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COHOMOLOGY GROUPS OF A GROUPOID

Dorin Wainberg1

Abstract. In this paper we construct a cohomology theory for Brandt
groupoids which extends the usual cohomology theory for groups. We con-
struct a cohomology theory for cochains of a Brandt groupoid Γ with values
in an abelian group A. This construction was inspired by that of M. Hall [2]
in the case of groups.

1. Introduction

In this section preliminary definitions regarding the category of groupoids
and some important examples of groupoids are given.

Definition 1.1 ([1]) A groupoid Γ over Γ0 is a pair (Γ, Γ0) endowed
with:

a) two surjections α and β (called the source, respectively target maps),
α, β : Γ −→ Γ0;

b) a product map m : Γ2 −→ Γ, (x, y) −→ m(x, y) where Γ2 = {(x, y) ∈
Γ× Γ | β(x) = α(y)} is a subset of Γ× Γ called the set of composable pairs;

c) an injection ε : Γ0 −→ Γ (identity),
d) an inverse map i : Γ −→ Γ,

such that the fallowing conditions are satisfied:
i) for (x, y); (y, z) ∈ Γ2 we have (m(x, y), z); (x, m(y, z)) ∈ Γ2 and

m(m(x, y), z) = m(x, m(y, z)) (associative law);
ii) for each x ∈ Γ we have (ε(α(x)), x); (x, ε(β(x))) ∈ Γ2 and

m(ε(α(x)), x) = m(x, ε(β(x))) (identities);
iii) for each x ∈ Γ we have (i(x), x); (x, i(x)) ∈ Γ2 and m(x, i(x)) =

ε(α(x)); m(i(x), x) = ε(β(x)) (inverses).

Example 1.1 Let Γ0 be an abstract set and Γ = Γ0 × Γ0. It is easy to
prove that Γ is a groupoid over Γ0 with the following strutcure:
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α(x, y) = x; β(x, y) = y
m((x, y), (y, z)) = (x, z)
ε(x, x) = x;
i(x, y) = (y, x).

where x, y, z ∈ Γ0. The grupiod Γ is called the coarse groupoid.

Definition 1.2 A groupoid Γ over Γ0 is called principal groupoid if the
map:

α× β : x ∈ Γ −→ (α(x), β(x)) ∈ Γ0 × Γ0

is one-to-one.

Example 1.2 Let B be a nonempty set and G a multiplicative group
with the unit element e. Then B × B × G is a groupoid over B (called the
trivial groupoid) with respect to the following structure:

α(x, y, g) = x; β(x, y, g) = y
m((x, y, g), (y, z, g′)) = (x, z, gg′)
ε(u) = (u, u, e);
i(x, y, g) = (y, x, g−1).

In the particular case Γ = {e} it can be canonically identified with the
coarse groupoid.

The following proposition gives some properties of the groupoids:

Proposition 1.1 Let Γ be a groupoid over Γ0. Then we have:
g1) α ◦ ε = β ◦ ε = id;
g2) α(m(x, y)) = α(x) and β(m(x, y)) = β(y);
g3) If m(x, y1) = m(x, y2) or m(y1, z) = m(y2, z) then y1 = y2;
g4) For each x∈ Γ0 we have m(ε(x), ε(x)) = ε(x);
g5) i ◦ i = idΓ;
g6) α ◦ i = β and β ◦ i = α.

Definition 1.3 A groupoid Γ over Γ0, with Γ0 ⊆ Γ is called Brandt
groupoid.

It is easy to observe that in the case of the Brandt groupoids we have:
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i) ε(Γ0) = Γ0.
ii) ε(u) = u, (∀) u ∈ Γ0.

Moreover, for each u ∈ Γ0 the set α−1(u) ∩ β−1(u) is a group under the
restriction of the multiplication in Γ, called the isotropy group at u.

Doing these changes for the definition 1, in [3] we can find the next
definition for the Brandt groupoids:

Definition 1.4 A Brandt groupoid is a nonempty set Γ endowed with:
a) two maps d and r (called source, respectively target), d, r : Γ −→ Γ;
b) a product map

m : Γ(2) −→ Γ,

(x, y) −→ m(x, y)
def
= xy

where Γ(2) = {(x, y) ∈ Γ×Γ | d(x) = r(y)} is a subset of Γ×Γ called the set
of composable pairs;

c) an inverse map

i : Γ −→ Γ,

x −→ i(x)
def
= x−1

such that the fallowing conditions are satisfied:
i) (x, y); (y, z) ∈ Γ(2) =⇒ (xy, z); (x, yz) ∈ Γ(2) and (xy)z = x(yz);
ii) x ∈ Γ =⇒ (r(x), x); (x, d(x)) ∈ Γ(2) and r(x)x = xd(x) = x;
iii) x ∈ Γ =⇒ (x−1, x); (x, x−1) ∈ Γ(2) and x−1x = d(x); xx−1 = r(x).

If Γ is a groupoid then Γ0 := d(Γ) = r(Γ) is the unit set of Γ and we say
that Γ is a Γ0-groupoid.

