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ON CERTAIN SUBCLASSES OF MULTIVALENT ANALYTIC
FUNCTIONS INVOLVING THE CATAS OPERATOR
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ABSTRACT. We introduce a certain subclass of multivalent analytic functions by
making use of Catas operator. Further, we determine coefficient estimates, distortion
bounds, radii of starlikeness and convexity for the analytic functions belong to the
class. Also, subordination theorems and integral means inequalities of functions f
in the class T'S(«, 5, p,n) are obtained.
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1. INTRODUCTION

Let A(p,n) denote the class of functions of the form
f(2) =27+ apps™? (npeN={1,2,...}), (1)
k=n

which are analytic and p—valent in the open unit disc Y = {z : z € C, |z| < 1}.
We write A(1,1) = A.

A function f € A(p,n) is said to be in the class S(p, n, a) of p—valently star-like
functions of order « if it satisfies the condition

2f'(2) C0<a
%<f(z)>>a (zel; 0<a<p). (2)

Furthermore, a function f € A(p,n) is said to be in the class K(p,n,«a) of
p—valently convex functions of order « if it satisfies the condition

2f"(2) C0<a
%<1+ f’(z)>>a (zeU; 0<a<p). (3)

209



H.E. Darwish, N. Magesh — On certain subclasses of multivalent ...

The classes S(p,n,«) and K(p,n,a) were studied by Owa [12]. The class
S*(p, ) := S(p, 1, ) was considered by Patil and Thakare [14].

We denote by T'(p,n) the subclass of the class A(p,n) consisting of functions of
the form

F(2) =27 =Y arp2™P (g >0 npeN={1,2,...}) (4)
k=n

and define two further classes T*(p,n,a) and C(p,n, «) by
T*(p,n,a) :== S(p,n,a) NT(p,n), C(p,n,a):=K(pn,a)NT(p,n).

Further the classes T*(p, «) := S*(p,a) N T(p), C(p,a) = K(p,a)NT(p).
A function f € A(p, n) is said to be f—uniformly starlike of order o (—p < ae < p)
and § > 0 denoted by g — UST(«, p,n) if and only if

*(7 ) e

Also, a function f € A(p,n) is said to be f—uniformly convex of order «
(—p < a<p)and B> 0 denoted by 8 — UCV («,p,n) if and only if

—p] (= e U). (5)

2f"(z) 2f"(2)
§R(1+ ) —a>>ﬁ ) —(p—l)' (z €lU). (6)
We observe that, the classes 5 —UST(«, 8,1,1) = UST(«, 5) and f—UCV («, 53,
1,1) = UCV(a,B) are S—uniformly starlike of order o (=1 < a < 1) and

f—uniformly convex of order a (—1 < v < 1) introduced and studied by Bharathi
et al [4]. In particular, the classes UCV(0,1) and UCV (0, 5) were introduced by
Goodman [9] and Kanas and Wisniowska [10], respectively.

Let f,g € A(p,n), where f(z) is given by (1) and g(z) is defined by

9(2) = 7+ 3 byt (7)

k=n

Then the Hadamard product (or convolution) f % g of the functions f(z) and
g(z) is defined by

(f#9)(2) = 27+ ) apinbprra”™* = (g% f)(2). (8)

k=n

We consider the following multiplier transformations.
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Definition 1. [5] Let f € A(p,n). Forp,n € N, n, A >0, ¢ > 0, define the multiplier
transformations I,(n, X\, £) on A(p,n) by the following infinite series:

+ A+ Y
Zy(n, A €) —zp+2[p P, ] app i 9)

It should be remarked that the class of multiplier transforms Z,(n, A, ¢) is a
generalization of several other linear operators considered, in earlier investigations
[1,2,3,5,6,7, 8,13, 15, 16, 17] and [18].

If f(z) is given by (1), then we have

Ip(nv)‘7€)f(z) - (f * 9027)\,6)(2)7

where

In particular, we set

Ti(n, A O f(2) = T(n, A, 0) f (2)-

Motivated by the earlier works of [4, 9] and [10] we introduce a new subclass of
p-valent functions with negative coefficients and discuss some interesting properties
of this generalized function class.

Definition 2. A function f € A(p,n) is said to be in the class S(«, 3,p,n) if it
satisfies the inequality

Z(Ip(n, )\,f)f(z))/ —« Z(Ip(n, )\,é)f(z)), _ z
8%( (A, O) f(2) ) > MO () Pl cuU (10)

for some —p < a < p, B > 0. Furthermore, we define the class TS(a, B,p,n) by
S(a7 /87p7 n) m T(p? n)'

The main object of this work is to determine coefficient estimates, distortion
bounds, radii of starlikeness and convexity for the analytic functions to belong to
this general class. Also, subordination theorems and integral means inequalities of
functions f in the class TS(«, 3, p,n) are obtained.
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2. COEFFICIENT INEQUALITIES
First we give a coefficient inequality for the class T'S(a, 8, p, n).

