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1. The phisical problem: homogenized equations

When the material has a strong heterogeneous structure, it is practically
impossible to determine its properties in each point. As a result, the porous
media study is performed by approximation with periodic media which allow to
the microscopic equations to had through homogenization to macroscopic laws
and in certain conditions the solution of the microscopic problem is convergent
to the solution of the macroscopic one.

In [5] Sanchez-Palencia applies the homogenization method to the case of
composite materials. He investigates static problems such as: the thermal
conduction problem in a periodic medium with Dirichlet and Neumann type
boundary conditions, the elasticity problem with Dirichlet type boundary con-
ditions. For the thermal conduction equation he proved a weak convergence
of the weak solution of the microscopic problem to the weak solution of the
macroscopic one.

Based on Sanchez-Palencia techniques, for the linear elasticity static prob-
lem, the macroscopic equations for porous media are established and the weak
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solution convergence of the microscopic problem toward the weak solution of
the macroscopic one is investigated.

This procedure implies that the medium is considered as having a periodic
structures.

The homogenization method in elasticity problems is used also by Abdulle
[1] for a polygonal domain with the numerical investigation of the homogenized
equations based on the finite elaments method (FEM).

Let us consider a porous body which occupies the region Ω ⊂ R3 (having
the characteristic dimension L) with a piecewise smooth boundary ∂Ω. The
coordinates of a certain point in the domain x = (x1, x2, x3) ∈ Ω are written
with respect to the well known coordinate system R = {O; e1, e2, e3}. Follow-
ing [3], [5], Ω is assumed to be periodically domain. The microstructure is
defined by periodic cell P (having the characteristic dimension l) with a solid
part PS and a empty part PV . For example, see the next figure:

• Nomenclature:

(a) the porous medium is enclosed in Ω = (0, L)3;

(b) the microstructure is defined by ωl = (0, l)3 with a solid part ωl
S (ωl

S ⊂
ωl) and a empty part ωl

V = ωl − ωl
s;

(c) the cube Ω has N cells (ωl), i.e., Ω =
⋃N

j=1 ωl
j, where ωl

j = xj + ωl,

N = L3

l3
∈ N, ωl

Sj
= xj + ωl

S and ωl
Vj

= xj + ωl
V ;
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(d) denote ε = l
L

= 1
3√

N
<< 1,

Ωε =
N⋃

j=1

ωl
Sj

, Γε =
N⋃

j=1

∂ωl
Sj

;

We have ∂Ωε = Γε ⋃
∂Ω;

(e) The basic cell is Y = 1
ε
ωl = (0, L)3 with the solid part YS = 1

ε
ωl

S and
the empty part YV = 1

ε
ωl

V ;

(f) In dimensionless variables x′i = xi

L
, i = 1, 2, 3, we have:

Ω → Ω′ = 1
L
Ω = (0, 1)3, Ωε → Ω′ε = 1

L
Ωε, Γε → Γ′ε = 1

L
Γε,

ωl → ω′ε = 1
L
ωl = (0, ε)3, ωl

S → ω′ε
S = 1

L
ωl

S, ωl
V → ω′ε

V = 1
L
ωl

V ,

Y → Y ′ = 1
L
Y = (0, 1)3, YS → Y ′

S = 1
L
YS, YV → Y ′

V = 1
L
YV ;

(g) The following relations are valid:

Ω′ =
⋃N

j=1 ω′
j
ε, where ω′ε

j = 1
L
xj + ω′ε and


ω′ε

Sj
= 1

L
xj + ω′ε

S

ω′ε
Vj

= 1
L
xj + ω′ε

V

,

Ω′ε =
⋃N

j=1 ω′ε
Sj

, Γ′ε =
⋃N

j=1 ∂ω′ε
Sj

, where

∂ω′ε
Sj

= 1
L
xj + ∂ω′ε

S, ∂Ω′ε = Γ′ε ∪ ∂Ω′, ∂Y ′
S = 1

ε
∂ω′ε

S;

(h) The porosity is denoted by ΠY = |Y ′
V |.