Example 1.3 The grouopoid Γ(n)(n ≥ 2).
Let Γ be a Γ0-groupoid and by Γ(n) we denote the set of n-tuples (x0, . . . , xn−1)

of Γ such that (xi−1, xi) ∈ Γ(2) for i = 1, 2, . . . , n − 1. We give to Γ(n) the
following groupoid structure:

• d(n), r(n) : Γ(n) −→ Γ(n);

• d(n)(x0, . . . , xn−1)
def
= (x0x1, x1x2, . . . , xn−2xn−1, d(xn−2xn−1));

• r(n)(x0, . . . , xn−1)
def
= (x0, x1, . . . , xn−2, r(xn−1));
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• (x0, . . . , xn−1) and (y0, . . . , yn−1) are composable if y0 = x0x1, y1 =
x1x2, ..., yn−2 = xn − 2xn−1 and

(x0, . . . , xn−1)(x0x1, x1x2, . . . , xn−2xn−1, yn−1)
def
=

(x0, . . . , xn−2, xn−1yn−1)

• the inverse of (x0, . . . , xn−1) is defined by:

(x0, . . . , xn−1)
−1 def

= (x0x1, x1x2, . . . , xn−2xn−1, x)

Definition 1.5 Let Γ and Γ′ be groupoids.
i) a map f : Γ −→ Γ′ is a morphism if for any (x, y) ∈ Γ(2) we have

(f(x), f(y)) ∈ Γ′
(2) and f(x, y) = f(x)f(y).

ii) two morphisms f, g : Γ −→ Γ′ are similar ( and we write f ∼ g) if
there exists a map θ : Γ0 −→ Γ′ such that θ(r(x)) · f(x) = g(x) · θ(d(x)) for
any x ∈ Γ.

iii) the groupoids Γ and Γ′ are similar (Γ ∼ Γ′) if there exists two
morphisms f : Γ −→ Γ′ and g : Γ′ −→ Γ such that g ◦ f and f ◦ g are similar
to identity isomorphisms.

Example 1.4 Let Γ(0) = Γ0; Γ(1) = Γ; Γ(n) be the groupoid given in
example 3 and φ : Γ −→ Γ′ be a morphism of groupoids. The map φ(n) :
Γ(n) −→ Γ(n) defined by:

φ(n)(x0, . . . , xn−1)
def
= (φ(x0), . . . , φ(xn−1))

is a morphism of groupoids for any n ≥ 0.

Example 1.5 The trivial groupoid Γ = B ×B ×G and the group G are
similar.

2. Cohomology

We assume that:
a) Γ is a Γ0-groupoid;
b) (A, +) is an abelian group;
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c) Γ operates on the left on A , i.e. Γ× A −→ A, (x, a) −→ x.a subject
of the following conditions:

i)x.(y.a) = (xy).a for all (x, y) ∈ Γ(2) and a ∈ A;
ii) u.a = a for all u ∈ Γ0 and a ∈ A;
iii) x.(a + b) = x.a + x.b for all x ∈ Γ and a, b ∈ A.

In this hypothesis we say that A is a Γ-module.
Definition 2.1 Given a Γ-module A, a function f : Γ(n) −→ A, (x0, . . . , xn−1) −→

f(x0, . . . , xn−1), where Γ(1) = Γ and Γ(n) for n ≥ 2 is the groupoid given in
example 3, is called a n-cochain of the groupoid Γ with values in A.

We denote by C(n)(Γ, A) = 0 the additive group of n-cochains of Γ. By
definition C(n)(Γ, A) = 0 if n < 0 and C(0)(Γ, A) = A. Define the coboundary
operator:

δn : Cn(Γ, A) −→ Cn+1(Γ, A)

by:
δ0f(x) = x.f(d(x))− f(r(x))

for all x ∈ Γ, f ∈ C0(Γ, A) if n = 0;

δnf(x0, . . . , xn) = x0.f(x1, . . . , xn) +
n∑

i=1

(−1)if(x0, . . . , xi−2, xi−1 xi, xi+1, ..., xn) + (−1)n+1f(x0, . . . , xn−1)

if n ≥ 1.
The map f −→ δnf is a homomorphism with respect to addition and we

have that (Cn(Γ, A), δn) is a cochain complex. The cohomology n-groups
Hn(Γ, A) of Γ-module A are defined by Hn(Γ, A) = Zn(Γ, A)/Bn(Γ, A),
where Zn(Γ, A) = ker δn and Bn(Γ, A) = Imδn−1.

If φ : Γ −→ Γ′ is a morphism of groupoids then the morphism of groupoids
φ(n) : Γ(n) −→ Γ′(n) given by example 1.4 induce a homomorphism of groups

φ̄′n : Cn(Γ′, A) −→ Cn(Γ, A)

defined by:

φ̄′n(f)
def
= f ◦ φ(n) for each f ∈ Cn(Γ′, A)

and satisfying the following:
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δn ◦ φ̄′n = φ̄′n+1δn for all n ≥ 0.

From here it follows that φ̄′n induce a homomorphism of cohomology
groups (φn)∗ : Hn(Γ′, A) −→ Hn(Γ, A) given by:

(φn)∗([f ]) = [φ̄′n(f)] forevery [f ] ∈ Hn(Γ′, A).

Remark 2.1 We have:
H0(Γ, A) = {x ∈ A | x.a = a for all x ∈ Γ} is the set of elements of A

such that Γ operates simply on A. In particular, if Γ operates trivially on A,
i.e. x.a = a for all x ∈ Γ, then H0(Γ, A) = A.

Z1(Γ, A) = {f : Γ −→ A | f(x0x1) = f(x0) + x0f(x1), ∀ (x0, x1) ∈ Γ(2)}
is the group of crossed morphisms of groupoids.

B1(Γ, A) = {f : Γ −→ A | f(x) = x.a − a, ∀ x ∈ Γ} is the group of
principal morphisms of groupoids.
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