Theorem 1. A sufficient condition for a function f(z) of the form (1) to be in
S(a7ﬂ7p7n) is

> e+ 0\
Z(W) [E(14B) +p = oflagsy| <p -« (11)
k=n

forzeld, —p<a<pandp>0.
Proof. 1t is suffices to show that

2Ly A O f(2) ‘ g <zIp(n,)\,€)f(z)’
Ip(naAvf)f(Z) Ip(n¢)‘7£)f(z)

B p)ﬁpa» ZEU'

We have

g

L ANOF(2) | (LA Of()
L N0 (2) p‘ %( p)

<(1+p8)

S (]' + B) ) ot -D
2P + kZ (p4};+e+ ) 2K P
=n

The last expression is bounded above by (p — «) if

> + Mo+ 0\"
Z(%) [k(1+8)+p—allagpl <p—a.
k=n

Theorem 2. A necessary and sufficient condition for a function f(z) of the form
(4) to be in TS(a, B,p,n) is

> Nk + 0\
) <p+p+£+> k(1 +8) +p—oflagpl <p—a. (12)
k=n
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Proof. In view of Theorem 1, we need only to prove the necessity. If f € TS(«a, 8,p,n)
and z is real then

o0 o0
pAk+e\" k pEAk+0 )" k
DY <7p+g ) (k + p)akip2 X k(ESr) awip?
— > k=n
S (ke L azp & parke\T &
1_kz ( p+e ) Uhtp? 1_;; ( pHe ) Uhtp?
=n =n

If we choose z to be real and let z — 17, we get

= A0\
-3 (B2E)" (k + p)agsy
=n

oo
pt 2\
BB () 0y

k=n

— >
o0 — o0
prAk+0\" ptAk+e)"
1= kz ( p+e ) Fktp 1= kz pte ) ktp
=N =n

or, equivalently,

> (p+ e+ 0\ p+ N+ 0\"
—a-> () (k+p- > kB[ o .
p—« k:n< P, (k+p—a)agy, > kB P, Atp

Thus, we have desired inequality

. (p+ e+ 0\
Z(%) [k(1+B)+p—alagpl <p—a.

k=n

Corollary 3. If f(2) of the form (4) is in TS(a, 8, p,n), then
p—«

Afgp < 5 (k> n;n € N) (13)
(B2 k(14 B) + p = o
with the equality only for the function
f(z) = 2P = n(p_a) 4P (k>n,neN). (14)
() k(1 + B) + p — o]
3. EXTREME POINTS
Theorem 4. Let fp(z) = 2P and fri,y(z) = 2P — (p—a) 2P (k>

(EE2EE) T k(14-8)+p—a]
n,n € N). Then f € TS(«a, B,p,n) if and only if f(z) can be expressed in the form

[o¢]
f(2) = pp2P + kZ Pktpfrip(2), where pgyp >0 and py, + kZ Pr+p = 1.
=N =N
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Proof. Suppose that f(z) is given by

f(z) = ppa”+ Z Hetp frtp(2), (15)

k=n

so that we find from the hypothesis of the theorem

z) = 2P — S (p=a) Plary 16
1 k;(Pt,%fﬂ)”[m+6>+p—a1“k+p | "

oo
where the coefficients py, are given with pp + > pgqp = 1, pg4p > 0. Then, since

k=n
£ () b el
= b= (5 k(1 + ) +p—a]

o0
:Zﬂkﬂa:l_ﬂnﬂ)glv (n € N).

k=n

Therefore f € TS(«, 3,p,n).
Conversely, suppose that f € TS(«, 3,p,n). Since

Gy < (p—a)
P —= n :
(B2E) k(14 B) + p — o
Setting
n
. (P55) 1+ 8 +p -]
k = k
+p (p _ Oé) +p
and

oo
o =1=> fiip -
k=n

Then we have

) = > thpfep(z) -

k=n

Hence proved.
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4. DISTORTION BOUNDS

In this section, we obtain bounds for functions in the class T'S(«a, 8, p,n).