The dimensionless microscopic problem is written:

1

L

∂

∂xj

[
1

L
aε

ijklekl(u
′ε)] = −ρε

0f
′
i(x

′) in Ω′ε, i = 1, 2, 3. (1)

Let us assume the asymptotic expansion:

u′
ε
= u′

0
(x′, y′) + εu′

1
(x′, y′) + ε2u′

2
(x′, y′) + ..., (2)

with y′ = x′

ε
∈ Y ′

S, x′ ∈ Ω′, and the functions u′0, u′1, ... are periodic functions
in y′.
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The small deformations tensor can be written:

ekl(u
′ε) = 1

2

(
∂u′ε

k

∂x′
l
+ ∂u′ε

l

∂x′
k

)
= 1

2

(
∂u′0

k

∂x′
l
+ ∂u′0

l

∂x′
k

)
+ 1

ε
1
2

(
∂u′0

k

∂y′
l

+ ∂u′0
l

∂y′
k

)
+

+ε1
2

(
∂u′1

k

∂x′
l
+ ∂u′1

l

∂x′
k

)
+ 1

2

(
∂u′1

k

∂y′
l

+ ∂u′1
l

∂y′
k

)
+ ε2 1

2

(
∂u′2

k

∂x′
l
+ ∂u′2

l

∂x′
k

)
+ ε1

2

(
∂u′2

k

∂y′
l

+ ∂u′2
l

∂y′
k

)
+ ... =

= 1
ε

1
2

(
∂u′0

k

∂y′
l

+ ∂u′0
l

∂y′
k

)
+ e0

kl(x
′, y′) + εe1

kl(x
′, y′) + ...

(3)
where the folowing notation were introduced:

e0
kl(x

′, y′) = eklx′(u′0) + ekly′(u′1)

e1
kl(x

′, y′) = eklx′(u′1) + ekly′(u′2)

e2
kl(x

′, y′) = eklx′(u′2) + ekly′(u′3)

.......................................................

(4)

with 
eklx′(v) = 1

2

(
∂vk

∂x′
l
+ ∂vl

∂x′
k

)
ekly′(v) = 1

2

(
∂vk

∂y′
l
+ ∂vl

∂y′
k

) , ∀ v = v(x′, y′). (5)

With (4) the small deformation tensor (eij(u
′ε))3

i,j=1 has the form:

eij(u
′ε) =

1

ε
eijy′(u′

0
) + e0

ij(x
′, y′) + εe1

ij(x
′, y′) + ..., i, j = 1, 2, 3, (6)

leading to the stress tensor (σε
ij)

3
i,j=1:

σε
ij = aε

ijkl

[
1
ε
ekly′(u′0) + e0

ij(x
′, y′) + εe1

ij(x
′, y′) + ε2e2

ij(x
′, y′) + ...

]
=

= 1
ε
aε

ijklekly′(u′0) + σ0
ij(x

′, y′) + εσ1
ij(x

′, y′) + ε2σ2
ij(x

′, y′) + ...

(7)

where 

σ0
ij(x

′, y′) = aε
ijkle

0
kl(x

′, y′)

σ1
ij(x

′, y′) = aε
ijkle

1
kl(x

′, y′)

..................................

. (8)
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Let us assume the operator d
dx′

i
= ∂

∂x′
i
+ 1

ε
∂

∂y′
i
, i = 1, 2, 3.

Replacing (7) in (1) we get:

1
L2

(
∂

∂x′
j
+ 1

ε
∂

∂y′
j

)(
1
ε
aε

ijklekly′(u′0) + σ0
ij(x

′, y′) + εσ1
ij(x

′, y′)+

+ε2σ2
ij(x

′, y′) + ...
)

= −ρ0f
′
i , in Ω′ε, i = 1, 2, 3.

(9)

In (9) considering the coefficients of ε−i, i = 2, 1, 0, we have:

∂

∂y′j

(
aε

ijklekly′(u′
0
)
)

= 0, ı̂n Y ′
S, i = 1, 2, 3, (10)

∂

∂x′j

(
aε

ijklekly′(u′
0
)
)

+
∂

∂y′j

(
σ0

ij(x
′, y′)

)
= 0, ı̂n Y ′

S, i = 1, 2, 3, (11)

1

L2

∂

∂x′j

(
σ0

ij(x
′, y′)

)
+

1

L2

∂

∂y′j

(
σ1

ij(x
′, y′)

)
= −ρ0f

′
i , ı̂n Y ′

S, i = 1, 2, 3. (12)

Relation (10) shows the dependence of u′0 only on the macroscopic variable
x′.

Equations (11), (12) can be rewritten:
∂

∂x′
j

(
aε

ijklekly′(u′0)
)

+ ∂
∂y′

j

(
aε

ijkleklx′(u′0) + aε
ijklekly′(u′1)

)
= 0, ı̂n Y ′

S,

u′1 Y ′ − periodică
1

|Y ′|

∫
Y ′

S

u′
1

dy′ = 0

(i = 1, 2, 3)

(13)
and

1

L2

∂

∂x′j

(
aε

ijkleklx′(u′
0
)+aε

ijklekly′(u′
1
)
)
+

1

L2

∂

∂y′j

(
aε

ijkleklx′(u′
1
)+aε

ijklekly′(u′
2
)
)

= −ρ0f
′
i ,

(14)
in Y ′

S, i = 1, 2, 3, respectively.
The homogenized elasticity tensor can be evaluated from the simplified

form of (13):

∂
∂y′

j

(
aε

ijklekly′(u′1)
)

= −∂aε
ijkl

∂y′
j

eklx′(u′0), in Y ′
S

u′1 Y ′ − periodic
1

|Y ′|

∫
Y ′

S

u′
1

dy′ = 0

(i = 1, 2, 3). (15)
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Based on the liniarity of (15)1 we seak for a solution of the form :

u′
1

= wmhemhx′(u′
0
), ı̂n Y ′

S, (16)

with wmh Y ′- periodic functions. Let use assume fixed m, h ∈ {1, 2, 3} such
that emhx′(u′0) = 1. We have (15) and the variational formulation:

Find wmh ∈ H̃1
per(Y

′) such that∫
Y ′

S

aε
ijklekly′(wmh) · eijy′(v) dy′ =

∫
Y ′

S

∂aε
ijmh

∂y′j
· vi dy′, ∀v ∈ H̃1

per(Y
′)

(i = 1, 2, 3).

(17)
From relations (8)1, (4)1 and (16) we obtain:

σ0
ij(x

′, y′) = aε
ijkl

[
δkmδlh + ekly′(wmh)

]
emhx′(u′

0
),

in which mediation relative to the Y ′ cell, we obtain the relation:

σ̃0
ij(x

′) =
1

|Y ′|

∫
Y ′

S

σ0
ij(x

′, y′) dy′ =

=
( 1

|Y ′|

∫
Y ′

S

aε
ijkl

[
δkmδlh + ekly′(wmh)

]
dy′

)
emhx′(u′

0
) =

= aH
ijmhemhx′(u′0), x′ ∈ Ω′, i, j = 1, 2, 3,

(18)

where

aH
ijmh =

1

|Y ′|

∫
Y ′

S

aε
ijkl

[
δkmδlh + ekly′(wmh)

]
dy′, (19)

(i, j,m, h = 1, 2, 3) represent the homogenized elasticity tensor.
Integrating the equation (14) on Y ′

S and using the Y ′− periodically condi-
tion of the functions u′1 and u′2, we obtain the homogenized equations (macro-
scopic equations):

∂

∂xj

[
(1− ΠY )aijmhemhx(u

0) +
( 1

|Y ′|

∫
Y ′

S

aijklekly′(wmh) dy′
)
emhx(u

0)
]

= −f̃i,

(20)

ı̂n Ω, i = 1, 2, 3, in the dimensional form, for that
|Y ′

S |
|Y ′| =

|Y ′|−|Y ′
V |

|Y ′| = 1 −
|Y ′

V |
|Y ′| = 1 − ΠY , where f̃ ′i =

1

|Y ′|

∫
Y ′

S

ρ0f
′
i dy′. These equations describes the

macroscopic laws.
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2. aH
ijkl, wmh, σH

ij - properties

Following the ideas from [4], we are interested in establishing some proper-
ties of the homogenized tensor in order to characterize σH

ij . These properties
are then used for the homogenized equations study.

