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ON A SYSTEM OF FOURTH-ORDER RATIONAL DIFFERENCE
EQUATIONS

Q. DIN

ABSTRACT. In this paper, we study the qualitative behavior of a system of
fourth-order rational difference equations. More precisely, we study the local asymp-
totic stability and global asymptotic character of the unique equilibrium point of
a fourth-order discrete dynamical system of rational form. Moreover, boundedness
behavior and the rate of convergence of the positive solutions which converge to
equilibrium at origin are investigated. Some numerical example are given to verify
our theoretical results.
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1. INTRODUCTION AND PRELIMINARIES

Recently, studying the qualitative behavior of difference equations and systems is a
topic of a great interest. Applications of discrete dynamical systems and difference
equations have appeared recently in many areas such as ecology, population dynam-
ics, queuing problems, statistical problems, stochastic time series, combinatorial
analysis, number theory, geometry, electrical networks, neural networks, quanta in
radiation, genetics in biology, economics, psychology, sociology, physics, engineering,
economics, probability theory and resource management. Unfortunately, these are
only considered as the discrete analogs of differential equations. It is a well-known
fact that difference equations appeared much earlier than differential equations and
were instrumental in paving the way for the development of the latter. It is only
recently that difference equations have started receiving the attention they deserve.
Perhaps this is largely due to the advent of computers where differential equations
are solved by using their approximate difference equation formulations. The theory
of discrete dynamical systems and difference equations developed greatly during the
last twenty-five years of the twentieth century. The theory of difference equations
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occupies a central position in applicable analysis. There is no doubt that the theory
of difference equations will continue to play an important role in mathematics as a
whole. Nonlinear difference equations of order greater than one are of paramount
importance in applications. It is very interesting to investigate the behavior of so-
lutions of a system of higher-order rational difference equations and to discuss the
local asymptotic stability of their equilibrium points. Systems of rational difference
equations have been studied by several authors. Especially there has been a great
interest in the study of the attractivity of the solutions of such systems. For more
results for qualitative behavior of difference equations, we refer the interested reader
to [3, 4, 6, 7, 10, 11, 12].

Zhang et al. [5] studied the dynamics of a system of rational third-order differ-
ence equations

Ln—2 Ynpl = Yn—2
) +1 — )
B + Ynyn—1Yn—2 " A+ zpzy,_ 1Ty

Tn+1l = n=20,1,---

Din et al. [10] investigated the dynamics of a system of fourth-order rational differ-
ence equations
ALyp—3 A1Yn—3
» Ynt+1 =
B+ YYnYn-1Yn—2Yn-3 b1+ NTnTn—1Tn—2Tn—3
Our aim in this paper is to investigate the dynamics of a system of fourth-order
rational difference equations:

Tnt1 = ,n=0,1,--,

Tq = A1Tp—3 Yl = a2Yn—3 (1)
+1 — ) +1 — )

" Bi 4 NMYnYn-1Tn—2Tn-3 B2 + V2TnTn-1Yn—2Yn—3
n=20,1,---, where the parameters a1, B1, 71, @2, B2, 72 and initial conditions x,

T_1,T_92, T_3, Yo, Y—1, Y_2, Y_3 are positive real numbers.
Let us consider eighth-dimensional discrete dynamical system of the form:

T+l — f(xnaynaxnflayn7171'n727yn72,xn73a yn73)7 (2)
Yn+1 = g(l”naynafnflayn—17$n—27yn—27$n—37ynf?)),
n=0,1,---,where f : I*xJ* = I'and g : I*xJ* — J are continuously differentiable

functions and I, J are some intervals of real numbers. Furthermore, a solution
{(xn,yn)}22 _5 of system (2) is uniquely determined by initial conditions (z;,y;) €
I x J forie {—3,—2,—1,0}. Along with system (2) we consider the corresponding
vector map F' = (f, g, Tn, Yns Tn—1,Yn—1, Tn—2, Yn—2)- An equilibrium point of (2) is
a point (Z,y) that satisfies
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The point (Z,7) is also called a fixed point of the vector map F.

Definition 1. Let (z,y) be an equilibrium point of the system (2).
(i) An equilibrium point (Z,y) is said to be stable if for every ¢ > 0 there
exists & > 0 such that for every initial condition (x;,y;), i € {—3,—-2,—1,0} if

0
1> (@i i) = (2, 9)I < & implies ||(2n, yn) — (Z,9)|| < & for all n > 0, where ||.|| is
i=—3
usual Euclidian norm in R?.
(ii) An equilibrium point (Z,7) is said to be unstable if it is not stable.
(iii) An equilibrium point (Z,y) is said to be asymptotically stable if there exists

0
n > 0 such that || Z (i, i) — (Z,9)|| <n and (T, yn) — (Z,79) as n — 0.
i=—3
(iv) An equilibrium point (z,y) is called global attractor if (zy,yn) — (Z,7Y) as
n — oo.
(v) An equilibrium point (Z,y) is called asymptotic global attractor if it is a global
attractor and stable.

Definition 2. Let (z,y) be an equilibrium point of a map

F= (f>97 TnyYny Tn—1,Yn—1, Tn—2, yan)a

where f and g are continuously differentiable functions at (z,y). The linearized
system of (2) about the equilibrium point (Z,y) is:

Xn-l—l = F(Xn) = FJXnv

Tn
Yn
Tn—1
Yn—1
Tp—2
Yn—2
Tn—3
Yn—3

rium point (Z,7).

where X,, = and Fy is Jacobian matriz of system (2) about the equilib-

To construct corresponding linearized form of system (1) we consider the follow-
ing transformation:

(xnv Yns Tn—1,Yn—1,Tn—2,Yn—2, Tn-3, y'fb—3) = (f7 g, fla g1, f27927 f3a 93)7 (3)
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— Q1Tn—3 _ Q2Yn—3 _ — _
- 51 +V1YnYn—1Tn—2Tn—3 ) g - 52+72"Enznflyn72yn7§ ’ fl - %‘TL’ gl - yn, f2 -
Tn-1, 92 = Yn—1, f2 = Tn_9 and go = y,_2. The Jacobian matrix about the fixed

point (Z,y) under the transformation (3) is given by

where f

0 A, 0 Ay By 0 C; O
A, 0 Ay 0 0 By, 0 Cy
1 0 0 0 0 0 0 O
_ 0 1 O o0 o0 0 0 o0
E@o)=1 6 o 1 0 0o 0 o o |
0O 0 O 1 0O 0 0 O
o 0o o o0 1 0 0 0
O 0 O 0 O 1 0 O
WhereAl:—Lj}ggBlz_Lj?2372 1:0‘1751142__%
_(2@12-1-’719?2372)2 ’ (B1+mz2g?)®’ (Bi+mz2g?)?? (B2+r2x2y2)2°
By = —% and Cy = % The characteristic polynomial of F;(z,y)

about equilibrium point (z,7) is given by
P(A) = X8 — A1 4505 — ANS — BAY + B1BoA? 4 (B1Cy + BoC)A + C1Cy,  (4)
where A = B; + By +2A41A3 and B=C7 + Cy + A1 As.

Lemma 1. [1] