n∑

k=0

(t− 1)k

k!

[
(−1)kn!α̃n−k,1 + f (k)(1)

]
.

Proof. The relations (14) can be written∫ 1

0

tjpn(t)dt +
m∑

k=1

2sk∑
i=0

cki

∫ 1

0

tj(tk − t)n−i
+ dt =

∫ 1

0

tjf(t)dt

Applying (n+1) integration by parts, we obtain

n∑
k=0

(−1)k j!

(j + 1 + k)!
p(k)

n (1) +
m∑

k=1

2sk∑
i=0

ckit
n−i+j+1
k

j!(n− i)!

(j + n− i + 1)!
=

n∑
k=0

(−1)k j!

(j + 1 + k)!
f (k)(1) + (−1)n+1 j!

(j + n + 1)!

∫ 1

0

tj+n+1f (n+1)(t)dt .

Above relation can be written such that

n∑
k=0

(−1)k
[
tn+j+1

](n−k)

t=1
p(k)

n (1) +
m∑

k=1

2sk∑
i=0

cki(n− i)!
[
tn+j+1

](i)

t=tk
=

n∑
k=0

(−1)k
[
tj+n+1

](n−k)

t=1
f (k)(1) + (−1)n+1

∫ 1

0

tj+n+1f (n+1)(t)dt

Denoting dλ(t) =
(−1)n+1

n!
f (n+1)(t)dt, we have

∫ 1

0

tj+n+1dλ(t) =
n∑

k=0

(−1)n−k

n!

[
p(n−k)

n (1)− f (n−k)(1)
]
·
[
tn+j+1

](k)

t=1
+ (16)

m∑
k=1

2sk∑
i=0

cki
(n− i)!

n!

[
tn+j+1

](i)

t=tk
, j = 0, 1, . . . , 2(

m∑
k=1

sk + m)− 1
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Putting f(t) = tn+1q(t) , q ∈ P2(
∑m

k=1 sk+m)−1 in the Chakalov-Popoviciu

quadrature formulae of Radau type (15), we have∫ 1

0

tn+1q(t)dλ(t) =
n∑

k=0

α̃k,1

[
tn+1q(t)

](k)

t=1
+

m∑
k=1

2sk∑
i=0

ÃR
ik

[
tn+1q(t)

](i)

t=x̃k
(17)

From relations (16) and (17) we obtain:

cki =
n!

(n− i)!
ÃR

ik , k = 1, m , i = 0, 2sk

p
(k)
n (1) = n!(−1)kα̃n−k,1 + f (k)(1) , k = 0, n

Theorem 6 Let f ∈ Cn+1[0, 1] and rx(t) = (t − x)n
+ , 0 ≤ t ≤ 1. If the

spline function s, defined in (8), satisfies the relations (14), then

f(x)− s(x) = R̃R
m,n[rx] , 0 < x < 1

where R̃R
m,n[f ] is the remainder term in the Chakalov-Popoviciu quadrature

formulae of Radau type (15).

Proof. Using Taylor′ s formula, the function f can be written such that

f(x) =
n∑

k=0

f (k)(1)

k!
(x− 1)k +

(−1)n+1

n!

∫ 1

0

(t− x)n
+f (n+1)(t)dt

but

s(x) =
n∑

k=0

(x− 1)k

k!

[
(−1)kn!α̃n−k,1 + f (k)(1)

]
+

m∑
k=1

2sk∑
i=0

n!

(n− i)!
ÃR

ik(tk−x)n−i
+ =

n∑
k=0

α̃k,1 [rx(t)]
(k)
t=1 +

n∑
k=0

f (k)(1)

k!
(x− 1)k +

m∑
k=1

2sk∑
i=0

ÃR
ik [rx(t)]

(i)
t=tk

From above relations we obtain

f(x)−s(x) =

∫ 1

0

rx(t)dλ(t)−
n∑

k=0

α̃k,1 [rx(t)]
(k)
t=1−

m∑
k=1

2sk∑
i=0

ÃR
ik [rx(t)]

(i)
t=tk

= R̃R
m,n[rx] .
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In a similar way as in [13], we shall discuss the approximation of a function

f = f(t) on the interval [0, 1] by a monospline function of degree n ≥ 2 with

the nodes {tk}k=1,m tk ∈ (0, 1) and defects z = (z1, z2, . . . , zm) , 1 ≤ zk ≤
n , k = 1, m .

We shall show that the problem has a unique solution if and only if certain

Chakalov-Popoviciu quadrature formulae of Radau and Lobatto type exist

coresponding to measures depending on f .

Let

M(t) =
(1− t)n

n!
−

n−1∑
k=0

Bk
(n− 1)!

(n− k − 1)!
(1− t)n−k−1−

m∑
k=1

zk−1∑
i=0

aik
(n− 1)!

(n− i− 1)!
(tk − t)n−i−1

+

(18)

be the monospline function, where Bk and aik are real numbers.

Choosing zk = 2sk + 1 , k = 1, m, the monospline function (18) can be

written

M(t) =
(1− t)n

n!
−

n−1∑
k=0

Bk
(n− 1)!

(n− k − 1)!
(1− t)n−k−1−

m∑
k=1

2sk∑
i=0

aik
(n− 1)!

(n− i− 1)!
(tk − t)n−i−1

+

(19)

We consider the problem:

Problem M1. Determine the monospline M , defined in (19) such that∫ 1

0

tjM(t)dt =

∫ 1

0

tjf(t)dt , j = 0, 1, . . . , 2(
m∑

k=1

sk + m) + n− 1 (20)

Theorem 7 Let f ∈ Cn[0, 1]. There exist a unique monospline M, defined

in (19), satisfying (20), if and only if the measure

dλ(t) =
1

(n− 1)!

[
1 + (−1)n−1f (n)(t)

]
dt
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admits a Chakalov-Popoviciu quadrature formulae of Lobatto type∫ 1

0

f(t)dλ(t) =
n−1∑
k=0

αk,1f
(k)(0)+

n−1∑
k=0

αk,2f
(k)(1)+

m∑
k=1

2sk∑
i=0

AL
ikf

(i)(xk)+RL
m,n[f ]

(21)

where

RL
m,n[f ] = 0 for f ∈ P2(

∑m
k=1 sk+m)+2n−1

with distinct real zeros xk ∈ (0, 1) , k = 1, m.

The monospline (19) is given by

tk = xk , k = 1, m

Bk = αk,2 +
(−1)n−k

(n− 1)!
f (n−1−k)(1) , k = 0, n− 1

aik = AL
ik , k = 1, m , i = 0, 2sk

where xk and AL
ik are the nodes and coefficients, respective of Chakalov-

Popoviciu quadrature formulae of Lobatto type.

Proof. Using definition of the monospline (19), the relations (20) can be

written

1

n!

∫ 1

0

tj(1− t)ndt−
n−1∑
k=0

Bk
(n− 1)!

(n− k − 1)!

∫ 1

0

tj(1− t)n−k−1dt−

m∑
k=1

2sk∑
i=0

aik
(n− 1)!

(n− i− 1)!

∫ 1

0

tj(tk − t)n−i−1
+ dt =

∫ 1

0

tjf(t)dt

(22)

Applying n integration by parts we obtain∫ 1

0

tjf(t)dt =
n−1∑
k=0

(−1)k j!

(j + 1 + k)!
f (k)(1) + (−1)n j!

(j + n)!

∫ 1

0

tj+nf (n)(t)dt

(23)

From relations (22) and (23) we have

j!

(j + n + 1)!
−

n−1∑
k=0

Bk
(n− 1)!j!

(j + n− k)!
−

m∑
k=1

2sk∑
i=0

aik
(n− 1)!j!

(j + n− i)!
tn+j−i
k =
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n−1∑
k=0

(−1)k j!

(j + 1 + k)!
f (k)(1) + (−1)n j!

(j + n)!

∫ 1

0

tj+nf (n)(t)dt ,

namely

1

j + n + 1
−

n−1∑
k=0

Bk(n−1)!
(j + n)!

(j + n− k)!
−

m∑
k=1

2sk∑
i=0

aik(n−1)!
(j + n)!

(j + n− i)!
tn+j−i
k =

n−1∑
k=0

(−1)k (j + n)!

(j + k + 1)!
f (k)(1) + (−1)n

∫ 1

0

tj+nf (n)(t)dt

1

(n− 1)!

∫ 1

0

tj+ndt−
n−1∑
k=0

Bk

[
tj+n

](k)

t=1
−

m∑
k=1

2sk∑
i=0

aik

[
tj+n

](i)

t=tk
=

n−1∑
k=0

(−1)k

(n− 1)!

[
tj+n

](n−1−k)

t=1
f (k)(1) +

(−1)n

(n− 1)!

∫ 1

0

tj+nf (n)(t)dt

Denoting dλ(t) =
1

(n− 1)!

[
1 + (−1)n−1f (n)(t)

]
dt, above relations can be

written:∫ 1

0

tj+ndλ(t) =
n−1∑
k=0

[
(−1)n−1−k

(n− 1)!
f (n−1−k)(1) + Bk

]
·
[
tj+n

](k)

t=1
+

m∑
k=1

2sk∑
i=0

aik

[
tj+n

](i)

t=tk
, j = 0, 1, . . . , 2(

m∑
k=1

sk + m) + n− 1

(24)

Choosing in the Chakalov-Popoviciu quadrature formulae of Lobatto type

(21), f(t) = tnp(t) , p ∈ P2(
∑m

k=1 sk+m)+n−1, we obtain∫ 1

0

tnp(t)dλ(t) =
n−1∑
k=0

αk,2 [tnp(t)](k)
t=1 +

m∑
k=1

2sk∑
i=0

AL
ik [tnp(t)](i)t=xk

(25)

From relations (24) and (25) we have

Bk = αk,2 +
(−1)n−k

(n− 1)!
f (n−1−k)(1) , k = 0, n− 1

aik = AL
ik , k = 1, m , i = 0, 2sk
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Theorem 8 Let f ∈ Cn[0, 1] and rx(t) = (t − x)n−1
+ , 0 ≤ t ≤ 1. If the

monospline M, defined in (19), satisfies the relations (20), then

M(x)− f(x) = RL
m,n[rx] , 0 < x < 1

where RL
m,n[f ] is the remaider term in the Chakalov-Popoviciu quadrature

formulae of Lobatto type (21).

Proof. Using Taylor′s formula, the function f can be written:

f(x) =
n−1∑
k=0

f (k)(1)

k!
(x− 1)k +

(−1)n

(n− 1)!

∫ 1

0

(t− x)n−1
+ f (n)(t)dt ,

but

M(x) =
(1− x)n

n!
−

n−1∑
k=0

[
αk,2 +

(−1)n−k

(n− 1)!
f (n−1−k)(1)

]
(n− 1)!

(n− k − 1)!
(1−x)n−k−1−

m∑
k=1

2sk∑
i=0

AL
ik

(n− 1)!

(n− i− 1)!
(xk − x)n−i−1

+ =

1

(n− 1)!

∫ 1

0

rx(t)dt−
n−1∑
k=0

αk,2 [rx(t)]
(k)
t=1+

n−1∑
k=0

f (k)(1)

k!
(x−1)k−

m∑
k=1

2sk∑
i=0

AL
ik [rx(t)]

(i)
t=xk

From above relations we have

M(x)−f(x) =

∫ 1

0

rx(t)dλ(t)−
n−1∑
k=0

αk,2 [rx(t)]
(k)
t=1−

m∑
k=1

2sk∑
i=0

AL
ik [rx(t)]

(i)
t=xk

= RL
m,n[rx] .

Problem M2. Determine the monospline M , defined in (19) such that∫ 1

0

tjM(t)dt =

∫ 1

0

tjf(t)dt , j = 0, 1, . . . , 2(
m∑

k=1

sk + m)− 1 (26)

Theorem 9 Let f ∈ Cn[0, 1]. There exists a unique monospline M,

defined in (19), satisfying (26), if and only if the measure

dλ(t) =
1

(n− 1)!