Remark 1. The following properties are valid:

a)
aH

ijkl = (1− ΠY )aijkl, ∀i, j, k, l ∈ {1, 2, 3}, with i 6= j. (21)

b)∫
Y ′

S

aiimhemhy′(wii)dy′ =
∫

Y ′
S

akkmhemhy′(wkk)dy′, ∀i, k = 1, 2, 3, (22)

∫
Y ′

S

aiimhemhy′(wii)dy′ =
∫

Y ′
S

aiimhemhy′(wkk)dy′, ∀i, k = 1, 2, 3, (23)

∫
Y ′

S

∇y′ · w11dy′ =
∫

Y ′
S

∇y′ · w22dy′ =
∫

Y ′
S

∇y′ · w33dy′. (24)

c)
σH

ij (x, t) = (1− ΠY )aijkleklx(u
0) + bϕ(x, t)δij, (25)

with b = λ + 2
3
µ (bulk modulus) and ϕ(x, t) =

( 1

|Y ′|

∫
Y ′

S

∇y′ · wdy′
)
(∇x · u0).

3. The microscopic problem solution’s convergence

Some complementary results are presented in this section.
Remark 2. The characteristic function ϕ of Y ′

S belongs to L2(Y ′) and its
mean value has the form:

ϕ̃ =
1

|Y ′|

∫
Y ′

ϕ dy′ =
1

|Y ′|

∫
Y ′

S

ϕ dy′ =
|Y ′

S|
|Y ′|

= 1− ΠY .

Similarly, ϕε(x′) = ϕ(y′), x′ = εy′, the characteristic function of ω′ε belongs to
L2(ω′ε

S). This function can be extended to ϕε
e ∈ L2(Ω′) of ϕε weak convergent

in L2(Ω′) toward ϕ̃ = 1− ΠY (conform [2]).
Let us the Hilbert space V = (H1(Ω′ε))3 with the scalar product

(u, v)V =
3∑

i=1

(∇ui,∇vi)L2(Ω′ε), u = (u1, u2, u3), v = (v1, v2, v3) ∈ V (26)
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and the norm

‖v‖V =
( 3∑

i=1

‖∇vi‖2
L2(Ω′ε)

) 1
2 , v = (v1, v2, v3) ∈ V . (27)

Let us assume that f
′ ∈ V ′.

The microscopic problem for homogeneous boundary conditions is defined:
1
L

∂
∂xj

[ 1
L
aε

ijklekl(u
′ε)] = −ρε

0f
′
i(x

′) in Ω′ε

nj

(
1
L
aε

ijklekl(u
′ε)

)
= 0 on ∂Ω′ε \ Γ′ε

(i = 1, 2, 3). (28)

The variational formulation on V , is corresponding by: Find u′ε ∈ V such that
1

L2

∫
Ω′ε

aε
ijklekl(u

′ε)eij(v) dx′ =
∫
Ω′ε

ρε
0f

′
ivi dx′ ∀v ∈ V , (29)

which is equivalent to {
Find u′ε ∈ V such that

a(u′ε, v) =< F, v >, ∀v ∈ V ,
(30)

where

a(u, v) =
1

L2

∫
Ω′ε

aε
ijklekl(u)eij(v) dx′, ∀u, v ∈ V , (31)

is a bilinear elliptic form on V × V [3], and

< F, v >=
∫
Ω′ε

ρε
0f

′
ivi dx′, (32)

a linear continuous functional on V with

‖F‖V ′ ≤ ‖ρ0f
′‖V ′ ≤ ‖ρ0f

′‖(L2(Ω′))3 . (33)

Theorem 1. Let f
′ ∈ V ′. The problem (29) has a unique solution u′ε ∈ V .

Moreover, there exist a positive constant C1 such that

‖u′ε‖V ≤ C1‖ρ0f
′‖(L2(Ω′))3 . (34)

Proof. The hypothesis of the Lax-Milgram theorem are satisfied, i.e. the
functional F is continuous on V , the bilinear form a = a(u, v) is continuous
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and V - eliptic, so the problem (29) has a unique solution u′ε ∈ V . The Korn’s
type inequality is valid:

‖u′ε‖(H1(Ω′ε))3 ≤ CK

[
‖u′ε‖(L2(Ω′ε))3 +

( ∫
Ω′ε
|eij(u

′ε)|2 dx′
)1/2]

, (35)

where CK = cK(Ω′ε). The elasticity tensor (aε
ijkl) is positive definite one, so

there exist a constant C > 0 such that

aε
ijklekl(u

′ε)eij(u
′ε) ≥ Ceij(u

′ε)eij(u
′ε).

