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1. INTRODUCTION

Parametric variational inequalities were studied in many papers, among
which we mention [7], [8], where there were established some results concerning
the stability under small perturbations of the parameter, for the solutions of
some abstract variational inequalities.

A special case is when the parameter to be perturbed is the geometric
domain on which the variational problem is defined. Continuity with respect
to the domain is an important issue in shape optimization and was studied a
lot, see [3], [4], [5], [6], [1] and the references therein.

More precisely, consider a family of variational inequalities:

Find wuq € K(), suchthat (A(£2,up),v—up) >0, Vve K(12),
where Q C R” is bounded and open , K (Q) C H(Q2) and A(£2,u) € (H2(£2))*.

For Q) fixed in the class of admissible domains and uq a solution of the cor-
responding inequality, the following problem appears: Is there a neighborhood
Wy of ©y and a mapping u defined on it, continuous at g, with u(€g) = wy,
and such that for each Q € Wy, () is a solution of the corresponding varia-
tional inequality ?

We studied such a problem in a previous paper [2], with the topology on
the class of admissible domains given by the mapping method (see [5]). In this
paper we are concerned with the stability with respect to the domain when
the topology is the one defined by the Hausdorff complementary metric.
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2. ABSTRACT PARAMETRIC VARIATIONAL INEQUALITIES

We expose here a particular case of the results proved in [7], which will be
used in what follows.

Let H be a real, reflexive Banach space and H* its dual. Let W be a
topological space, T : W x H — H* a mapping and K : W — 2% a set-valued
mapping. For each parameter w € W, a variational inequality is formulated:

(VI), Findz(w) € K(w), such that (T'(w,z(w)),y—z(w)) >0, Vy € K(w).

Let wg € W be fixed and let xy € K (wy) be the solution of the corresponding
problem (VI),,. The problem (VI),, is called stable under perturbations if
there exists a neighborhood W, of wy and a mapping x : Wy — H, continuous

at wp, with z(wy) = zo, such that, for each w € Wy, z(w) is a solution of
(V1),.

DEFINITION 1. The mapping T : W x H — H* is called consistent in w
at (wo, xg) if, for each 0 < r < 1, there exists a neighborhood W, of wy and a
function § : W, — R, continuous at wy, with G(wy) = 0 such that, for each
w € W,., there exists y,, € K(w) such that

14 = ol < B(w)

and
(T(w,yw),z - yw> + 6(10)“2 - ywH =0,
for each z € K(w) such that r < ||z — yu| < 2.

DEFINITION 2. The mappings T(w,-) : H — H* are called uniformly
strongly monotone on Wy C W if there exists a positive constant «, such that
for all w e Wy and x,y € H, x # y we have :

(T(w,z) = T(w,y),z —y) > allz —y|*

THEOREM 1. With the above notations, let the set K(w) be closed and
convex for each parameter w € W. Consider wy € W and xg € K(wy) fized.
Suppose that:

(i) xo is a solution of (VI)y,;
(i) T is consistent in w at (wo, xg);
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(i11) there exists a neighborhood V' of wy such that the maps T'(w,-) are uni-
formly strongly monotone, continuous from the line segments of H to H* with
the weak topology, for allw € V and x € K(w).

Then the problem (V 1), is stable under perturbations.

3.STABILITY WITH RESPECT TO PERTURBATIONS OF THE UNDERLYING
DOMAIN

Let D be a bounded and open subset of RY.

Denote G(D) = {2 C D | {2 open }.

On each Q € G(D) we formulate a variational inequality, obtaining the
following family of problems:

(VIg)  Find ug € K(2), such that
/ Az, uq(x), Vug(z))(Vo(z) — Vug(z))dz

0
+/Qa(;v,ug(;v), Vug(z))(v(z) — ug(x))de >0, Vv e K(Q),

where

(H1) K(Q) is a closed, convex, nonempty subset of the Sobolev space
H(©).