[
1 + (−1)n−1f (n)(t)

]
dt
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admits a Chakalov-Popoviciu quadrature formulae Radau type∫ 1

0

f(t)dλ(t) =
n−1∑
k=0

α̃k,1f
(k)(1) +

m∑
k=1

2sk∑
i=0

ÃR
ikf

(i)(x̃k) + R̃R
m,n[f ] , (27)

where

R̃R
m,n[f ] = 0 for f ∈ P2(

∑m
k=1 sk+m)+n−1

with distinct real zeros x̃k ∈ (0, 1) , k = 1, m.

The monospline defined in (19), is given by

tk = x̃k , k = 1, m

Bk = α̃k,1 +
(−1)n−k

(n− 1)!
f (n−1−k)(1) , k = 0, n− 1

aik = ÃR
ik , k = 1, m , i = 0, 2sk

where x̃k and ÃR
ik are the nodes and coefficients, respective of Chakalov-

Popoviciu quadrature formulae of Radau type.

Proof. From relations (26) we obtain:∫ 1

0

tj+ndλ(t) =
n−1∑
k=0

[
(−1)n−1−k

(n− 1)!
f (n−1−k)(1) + Bk

]
·
[
tj+n

](k)

t=1
+

m∑
k=1

2sk∑
i=0

aik

[
tj+n

](i)

t=tk
, j = 0, 1, . . . , 2(

m∑
k=1

sk + m)− 1

(28)

where

dλ(t) =
1

(n− 1)!

[
1 + (−1)n−1f (n)(t)

]
dt

Choosing in Chakalov-Popoviciu quadrature formulae of Radau type (27),

f(t) = tnp(t) , p ∈ P2(
∑m

k=1 sk+m)−1, we obtain

∫ 1

0

tnp(t)dλ(t) =
n−1∑
k=0

α̃k,1 [tnp(t)](k)
t=1 +

m∑
k=1

2sk∑
i=0

ÃR
ik [tnp(t)](i)t=x̃k

(29)
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From relations (28) and (29) we obtain

Bk = α̃k,1 +
(−1)n−k

(n− 1)!
f (n−1−k)(1) , k = 0, n− 1

aik = ÃR
ik , k = 1, m , i = 0, 2sk

Theorem 10 Let f ∈ Cn[0, 1] and rx(t) = (t− x)n−1
+ , 0 ≤ t ≤ 1. If the

monospline M, defined in (19), satisfies the relations (26), then

M(x)− f(x) = R̃R
m,n[rx] , 0 < x < 1

where R̃R
m,n[f ] is the remainder term in the Chakalov-Popoviciu quadrature

formulae of Radau type (27).

Proof. Using Taylor′s formula, we can write

f(x) =
n−1∑
k=0

f (k)(1)

k!
(x− 1)k +

(−1)n

(n− 1)!

∫ 1

0

(t− x)n−1
+ f (n)(t)dt ,

but

M(x) =
(1− x)n

n!
−

n−1∑
k=0

[
α̃k,1 +

(−1)n−k

(n− 1)!
f (n−1−k)(1)

]
(n− 1)!

(n− k − 1)!
(1−x)n−k−1−

m∑
k=1

2sk∑
i=0

ÃR
ik

(n− 1)!

(n− i− 1)!
(x̃k − x)n−i−1

+ =

1

(n− 1)!

∫ 1

0

rx(t)dt−
n−1∑
k=0

α̃k,1 [rx(t)]
(k)
t=1+

n−1∑
k=0

f (k)(1)

k!
(x−1)k−

m∑
k=1

2sk∑
i=0

ÃR
ik [rx(t)]

(i)
t=x̃k

From above relations we obtain:

M(x)−f(x) =

∫ 1

0

rx(t)dλ(t)−
n−1∑
k=0

α̃k,1 [rx(t)]
(k)
t=1−

m∑
k=1

2sk∑
i=0

ÃR
ik [rx(t)]

(i)
t=x̃k

= R̃R
m,n[rx] .

Problem M3. Determine the monospline M , defined in (19), such that

M (j)(1) = f (j)(1) , j = 0, n− 1 (30)
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∫ 1

0

tjM(t)dt =

∫ 1

0

tjf(t)dt , j = 0, 1, . . . , 2(
m∑

k=1

sk + m)− 1 (31)

Theorem 11 Let f ∈ Cn[0, 1]. There exists a unique monospline M,

defined in (19),satisfying (30) and (31), if and only if the measure

dλ(t) =
1

(n− 1)!