We obtain:∣∣∣a(u′ε, u′ε)
∣∣∣ =

∣∣∣ 1

L2

∫
Ω′ε

aε
ijklekl(u

′ε)eij(u
′ε) dx′

∣∣∣ ≥ C
∣∣∣ 1

L2

∫
Ω′ε

eij(u
′ε)eij(u

′ε) dx′
∣∣∣ ≥

≥ C
L2·CK

‖u′ε‖2
V ,

(36)
and

| < F, u′
ε
> | ≤ ‖F‖V ′ · ‖u′ε‖V ≤ ‖ρ0f

′‖(L2(Ω′))3 · ‖u′
ε‖V , (37)

respectively. The inequalities (36), (37) yield

‖u′ε‖2
V ≤

L2CK

C
·
∣∣∣a(u′

ε
, u′

ε
)
∣∣∣ =

L2 · CK

C
·| < F, u′

ε
> | ≤ L2 · CK

C
·‖ρ0f

′‖(L2(Ω′))3·‖u′
ε‖V ,

so

‖u′ε‖V ≤ C1 · ‖ρ0f
′‖(L2(Ω′))3 , C1 =

L2CK

C
.

The proof is complete.

For l,m ∈ {1, 2, 3} the functions P
lm

(y′) =
(
P lm

k (y′)
)3

k=1
are defined

P lm
k (y′) = y′mδkl, k = 1, 2, 3. (38)

The solution χlm(y′) =
(
χlm

k (y′)
)3

k=1
of the system

∂

∂y′j

(
aε

ijkl

∂(χlm
k − P lm

k )

∂y′h

)
= 0, in Y ′

S, i = 1, 2, 3

χlm
k Y ′ − periodics

1
|Y ′|

∫
Y ′

S

χlm
k dy′ = 0,

(39)

401



R. Ene, T. B̂ınzar - Results on the convergence of the weak solution for...

and wkh
ε (x′),

wkh
ε (x′) = P

kh
(x′)− εχkh(

x′

ε
), x′ ∈ Ω′, k, h = 1, 2, 3, (40)

are considered as in Ciorănescu D. [3], also

(ηkl
ε (x′))ij = aε

ijmh(x
′)emhy′(wkl) [?]. (41)

Theorem 2. Let f
′ ∈ V ′. Then, there exists an extension u′εp of the solu-

tion u′ε of the problem (29), from Ω′ε to Ω′ and a sequence εn → 0 such that:
i. u′εn

p ⇀ u′0 in (H1(Ω′))3,

ii. u′εn

p → u′0 in (L2(Ω′))3,

iii. aεn
ijklekl(u

′εn

p ) ⇀ aH
ijkleklx′(u′0) in (L2(Ω′))3×3,

where u′0 = (u′01, u
′0
2, u

′0
3) is the unique solution in (H1(Ω′))3 of the homoge-

nized problem
1

L2

∂

∂x′j

(
aH

ijkleklx′(u′
0
)
)

= −f̃ ′i , in Ω′

1
L
aH

ijkleklx′(u′0) = 0, on ∂Ω′

, i = 1, 2, 3, (42)

and (aH
ijkl) defined by (19).

Proof. From Theorem 1, we have

‖u′ε‖(H1(Ω′ε))3 ≤ C1‖ρ0f
′‖(L2(Ω′))3 .

For σε = (σε
ij)

3
i,j=1 defined by σε

ij = aε
ijklekl(u

′ε) the following inequality stands
[3]:

‖σε‖(L2(Ω′ε))3 ≤ C.

All these estimations [2], Lemma 3, lead the conclusion: there exists an
extension u′εp of u′ε of (29), from Ω′ε to Ω′ and a sequence εn → 0 such that:

• ‖u′εp‖2
H1(Ω′) ≤ c2‖u′εp‖2

H1(Ω′ε) ≤ c2C2
1‖ρ0f

′‖2
(L2(Ω′))3 ,

i. u′εn

p ⇀ u′0, in (H1(Ω′))3,

ii. u′εn

p → u′0, in (L2(Ω′))3,

iii. σεn
p ⇀ σ̃0, in (L2(Ω′))3×3,

(43)
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respectively, where σεn
p = (σεn

ij p
), with σεn

ij p
= aεn

ijklekl(u
′εn

p ).