(H2) A = (ay,...,an), aj,a : D x R x RY — R are functions with the
properties:

(P1) a;(z,n,§),a(x,n,§) are measurable with respect to the first variable
and continuous with respect to the pair (n,§),

(P2) |a;(z,n, &) +alz, n, &) < cr(k(x)+n[+[]lx), with ¢ > 0 a constant
and k € L*(D) a positive function,

N
(P‘?) Zaj(x7n7€>£j > CZHé-H?V — c3 and a(x7777£)77 > 04‘77|2 — Cs, with Cj

Jj=1
positive constants,

(P4) ;[aj(l’ﬂ?’f) - aj<x7ﬁ7£>](£j - éj) + [a(ﬂfﬂ];f) - CL(x?ﬁug)](n - 77) >

alln —7)> +||€ = €||%), for a.e. € D, for all n,77 € R and £, € RV,

In the conditions stated above, there exists a solution to the variational
inequality (VIq) (see for example [9], pg. 74).

For each inequality from the family (V'Ig), the space where the solution
lies (H(2)) changes together with Q. In order to apply Theorem 1, we will
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write equivalent forms of the variational problems by extending the functions
on the hold-all domain D:
(VIpg)  Find u € o(K(2)), such that
/ Az, uf (), Vuf(z))(Vo(z) — Vu®(z))dx

—l—/D a(z,u?(z), Vu(z)) (v(z) — u(x))dr > 0, ¥V v € eo(K(Q)),

where u® = ep(uq) is the extension with 0 to D of the function uqg € HZ(Q)
and eo(K(Q)) = {eo(u) | u € K(Q)} C Hy(D).

According to [1], the extension operator ey : H} () — H}(D) is linear and
isometric. Also, it takes place:

THEOREM 2. [1] Let Q and D be open subsets of RN, with Q C D. The
linear subspace eg(K(Q)) of HY (D) is closed and isometric isomorphic with
H(Q). For each ¢ € eg(K(Q)), we have ¥|q € H () and 0% = 0, a.e. on
D\ Q, for every o, |a] < 1.

The topology that we use on the class of geometric domains G(D) is the
Hausdorff complementary topology.

For a set A C RY, the distance function is defined by

dA(I) _ { infyeA ||y—$||N, A 7&@

00, A=
The Hausdorff complementary metric on G(D) is:
P (1, ) = [ldea, — dea,llow).
for each Q1,09 € G(D), CQ; = D\ Q.

THEOREM 3.[1] (G(D), p%) is a compact metric space.
Defining the operator A : H(D) — (H}(D))* by

(Alw),w) = |

DA(m,u(x),Vu(x))Vw(a:)da: + /Da(x,u(x),Vu(x))w(x)dx,

we can write the family of problems (VIpg) like:

Find u® € eo(K(Q)) s t. (A@u?),v—u") >0, Vv € e,(K(2) C H:(D).
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With these notations, the theory for the abstract variational inequalities can
be applied: H = H}(D) (reflexive Banach space); W = G(D) endowed with
the Hausdorff complementary topology; T' = A; K : G(D) — 2P K(Q) =
eo(K(Q)).

Let Qy € G(D) be fixed and let u* = ey(ugq, ) be the solution of the problem
(VIpg,). We make the additional hypotheses:

(H3) There exists a neighborhood W, of Qy and a positive constant §
such that, for every 91,0y € Wy and every u; € eg(K(€y)), there exists

ug € eg(K(€s)) such that
llur — ol () < 95 (2, ).

(H4) |aj(x,,€) — a;(2,7,6)| < Liln = 7 + Lof|§ — &||n and
la(z,n, &) —a(z,n,&)| < Ls|n — 7| + La||§ — &||v, with L, positive constants.
In these conditions, the main result of this section can be proved:

THEOREM 4. Let Qy € G(D) be fized and let u™ € eq(K(Qy)) be a solu-
tion of the variational inequality (VIpgq,). If (H1)-(H4) are satisfied, then
(VIpg,) is stable under perturbations, that is: there exists a neighborhood Wy
of Qo and a mapping u : Wy — HY(D) such that for each Q € Wy, u() is a
solution of (VIpq), u(Q) = u and u is continuous at Q.