[
1 + (−1)n−1f (n)(t)

]
dt

admits a Chakalov-Popoviciu quadrature formulae of Radau type∫ 1

0

f(t)dλ(t) =
n−1∑
k=0

αk,1f
(k)(0) +

m∑
k=1

2sk∑
i=0

AR
ikf

(i)(xk) +RR
m,n[f ] , (32)

where

RR
m,n[f ] = 0 for f ∈ P2(

∑m
k=1 sk+m)+n−1

with distinct real zeros xk ∈ (0, 1) , k = 1, m.

The monospline (19) is given by

tk = xk , k = 1, m

Bk =
(−1)n−k

(n− 1)!
f (n−1−k)(1) , k = 0, n− 1

aik = AR
ik , k = 1, m , i = 0, 2sk

where xk and AR
ik are the nodes and coefficients, respectively of Chakalov-

Popoviciu quadrature formulae of Radau type.

Proof. From the definition (19) of monospline M , we obtain

M (j)(1) = Bn−j−1 · (n− 1)! · (−1)j+1 , j = 0, n− 1

and using the relations (30) we have

Bj =
(−1)n−j

(n− 1)!
f (n−1−j)(1) , j = 0, n− 1 (33)
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From relations (31) we obtain:∫ 1

0

tj+ndλ(t) =
n−1∑
k=0

[
(−1)n−1−k

(n− 1)!
f (n−1−k)(1) + Bk

]
·
[
tj+n

](k)

t=1
+

m∑
k=1

2sk∑
i=0

aik

[
tj+n

](i)

t=tk
, j = 0, 1, . . . , 2(

m∑
k=1

sk + m)− 1

(34)

where

dλ(t) =
1

(n− 1)!

[
1 + (−1)n−1f (n)(t)

]
dt

and using relation (33) we can write∫ 1

0

tn+jdλ(t) =
m∑

k=1

2sk∑
i=0

aik

[
tj+n

](i)

t=tk
, j = 0, 1, . . . , 2(

m∑
k=1

sk + m)− 1 (35)

Choosing in the Chakalov-Popoviciu quadrature formulae of Radau type (32),

f(t) = tnp(t) , p ∈ P2(
∑m

k=1 sk+m)−1, we obtain∫ 1

0

tnp(t)dλ(t) =
m∑

k=1

2sk∑
i=0

AR
ik [tnp(t)](i)t=xk

(36)

From relations (35) and (36) we have

aik = AR
ik , k = 1, m , i = 0, 2sk

Theorem 12 Let f ∈ Cn[0, 1] and rx(t) = (t− x)n−1
+ , 0 ≤ t ≤ 1. If the

monospline M, defined in (19), satisfies the relations (30) and (31), then

M(x)− f(x) = RR
m,n[rx] , 0 < x < 1

where RR
m,n[f ] is the remainder term in the Chakalov-Popoviciu quadrature

formulae of Radau type (32).

Proof. Using Taylor′s formula we can write

f(x) =
n−1∑
k=0

f (k)(1)

k!
(x− 1)k +

(−1)n

(n− 1)!

∫ 1

0

(t− x)n−1
+ f (n)(t)dt ,
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but

M(x) =
(1− x)n

n!
+

n−1∑
k=0

f (k)(1)

k!
(x−1)k−

m∑
k=1

2sk∑
i=0

AR
ik

(n− 1)!

(n− i− 1)!
(xk−x)n−i−1

+ =

1

(n− 1)!

∫ 1

0

rx(t)dt +
n−1∑
k=0

f (k)(1)

k!
(x− 1)k −

m∑
k=1

2sk∑
i=0

AR
ik [rx(t)]

(i)
t=xk

From above relations we can write

M(x)− f(x) =

∫ 1

0

rx(t)dλ(t)−
m∑

k=1

2sk∑
i=0

AR
ik [rx(t)]

(i)
t=xk

= RR
m,n[rx] .
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