The variational formulation of (28), point out that the tensor (σεn
ij ) verifies the

equation:
1

L

∫
Ω′εn

σεn
ij eijx′(v) dx′ =< ρ0f

′
, v >V ′,V , ∀v ∈ V . (44)

Let us evaluate all the terms in (44):

1

L

∫
Ω′εn

σεn
ij eijx′(v) dx′ =

1

L

∫
Ω′

ϕεn
e σεn

ij eijx′(v) dx′ → 1

L

∫
Ω′

σ̃0
ijeijx′(v) dx′

(45)
for εn → 0. The right side of the equation (44) can be written for εn → 0:

< ρ0f
′
, v >V ′,V=

∫
Ω′εn

ρ0f
′
ivi dx′ =

∫
Ω′

ϕεn
e ρ0f

′
ivi dx′ →< f̃ ′, v >, (46)

Taking into account (43)3, we get:

1

L

∫
Ω′

σ̃0
ijeijx′(v) dx′ =< f̃ ′, v >, ∀v ∈ (C∞0 (Ω′))3. (47)

The proof is completed if:

σ̃0
ij = aH

ijkleklx′(u′
0
). (48)

Let φ ∈ C∞0 (Ω′), φwkl
εn

test function in (44) and v = φu′εn in relation∫
Ω′

ηkl
ε eklx′(v) dx′ = 0, ∀v ∈ (H1

0 (Ω′))3.

We have:

1

L

∫
Ω′εn

aεn
ijmhemh(u

′εn)eij(w
kl
εn

)φ dx′ +
1

2L

∫
Ω′εn

σεn
ij

[
(wkl

εn
)i

∂φ

∂x′j
+ (wkl

εn
)j

∂φ

∂x′i

]
dx′

=< ρ0f
′
, φwkl

εn
>

∫
Ω′εn

(ηkl
εn

)ijeij(u
′εn)φ dx′ +

1

2

∫
Ω′εn

(ηkl
εn

)ij

[
u′

εn

i

∂φ

∂x′j
+ u′

εn

j

∂φ

∂x′i

]
dx′ = 0.

(49)
The symmetry of (aεn

ijkl), that assumes

σεn
ij eij(w

kl
εn

) = (ηkl
εn

)ijeij(u
′εn).
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The equation (49) are equivalent to

1

2L

∫
Ω′εn

σεn
ij

[
(wkl

εn
)i

∂φ

∂x′j
+ (wkl

εn
)j

∂φ

∂x′i

]
dx′−

− 1

2L

∫
Ω′εn

(ηkl
εn

)ij

[
u′

εn

i

∂φ

∂x′j
+ u′

εn

j

∂φ

∂x′i

]
dx′ =< ρ0f

′
, φwkl

εn
>,

(50)

i.e.,

1

2L

∫
Ω′

ϕεn
e σεn

ij

[
(wkl

εn
)i

∂φ

∂x′j
+ (wkl

εn
)j

∂φ

∂x′i

]
dx′−

− 1

2L

∫
Ω′

ϕεn
e (ηkl

εn
)ij

[
u′

εn

i

∂φ

∂x′j
+ u′

εn

j

∂φ

∂x′i

]
dx′ =

∫
Ω′

ϕεn
e ρ0f

′
iφ(wkl

εn
)i dx′.

(51)
For εn → 0, in (51), becomes:

1

2L

∫
Ω′

σ̃0
ij

[
y′lδki

∂φ

∂x′j
+ y′lδkj

∂φ

∂x′i

]
dx′−

− 1

2L

∫
Ω′

aH
ijkl

[
u′

0
i

∂φ

∂x′j
+ u′

0
j

∂φ

∂x′i

]
dx′ =

〈
f̃ ′, φP

kl
〉
.

(52)

which can be rewritten as:

1

L

∫
Ω′

σ̃0
ijeij(φP

kl
) dx′ − 1

L

∫
Ω′

σ̃0
klφ dx′ +

1

2L

∫
Ω′

aH
klijeij(u

′0)φ dx′ =
〈
f̃ ′, φP

kl
〉
.

(53)

If we write (47), for the test function φP
kl
, the main result of the theorem is

obtained ∫
Ω′

σ̃0
klφ dx′ =

∫
Ω′

aH
klijeij(u

′0)φ dx′ φ ∈ C∞0 (Ω′), (54)

and
σ̃0

kl = aH
klijeij(u

′0).

The proof is complete.
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