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COHOMOLOGY GROUPS OF A GROUPOID

DORIN WAINBERG!

ABSTRACT. In this paper we construct a cohomology theory for Brandt
groupoids which extends the usual cohomology theory for groups. We con-
struct a cohomology theory for cochains of a Brandt groupoid I' with values
in an abelian group A. This construction was inspired by that of M. Hall [2]
in the case of groups.

1. INTRODUCTION

In this section preliminary definitions regarding the category of groupoids
and some important examples of groupoids are given.

DEFINITION 1.1 ([1]) A groupoid I' over Iy is a pair (I',Ty) endowed

with:

a) two surjections o and [ (called the source, respectively target maps),
a,B: 1 — Ty,

b) a product map m : 'y — T, (x,y) — m(z,y) where 'y = {(z,y) €
I'xT | B(z) =aly)} is a subset of ' x I called the set of composable pairs;

¢) an injection € : T — T' (identity),

d) an inverse map i : I' — T,
such that the fallowing conditions are satisfied:

i) for (x,y);(y,z) € T's we have (m(x,y),2);(x,m(y,z)) € I's and
m(m(z,y), z) = m(xz,m(y, 2)) (associative law);

ii) for each x € T" we have (e(a(x)), z); (z,e(6(x))) € 'y and
m(e(a(x)),x) = m(z,e(B(x))) (identities);

iii) for each x € T we have (i(x),x); (z,i(x)) € Ty and m(z,i(z)) =
e(a(x)); m(i(z),z) = e(B(x)) (inverses).

ExXAMPLE 1.1 Let I'y be an abstract set and I' = I'y x ['g. It is easy to
prove that I' is a groupoid over I'y with the following strutcure:
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oz, y) =x; B(z,y) =y
m((z,y), (y,2)) = (z,2)
e(z,x) = x;

i(r,y) = (y, 7).

where x,y, z € I'g. The grupiod I' is called the coarse groupoid.

DEFINITION 1.2 A groupoid I' over Iy is called principal groupoid if the
map:

axf:zxel — (a(x),B(x)) € Ty x Ty
18 one-to-one.

ExXaAMPLE 1.2 Let B be a nonempty set and G a multiplicative group
with the unit element e. Then B x B x G is a groupoid over B (called the
trivial groupoid) with respect to the following structure:

oz, y,9) =z B(z,y,9) =y
m((z,y,9),(y,2.9)) = (x,2,99)
e(u) = (u,u,e);

(2,9,9) = (y,2,97").

~

In the particular case I' = {e} it can be canonically identified with the
coarse groupoid.

The following proposition gives some properties of the groupoids:

PrROPOSITION 1.1 Let I' be a groupoid over I'y. Then we have:
gl) aoe=pfoe=1id;

g2) a(m(z,y)) = a(z) and G(m(z,y)) = H(y);

g3) If m(x,y1) = m(x,y2) or m(y1, 2) = m(yz, 2) then yy = ys;
gd) For each € Ty we have m(e(x),e(z)) = e(z);

g5) 1017 = idr;

g6) aoi=pf and foi=a.

DEFINITION 1.3 A groupoid T' over Iy, with T'g C T is called Brandt
groupoid.

It is easy to observe that in the case of the Brandt groupoids we have:
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l) €(F0) = Fo.
i) e(u) = u, (V) u € Iy.
Moreover, for each u € Ty the set o' (u) N 37 (u) is a group under the
restriction of the multiplication in I'; called the isotropy group at w.

Doing these changes for the definition 1, in [3] we can find the next
definition for the Brandt groupoids:

DEFINITION 1.4 A Brandt groupoid is a nonempty set I' endowed with.:
a) two maps d and r (called source, respectively target), d,r : I' — T;
b) a product map

m F(g) e F,
def
(z,y) — m(x,y) = xy

where I'gy = {(z,y) € ' xT' | d(x) =r(y)} is a subset of I' x T called the set
of composable pairs;
¢) an inverse map

1: ' — T,
r — i(x) ef 4

such that the fallowing conditions are satisfied:
1) (z,9); (y,2) € Ty = (2y,2); (x,y2) € T2y and (zy)z = x(y2);
i) v € I' = (r(2),2); (z,d(x)) € I'gy and r(z)r = xd(x) = x;
i) 2 € T = (¢7 1 2); (v, 27") € Doy and 27z = d(z); 22t = r(z).
If T is a groupoid then Ty := d(I") = r(') is the unit set of I' and we say
that T' is a T'y-groupoid.

EXAMPLE 1.3 The grouopoid I'™(n > 2).

