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ABSTRACT. In this work we give an asymptotic formula for the number of
solutions of equation z1x9 + x3x4 = N, x129 = I3 (mod ry), x324 = lo, 11 =
7"1(N), To = TQ(N).
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1. FIRST SECTION

In the modern Number theory, the problems, concerning representation of
natural numbers as a sum of two summands of a special type, are of interest.
In 1927 A. Ingham, applying standard technique, obtained the asymptotic
formulae for the number of solutions v(NV) to the following diophantine equa-
tion
T1To + T3T4 = N,

namely when N — oo

V(N) = %U(N) 1n2N(1 + 0(%3?) ) :

o(N)=) d.

d/N

In 1930 T. Estermann using the circle method obtained asymptotic estimation
with degree reduction to the reminder term R(N)

2 2—r
v(N) = NZlnrNZarjafl(N) :
r=0 =0

ol \(N)=) d 'l d,
d/N

(=2) 29120 1\ 1\
arj_ 7"']‘ Z l'h'q' (m) (@)b—Q,

l,h,g>0
l+htq=2—71—j

where 7 is the Euler constant and
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R(N) < NiIn® No_s(N), o_s(N) =Y di.

d/N

The best known estimation of R(N) is the Y. Motohashi estimate (1994). He
evaluated sums of sums of Kloosterman and derived

o

R(N) < Niote,
In the present paper we consider the diophantine equation
129 + x304 = N,
r1xe = Iy (mod 1), w324 = ls (mod 79), (1)
(I, 1) =1, (I, r1) =1, (r, m2) = 1.

The following result is obtained:
V(N, Iy, 11, I, 72) = G(N, Iy, 11, 12, 72) +O(NE+E(T17’2)5>7

where v(N, [y, 11, l2, r2) is number of solutions of diophantine equation (1)
and

NI Nlnr ! NIn® Nlnrl
n nryinryg SG(N, 1177”17 l27 7”2)<< n n”ry Il’I"Q7
rire rrs

N&—¢ L riry K N&~¢,

The considered problems is a generalization of Ingham-Estermann problem.
2. THE SECOND SECTION

To solve the stated problem we perform the following:

1. The number of solutions of equation (1) is given by the following sum

= Z T(n)T(m).

n=l1(modry),
m=lg(modry)
n+m=

The above sum we represent as:

= 5t ) Jer (S ) Attm- 00N,

n=ly(modry),
m=lg(modry),
n+m=N
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where

w: [0, c0) — [0, 1],
w(u) =1 foru €[4, 1], § € (0, 1),
0 <w(u) <1foruel0,d and u € [1, 00);
wy : [0, 2] — [0, 1],
wi(u) =1forue[l—06,1+4],
0<wi(u)<lforuel0,1—4] andue[l+7, 2]

According to Heath-Brown (1996) we have that

A(n):CQ.Q‘Zi Z eq(an)h(%, %)

q=1 a(mod q)

where @ > 1 is a positive number, Cg = 1+ Oy (Q™), M € N is ar-
2mia

bitrary, e,(a) = e ¢ , h(x, y) is infinitely differentiable function defined
on the set (0, co) x R and the sign * means that (a, ¢) = 1. We set

1

Q=Nzand § = Q3.

. The Mellin and Fourier transforms to the function w(u;)w(ug)wy(u +

uQ)h(%, Uy + Uy — 1) and wy (v + 1)h<%, U> yield

F:% Z z*: eq(—alN) x

1<¢<3Q 1<a<q

/ Pg(t)e%“(% / Ns< > W) J(s, t) ds)x

(©) n=ly(modry)

({2 sl

(©) m=la(modra)
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After some processing we obtain

7(n)e,(an) N o B;
Z n(i R Z eq(aci3;)C| s, 7 ¢ls, wr)
n=l;(modr;) ¢ Ti 1;;251.(3[2 T]) q, T; q, T;

i=1,2,

o
where ((s, 0) = Z +0)5 is the Hurwitz zeta function.

. We apply to every inner integral of (2) the Cauchy residual theorem:

Cc

where

Rirs s, ) = Res&_l((ﬁ) ( g, 7] )C(S’ (g, 7i] )J )
1 N
1m0 B1) = 2m/)<m) ( 4, n) (5’ 4, n) 1) ds

(o
0<0,1=1,2.
The next representation of I' is valid:
=T+l +T5+1y, (3)
where
1 *
L= 2 D al-eN) 3 afeap) 3 efaanf)x
1<¢<Q 1<a<q 1<aq, f1<lg, 1] 1<ag, f2<[q, 2]
a1B1=ly(modry) agBo=lg(modry)
/Péemlt (R(rl, ar, Bi)R(ra, ag, ﬁz)) dt
R
1 *
L=y 2 X al-ah) 30 elamp) 3 cfonsB)x
1<¢<Q 1<a<gq 1<ay, B1<lq, 1] 1<ay, B2<[q, o]

ayB1=ly(modry) agBo=lg(modry)