Theorem 5. Let the function f defined by (4)be in the class TS(«, 3,p,n). Then
for |z| = r we have

(p —a)r™*? (p—a)r™*?
" <If)l <P+ (17)
(L;f;f)n (14 8) +p—a] (p%,/}:?%)n [n(1+8)+p—a
and
prrt = ORI g et Q0T

n n
(B2 n(1 4 8) +p — ol (2255) (1 + 8) +p - al.
Proof. In view of Theorem 2, we have

p+An+0\" >
(P55 mae s so—al X ows

< Z (p?—f;g) k(1 +8) +p = aflarty| < (p — @),

which is equivalent to

S kel < ( ) | (19)
k=n

) k(1 + 8) + p — o

Using (4) and (19), we obtain

o
|21+ 2™ D ag|

1f(2)] <
k=n
< P gt Z |kt p|
k=n
_ n+p
s +Anl (]’? . (20)
(245) (1 + B) +p -
and similarly
_ n+p
fle) = - ol (21)

(£25) (1 + B) +p— o]
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Again using (4) and (19), we have,

PG = plal™ = Y+ p)lagspl 277!
k=n
> pla = )Y g
k=n
> p|z\p_1 _ - ép:‘ n)(p - a) |Z|p+n—1 (22)
(=2) im0+ 8) +p -l
and
el s plpt e REORZA s )
(2255) (1 + 8) +p— o]

From (22) and (23) with |z| = r, we have (18). Hence the proof is complete.

5. RADIUS OF CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY

Theorem 6. Let the function f(z) defined by (4) be in the class TS(a, 3, p,n) then
f(2) is close-to-convex of order § for 0 < § < p in |z| = r1, where

(p—5> (25 (K1 + B) +p o

= inf
TR Nkt (p— )

k>n

where .

Proof. 1t is sufficient to prove that

’

f(z
L&) bl < (e <m). (24)
Now,
fz) PP =30 (B + plagp? Pt
Zp_l p o Zp_]' p
oo
< > (k+p)angplzlt.
k=n
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The above expression is less than p — ¢ if

o

k+p

> appplz < 1.
p—20

k=n

Using the fact that f € TS(«, 8, p,n) if and only if

o (%)”k(l—i—ﬁ)—i—p—a]

2 (p—a)

k=n

|| < 1.

we say (24) is true if

o () k1 +8) +p—al
(p—a) '

k+p
—)

2|

Or, equivalently,

k0"
Loy (B k(1 + ) +p— o
41" < (Zﬂ?) ( - ) (p—a)

which yields the close-to-convexity of the family.

Theorem 7. Let the function f(z) defined by (4) be in the class TS(«, 3,p,n) then
f(z) is starlike of order 6 for 0 <& < p in |z| = r2, where

(2 )(”ﬂ?@”wu+ﬂy+p_@

= AVEEE (p—a)

k>n

where .

Proof. To find the required result it is sufficient to prove that

zf(ij)—p‘Sp—a, (1l < 7). (25)
Now,
= k
zf/(Z)_ ‘ k:nkak+p|Z| '
/() T 1= S alel
k=n
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The above expression is less than p — ¢ if

N (k+p—06

> (p> appplz < 1.
p—20

k=n

Using the fact, that f € TS(«, 8,p,n) if and only if

oo (PE)" k(L1 8) +p— ol

Z p+e

k=n

|ap4p| < 1.
(p—a) P

We say (25) is true if

+xk+e\"
ktp—26 B ) k(L4 B) +p—a
< 265 >|Z|k<( - ) (p—a)

Or, equivalently,

e\

o op—s (P RO+ 8) +p—af

2" <
k+p—20 (p—a)

which yields the starlikeness of the family.

Theorem 8. Let the function f(z) defined by (4) be in the class TS(«, 3,p,n) then
f(2) is convex of order 6 for 0 <6 < p in |z| =13, where

rg = inf
k>n

po-s) N () 1+ B +p—al
<(/~€+p)(k+p—5)> (p—a)

where .

Proof. 1t is sufficient to prove that

ZJ{((ZZ)>+1—p <p—5, (2| <r3). (26)
Now,
ZHCIN % i(k+ p)anplel*
) = oo (it panspleF

218



H.E. Darwish, N. Magesh — On certain subclasses of multivalent ...

The above expression is less than p — ¢ if

o

T (k+p)(k+p—23)

k
- ak+pl2|” < 1.
—  plp-9)

Using the fact, that f € TS(«, 8, p,n) if and only if

- (%)n[kz(l—kﬁ)%—p—a]

2 (p—a)

k=n

|apip| < 1.

We say (26) is true if

(k4 )k tp=08) i _ () k(1 + B) + p — o

p(p —9) (p—a)
Or, equivalently,
s (D) B0+ 8 +p—d
& S k+p)(k+p—0) (p—a)

which yields the convexity of the family.

6. SUBORDINATION RESULTS

In this section we obtain subordination theorem for the class T'S(a, 3, p,n). To prove
our result we need the following definition and lemma.