Let T be a T'g-groupoid and by I'™ we denote the set of n-tuples (z, . . ., Zp_1)
of I such that (z;_1,2;) € Iy for i = 1,2,...,n — 1. We give to '™ the
following groupoid structure:

o 40y . T _, ().
(n) def )

o d"(xzg,... ,xp1) = (Tox1,T1%2, ... ,Ty2Tn_1,d(Tp_oTpn_1));
(n) def )

LA ($07"'7xn—1) — (3:071'17"'7$n—2>r($n—1))7
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e (zg,...,xy_1) and (yo,...,yn_1) are composable if yy = zor1,y; =
T1L2y eoey Yo = Ty — 2T, and

d
(05 -+ s Tpe1)(ToT1, T1T2, - -+ Tr 0T 1, Yn1) 2!
(IL’(), ceey Tp—2, xn—lyn—l)
e the inverse of (zg,... ,x, 1) is defined by:
d
(SC(J? s 7‘TTL71)_1 éf (5501317 T1T2, ..., Tp-2Tn-1, .CU)

DEFINITION 1.5 Let I' and I'" be groupoids.

i) a map f : T' — I" is a morphism if for any (x,y) € I'x) we have
(f(2), f(y)) € Ty and f(z,y) = f(2)f(y).

ii) two morphisms f,q : ' — I are similar ( and we write f ~ g) if
there exists a map 6 : Tog — TV such that O(r(x)) - f(x) = g(x) - 0(d(x)) for
any z € I'.

iii) the groupoids I' and T" are similar (' ~ I) if there exists two
morphisms [ : T' — TV and g : I — T" such that go f and fogq are similar
to identity isomorphisms.

EXAMPLE 1.4 Let I'© = T'p;: TM = T'; T™ be the groupoid given in
example 3 and ¢ : I' — I be a morphism of groupoids. The map ¢ :
'™ — '™ defined by:

def

6™ (0, 2a1) D (B(0), . (T )
is a morphism of groupoids for any n > 0.

EXAMPLE 1.5 The trivial groupoid I' = B x B x G and the group G are
similar.

2. COHOMOLOGY
We assume that:

a) I' is a T'g-groupoid;
b) (A, +) is an abelian group;
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c¢) ' operates on the left on A ,ie. ' x A — A, (x,a) — z.a subject
of the following conditions:
)x.(y.a) = (xy).a for all (z,y) € I'(y) and a € A;
ii) u.a = a for all u € Ty and a € A;
iii) z.(a +b) = z.a+x.b for all x € ' and a,b € A.
In this hypothesis we say that A is a [-module.
DEFINITION 2.1 Given a I'-module A, a function f : T™ — A, (2¢,... ,Tp_1) —
f(zo,... ,2p_1), where TN =T and I'™ for n > 2 is the groupoid given in
example 3, 1s called a n-cochain of the groupoid I" with values in A.

We denote by C™(I", A) = 0 the additive group of n-cochains of I'. By
definition C™(I", A) = 0if n < 0 and C®(T", A) = A. Define the coboundary
operator:

5" C™(T, A) — C"(T, A)

by:
0 f(z) = z.f(d(z)) — f(r(2))
forallz e T, fe CYUT,A)ifn=0;

O f(zo,... ,xn) =xo.f(x1,... ,2,) +
Z(_l)lf(x(h sy Li—25 Ti—1 Liy Tit, 7'1:71) + (_1)n+1f(l.07 s 7xn—1)
=1

ifn>1.

The map f — " f is a homomorphism with respect to addition and we
have that (C™(I", A),0") is a cochain complex. The cohomology n-groups
H"(I'; A) of I'-module A are defined by H*"(I',; A) = Z"(I'; A)/B"(', A),
where Z™"(T', A) = ker " and B"(T', A) = Imd™ .

If  : I' — I" is a morphism of groupoids then the morphism of groupoids
o™ T — TV given by example 1.4 induce a homomorphism of groups

o™ O™, A) — C™(T, A)
defined by:

def

¢"(f) =

and satisfying the following:

f oo™ for each f € C(IV, A)
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6" o @™ = ¢ 1™ for all n > 0.

From here it follows that ¢ induce a homomorphism of cohomology
groups (¢")* : H"(I'", A) — H™(I', A) given by:

(&")*(1f]) = [ (f)] forevery [f] € H"(I", A).

REMARK 2.1 We have:

HY(T,A) ={z € A | x.a = a for all z € T'} is the set of elements of A
such that I' operates simply on A. In particular, if I operates trivially on A,
i.e. z.a=a for allx € T, then HY(T', A) = A.

ZYL,A) = {f:T — A f(zoz1) = f(x0) + o f(21), ¥ (z0,71) € Tz}
1s the group of crossed morphisms of groupoids.

B T,A) ={f:T — A| f(z) = v.a—a, ¥V z € T} is the group of

principal morphisms of groupoids.
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