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ABsTRACT.The Fisher information is well known in estimation theory. The
objective of this paper is to give some definitions and properties for the trun-
cated lognormal distributions. Then, in the next paper ([2]), we shall deter-
mine some invariance properties of Fisher’s information in the case of these
distributions.
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1.NORMAL AND LOGNORMAL DISTRIBUTIONS

Let X be a normal distribution with density function

_ 1 1 /2 —m,\?
f(x,mx,ai)—\/ﬁ%exp{—z( - )},xeR, )

where the parameters m, and o2 have their usual significance, namely:
m, = E(X),02 =Var(X), m, € R,0, > 0.

DEerINITION 1.1.1f X is normally distributed with meanm, and variance
o2, then the random variable

Y=eX,orX=InY,Y >0, (2)
is said to be lognormally distributed. The lognormal density function is given
by

ity = 2 Lexpl L(Myoma)L g ©)
g y! mCL‘7 0-1: - \/g()'m y p 2 O'x 9 y 9
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2

EY)=m, =exp (mz + U;) Var(Y) = (;; = exp{2m, + o2} <603—1> )

REMARK 1.1.From the relations (4), we obtain

2 2 2
m m: +o
my = In [2?;2] ,O'z = In Y 5 y‘| (5)
m
My + oy v

2. THE TRUNCATED LOGNORMAL DISTRIBUTIONS

DEeFINITION 2.1. We say that the random variabley” has a lognormal
distribution truncated to the left atY = a,a € R, a > 0 and to the right at
Y = b0 € R, a < b, denoted byY,..,, if its probability density function ,
denoted byg,.;(y; m., o), is of the form

i\g/(%rb;yexp{_é(m?{;%f} if 0<a<y<0,
oy 0?) = 0 ifo<y<a ©
0 if y>b,

where the constant

k(a,b) cI)(l“b mz)lq)(ma mg;) (7)

results from the conditions

1° gaep(y; my, 02) > 0 ify € (0, 00),

+o00
2° Of Gas(y; My, 02)dx = 1. (8)

REMARK 2.1.The function

d(z) = \/12_7T / exp( )dt, (9)
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for which we have the following relations

®(—o0) =0,9(0) = ;, DO(+o0) =1, P(—2) =1 — d(2), (10)

is the normal distribution function corresponding to the standard normal ran-
dom variable

Z:X—mx

S M(Z2)=0,Var(Z) =1 (1)

T

which has the probability density function

2

£(2:0.1) = f(z)—\/_exp< t2>,z€(—oo,+oo). (12)

REMARK 2.2. A such truncated probability distribution can be regarded
as a conditional probability distribution in the sense that ifX has an un-
restricted distribution with the probability density functiong(y; m,, c2), then
Ja(y; m,, 02), as de ned above, is the probability density function which gov-
erns the behavior of subject to the condition that,.., is known to lie in[a, b].
Also, in such case, we say that the random variab¥e.., has a bilateral trun-
cated lognormal distribution with the limitsa and b.

REMARK 2.3.1t is easy to see that from the relations (6), (7) and (10)
follows

Tmz)g(y,mx,%) if 0<y<b

if y>b, (13)

lmgaHb(yrmzv :1:) = {

WQ(Q mxagg if y=>a

(14)
0 1if 0<y<a,

H . 2y ——
bll>r+noo ga<—>b(yl my, Um) I {

and

H 2 — 1 1 _ 1 (lny—ma 2 .
aq_lo',?h Gaers(Ys Mz, 05) = mgzyeXp{ 2(7% )] if y>0, (15)
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where g_,(y; m., c2) is the probability density function then whery”;, has
a lognormal distribution truncated to the right atY = b; g, (y;m,,02) is
the probability density function then whert,_ has a lognormal distribution
truncated to the left atY” = a and g(y; m.., 02) is the probability density function

T

then whenY has an ordinary lognormal distribution.

THEOREM 2.1.1f Y,.;, is a random variable which follows a bilateral trun-
cated lognormal distribution, then its expected valuB(Y,..,) and second mo-
ment E(Y2,) have the following expressions

IS

mb-me _ 5\ _ @ (Mma=me _
} [(D( Ox x) (D( Tz x)} (16)

o) o (i)

E(Y;u—»b) = EXp {mx +

O (b=me 95 ) — @ (Re=me _ 94
E(Y2,,) =exp {me + 20§} [ ( ([CTD (1nbng o Elmﬁmz)} )} . @7

Oz O

Proof. Making use of the definition of F(Y,..;), we obtain

b 2
k(a, b) 1/Iny—m,
E(Y,.p) = exp —= | —— dy. 18
( b) \/%O’x J p{ 2 ( o, Y ( )
By making the change of variables
p= Ny =m. (19)
P
we obtain

y =exp{m, +o,t},dy = o, exp{m, +o,t}dt, (20)

and (18) can be rewritten as follows

Inb—mg
k(a,b) exp {m,} 7 { 1, }

E(Y,.p) = exp < —=(t* — 20,t) p dt = 21
(Yoer) N p{—5(t* —20.1) (21)

Ina—mg
oz
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Inb—mg

k(a,b) exp {mx + %} F 1
- exp{—Z(t — x2}dt= 22
b / p{-56 - (22)
k(a,b)expim. + %  p 1,
= NG / exp {_Zw } dw, (23)

Ina—mg

—0
ox x

if we used a new change of variables, namely w =t — o,.

From (23) we obtain just the form (16) for the expected value of Y, ...

Using an analogous method we can obtain the expression for the second
moment E(Y?2.,).