Definition 3. [19] A sequence {by} of complex numbers is said to be subordinating
sequence if for each function f of the form (1) from the class C we have

D bparz® < f(z) (a1 =1). (27)
k=1

Lemma 9. [19] The sequence {by} is a subordinating factor sequence if and only if

%(1+2ibkzk> >0 (zel). (28)
k=1
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Theorem 10. Let f € TS(a, B,p,n) and g € C then

(p-;mig)n[nﬂ%—ﬁ) +p—q] f(z

2lp -+ (2252) (1 + 5) 4 p— al] 7

) s g(2) < 9(2) (20)

and

§R<f(z)>>_[p_a+<W)n[n(1+5)+p_a]] Cew

@ (2225) (01 + 8) + p — o

(2225) "[n(1+8)+p—al

2lp—a-+ (P2 ) n(148)+p—al)

The constant factor cannot be replaced by a larger num-

ber.

Proof. Let a function f of the form (4) belong to the class T'S(a, 3, p,n) and suppose
that a function g of the form

o
g(z) = chzk (c1=1z€l)
k=1

belongs to the class C. Then

ptin+e\"

Eor) A+ B8)+p—a 2 >

( re 2 N\ Y fzfiz *g(z):Zbkckzk (zel),
2p - o+ (25252) (1 + 8) +p - a]) =

where )
(220) " n(1+8)+p—al

2lp—at (222 M (14.8)+p—al]
b =40 if2<k<n
(22274 "In(148)+p—al
2lp—a-+(E22E) n(148)+p—al]
Thus, by Definition 3 the subordination result (29) holds true if {b;} is the subor-
" n

dinating factor sequence. Since (%) k(1+8)+p—a] > (%) [n(1 4+

B) +p— «a] for k > n, we have:

if k=1,

apyp—1 if kK >n.

() 1+ 8) +p—af

p—a+ (225) [n(1 + 8) + p— a]]

z

%<1+22bkzk> =R|1+
k=1
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5 (W)”[n(;m)w_a]

Sl —a+ (B2) 1+ 8) +p—al
(222) (01 + 8) + p - o

p— o+ (2255) [n(1+ B) +p - a]

P 5 () (14 8) + b~ allarsy

k+1
Af4p2

1—

r

Thus, by using Theorem 2 we obtain

%<1+2Zbkzk> > 1-
k=1

() 1+ 8) +p —af

[p—a+ (%)”[n(l%)w—aﬂ
p—a+ (2255) [n(1 + 8) + p— a]]

r

r > 0.

This evidently proves the inequality (28) and hence the subordination result (29).
The inequality (30) follows from (29) by taking

Next, we observe that the function

F(z):=2 — p—a P (zeUi k> n;n e N).
pHAk+L nkl
() k(1 + B) + p - o]

clearly F(z) belongs to the class T'S(«, 3, p,n). For this function (29) becomes

(p?&ﬂ)n n(i+B)+p-a  pr) .
+An+2\" 2p—1 = 1—2z
2p — o+ (B5) (1 + 8) + p — o]

it is easily verified that

ind ® (p;ﬁleﬂ)n n(1+B) +p—q F)\|_ 1
2lp— o+ (B25) (14 9) +p—a]] 7 :
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(222 " In(148)+p—al

2lp—a-+ (P22 ) n(148)+p—al]

and the constant can not be replaced by any larger

one.

7. INTEGRAL MEAN INEQUALITIES

Due to Littlewood [11] we obtain integral means inequalities for the functions from
the class T'S(a, 8,p,n).

Lemma 11. Let f,g € A. If f < g, then for z = re?® (0 <r < 1) and § > 0, we
have

1£(2)°do < [ |g(=)°do . (31)
[rerms ]

Applying Lemma 11 and Theorem 2 we prove the following result.
Theorem 12. Suppose f € TS(«, 5,p,n), then

2 2
|0 T
/‘f(re’e)‘ do < / G| a0 (0 < <1355 0), (32)
0 0
where
Jrap(z) = 2P — p—a P (zeU;k>n+1;neN).

(225)" (1 + B) + p —

Proof. For function f(z) of the form (4), the inequality (32) is equivalent to the
following

27 . P 27 g

b—« k
/I—Zakﬂ,zk dﬁg/l— 7 2% do .
T e D1 (P R+ B +p -

By Lemma 11, it suffices to show that

oo
p—«a k
I—Zak+pzk—<1— 7 P
= () k(1 +8) +p—af

Thus by setting

oo
1-— Z apyp?® =1 - p—a w(z)k
k=n ( p+e

B k(1 + B) +p o]
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and using Theorem 2 we obtain

o (25 k(1 + 8) +p — ]

p+L k
w(z)|* = Uy p?
n
o (H2EH) k(1 4+ 8) +p -l
< |z|" <|z|" < 1.
SEDY P axl < 2
k=n
This completes the proof.
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