/Pé@QW’Lt (R(Tla g, ﬁ1>‘[(r27 Qg ﬁQ)) dt’
R
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I3 :% Z Z eq(—aN) Z eq(aaq Br) Z eq(aazfs) X

1<¢<Q 1<a<gq 1<ay,B1<lq, 1] 1<ag, B2<[q, 2]
a1B1=ly(modry) agBo=lg(modry)

/Pé@QWit (R(T27 Qa, ﬁQ)](r17 ag, ﬁl)) dt’
R

*

ry :% Z Z eq(—aN) Z eq(ao ) Z eq(aayfy) x

1<¢<Q 1<a<q 1<aq, B1<[q, ] 1<ag, B2<Iq, 2]
ajBi=l(modry) agBy=lp(modry)

/Pé’)e%it <I(r1, a1, B1)I(ra, o, 52)) dt.
R

The summand I'; give the main term of the sum (3) and I'y give the
reminder term.

. We express the main term as

d/rm
pld) T2 (3
<7’22 7 1 d+(§ln2+’y—2)<p(r2))x
d/r2
— X
v e (N—11,d1) 2/r2 T (N—la, dz)
1 o) ( dy ) ( ( N N )
— Al In In +
ZQ d4 d (Na d) [Q7 Tl] [qa T2]2
Sam P\ W9

+21HL+Bh’l—+C) ,
[C], 7’1”(], 7’2} [Q> 7"1][% 7“2]

where A, B, C' are absolute constants. For the G(N, Iy, rq, la, r2) we
have that
NIn®Nlnrylnre NIn?  Nlnrylnr

S G(N7 llv 1, 127 TQ) <
172 rira
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5. We estimate the sum I'y as follows:

For Res = o < 0 the next formulae is valid:

b b
C(S,E>——2F(l—s (2m) 3 p Ze“ e S“m), bceN.

p=xt1 m=1

Substituting the above expression for ¢ in I'y we have:

o)
SR S SR TN SRRV SR
1<q<Q 1<a<q w1, v, po, va==1 mi, k1, ma, ka=1
k
Z €<a041ﬁ1 +M1m1041+7/1 151)X
q [Q7 Tl]

1<aq, B1<[q, 1],
a1B1=ly(modry)

Z . (aa2ﬂ2 n HoMoCio + Vzkzﬁz) «
q [Q7 TQ]

1<ag, B3<]q, 2],
agBo=lg(modry)

Pg)(t)e%”% ier (1 )2 (s, t)% dsx
J (g, 71] (mik1)

(o)

/ (ﬂ)sm (s, Al )] g

0 [q, 72]? (moko)t—*

The sum

S — Z . (aazﬂi | Hamica + Vikiﬁl)

1<ay, B;<la, 4], q [Q7 T’i]
a;B;=l;(modr;)

is represented as S; = @, PLPL. i = 1,2, where

: az1yr (7)) pamazy + viks
ol — Z e( 11 ( ) _|_M 1 y1)

— —
1<z1,y1<d; 4i4s i
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) o : q T
qi = H p]7 r; = H pjv q;:un T;:T,TZ7 AZ:[Q;?T;L

I /q, pI /vy, ¢ ¢
p not divide r; p not divide ¢
i Z [— 1m;Ty + Vikiya
@2 - € ~ 9
N T
1<z9,ya <7y
12y2(q",L'A,L')2El,L~(mod'Fi)
7.7 )2 MXa + Uik
i avsys(@irs)”® | pimixs + vikiys
@3 — (& —|'_ .

q A

1<z3,y3<A,,
z3Y3 (771"1_1')2 =l;(mod r;)

For @}, @} and ®} we obtain the representations:

' ,uiyimikiaq <%> ~
q)zl - q~z€< - ~ & ) )
4q;

where h is the natural number such that hh, = 1(mod s);

(I)l2 — K(fl, m;, kzllmﬂ>7

*

where K(c, a, b) = > e, (@) is the Kloosterman sum;

1<n<c
Pl = eq(CLAi>K(Ai; my, kili(fiqi)2Ai)'
For the integral

/Pg2 (£)emit L ( AN )Sm _g)2(s, plallim tr)s) o

27TZ [Q7 TI]Q (m1k1)1—5
(o)
1 472N \° ea((p2 + 12)s)
— ) T(1 =) (s, t)—L=2 = s dt
27Ti/ ([CL 7"2]2) SR (moky)t—* ’

3—4o0+¢e
Q

we derive the estimation O <qd_4—g+€) Hence

F4 < N%J’_s(’r’l?"g)%

and N5—¢ < 1Ty K N&—e.
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6. The sums I'; and I'3 can be estimated similarly to I'y.

Finally, according to this algoritm we obtain the desired result.
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