Thus, we have

—mg )2 —

E(Y2_,) = et Jyexp{_; (e }dy_
lnb my

— k(a,b) exp{2mm+2cr }

N i exp{—%(t—ZJI)Q}dt—

Ina—mg
gx

Inb—mg —9%
Ea— x

_ kb exp{2m.+20i} o J exp{ }dv =

V2 lna mg —90.
x

lnb mw QUT) q)(lna mg QUT)]

= exp {me + 202} [o ( Tab 7nz) Tha— mz)] )

if we used the change of variables (19), respectively the change of variables
v=t-—20,.

COROLLARY 2.1.If Y, is a random variable with a lognormal distribution
truncated to the left atY = « and to the right atY = b, then

Var(Yoe) = E(YZ,) — [EQac)l =

P lnb;’mz 720_1) (b(lnafml QUI)] _

=exp {me + 202} [ ( [;(lnb_w) lna g )]
b _g,) p(Rems g, )]

()BT

—exp {2m, + o2} [
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COROLLARY 2.2.For the unilateral truncated lognormal random variables
Y, and Y_,, respectively for the lognormal random variabl& we have the
following expected values and variances

10 (s o)

o))

2
E(Yoc) = 1M E(Yocs) = exp {mx + 02} (24)

VarY,. = lim Var(Y,.) =

b—-+4o00

= exp {2m, + 202} L2204+ 2y L0 O]

o) (s

- )
E(Y_1) = lim E(Vur) = exp {m, + 5 } iz,
VarY_, = Iim Var(Y,ep) =

Inb—mg O
= exp {2m, + 202} — il o))
respectively
E(YV)=m, = lim  E(Voes) =exp (ma+ %),

—00,b—+

q>2 Inb—mg 0')

—exp {2m, + o2} RIC=

®d(Inb—myoyz)

Var(Y)=o2 = lim Var(Yo..) = exp{2m, + o2} (e771).

Starting with the second page the header should contain the name of the
author and a short title of the paper

3.FISHER'S INFORMATION MEASURES FOR A TRUNCATED LOGNORMAL
DISTRIBUTION.

Case: m,-an unknown parameter,o2-a known parameter

THEOREM 3.1.If the random variableY,._, has a bilateral truncated log-
normal distribution,that is its probability density function is of the form

it {4 (=)} if0<asys
ga<—>b(ya Mg, 0 az) = O Zf 0 < Yy <a (25)
0 if y>b,
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where

_ 1
h(a, b) = ® (lnb—mw> P (1na_mw>> (26)

Ox Ox

then the Fisher's information measure, about the unknown parameter,,,
has the following form

, _ 1 [nbmg,02) — finaim,, o)
YaHb(mx) - 0'75 - [(D (lnb—mw) ¢ <lna—m$)r -

Oz Ox

B [(Inb — m,) f(Inb; m,, 02) — (Ina — m,) f(Ina; m,, 02)]
IO RC =

x

(27)

where

1 1(lna—m ?
f(na:my, 02) = Bl (S e R*
(Ina;my,03) \/Z_xexp{ 2( - >}

FAnbim,. 0%) = —— expd —+ Ind—m,\’ cR*
1My, 0p) — /_27TO'$ p 2 o, :

Proof. For a such continuous random variable Y., the Fisher information
measure, about the unknown parameter m,has the form

<6Ingwb(y;mx,0§)>2] _

Om,

IXaHb(mm) =F

b 2

ding,_,(y;my, ag

= / < > oo (s Mg, 02)dy =
) My

b

(92|n y My, 2 (92|n s My, 2

_ _/ o %)g im0y = —E Goes i M, 03) |
J om? “ om?

(28)
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Using (25), we obtain

2
Ing,_, (i ma, 02) = —In(v270,) + Ink(a,b) — Iny — 3 (=)™
respectively

dlng,_ (yimy,02) _ dInk(a,b) . Iny —m, 1 0k(a,b) N Iny — m,
om, T Om, o2 k(a,b) Om, o2
(29)
Because
ok(a,b) O

1 p—
@ (i)~ o (1“%;’””)] )
_ o [0 ()] + o [0 ()

o el fe ()]

om,  Om,

and

Ina—mg

0 Ina—m,\| _ 0 1 i t2 _
om, [CD< s )]_877% Nz Zo P <_2> at) =

Inb—m,

Oz

e B () N P UTEC

4 [qn )] = —f(Inb; m,, 02), (31)
omy

we obtain that

0k(a,b) _ fanb;my, 0% — f(na;m,, %)
me o (mm)] + o (e

Ox Oz

(32)

and for the relation (29) we obtain a final form
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dlng, ., (y;my,02) _ fnb;ym,,02) — f(Ina;my,02) . Iny—m,
Ome, o [CD (1nb—mm>} + {(D (lna—mw>:| o2

Ox Oz

Then, from this last relation, we obtain

»’Ing, ,(y;me,02) _
om?

N ’“(z;b) [(nb —ma) fAnb;my, 02) = (INa = m,) f(Ina;my, 02)| +

2
0% T

LLrnbims, 02) = fna;ma, o))

@ (uzm)] + [o ()|

then when we have in view the relations (30), (31) as well as the following
relations

Ina —m,
p—y [f(Ina;m,, 02)| = o fna;m,, 0?)
5 [fnbym,, 02)| = === f(nb;ma, 02).
X UI
Because - 120acstims.02) g independent of the variable y, from (3.3b) we

om?2
obtain just the Fisher’s information (27), if we have in view that g, (y; m,, 0
is a probability density function. This completes the proof of the theorem.

2
T
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