Proof:

(a) We prove that A is consistent in Q at (Q, u®). Let r €]0,1], Wy the
neighborhood from (H3) and Q € Wy. For Q := Qq, Oy :=Q, u; = uf there
exists, according to (H3), vq € eo(K(£2)) such that

v — UQOHHol(D) < 6p5 (92, Q).

We define, following the idea from [7],

B(2) = max{y/dpg (2, D), 2] A(ve) — A(u™)ll; oy }

Obviously, 5(Q) = 0 (taking vg, = u'®).
To prove the continuity of 3 at g, let €2,, — ¢ in the Hausdorff complemen-
tary topology, that is p5(2,,) — 0. This also implies (by (H3)) that there
exists vq, such that vg, — uf® in H}(D).

JA(va,) — AW |0
— sup{|(A(vo,) — AW™), w)| | w € H(D), |lul

iy <1}
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We evaluate, using (H4) and Hoélder inequality:

[(A(va,) — A(u®), w)|
[ lAG@.v0, (@), Voo, (@) = Ala, u™ (@), Vu (@) Vu(c)|do
—1—/3\ a(z,va, (), Vg, (1) — alz, u™(z), Vu™ ())]w(z)|dx
[ (Lo, () — ()
+ Ls|| Vg, (2) = Vu™()||x) (lw(@)] + [|Vw(@) | v) do

< L{jva, — UQOHH(%(D)”w”Hol(D) — 0,

when €2, — 9. This implies the continuity of § at €.

Let now W, be a neighborhood of € such that for each Q € W,, () <
1 (this is possible because 3(€) = 0 and § is continuous at ) and r —
AB(D)[JA(w®) || (2 (py)+ > 0 (B can be sufficiently small in a neighborhood of
Qo and r and || A(u)]|| are fixed).

From (H3) and the definition of 5 we have that

|lva — UQO||H5(D) < B2(Q) < B(Q).
For Q € W, let z € eg(K(2)) such that r < ||z — vg|| < 2. We have:

(A(va), z —vo) + B(2)|12 — vellms ()

= (A(ve) — A(u®), z = v) + (A(u®), 2 — va) + B(2)||z — vally b)

> —||A(vg) — A(w™) |l (ag (D) + (Au™), 2 — z5)
+(AW™), 2o — u®) + (A(u®),u® —vgo) + B(2)r

> —25(Q)r = MA@ 12 = 2ol =LA@ [u% = voll + By
> S5(O)r — 25O) | AW™)| = LB — a8 AW = o

Here we used the fact that zp is chosen in eo(K(£2y)) such that ||z — z|| <
55 (20,9Q) < 32(Q) and |Ju —vg| < 6p% (0, Q) < B*(Q). So the consistency
of A is proved.

(b) A is uniformly strongly monotone. Indeed, for every uw,v € H} (D),
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u # v we have, using the property (P4):
(A(u) — A(v),u —v)

= /D Z: a;(x, u(z), Vu(r)) — a;(z,v(), Vo(@))|(Vu,(z) = Vu;(2))
+[a(x,u(:c) u(x)) — a(z, v(x), Vo)) (u(z) — v(z))de
olfu(z) — v(@)* + IVu(z) = Vu(@)[[y)de = allu — vll3 p)-

(c) The operator A is continuous from Hj (D) with the strong topology to
(H}(D))* with the weak* topology.
Indeed, for u,, — u in H}(D) and v € H}(D), we have

[{(A(un), v) = (A(w), v)| < Lljun = |y o) [[0]| 3 0) = o-

All the hypotheses of Theorem 1 are satisfied, so applying this result we get
the desired conclusion.

REMARK. The classical linear case
(B(u),w) :/DB(QJ)Vu(:U)Vw(:U)dx—|—/Db(x)u(x)w(x)dx

with B € CRMN 0 LR and b € C(RN) N L®(RYN), satisfies the
hypotheses H1, H2, H}.
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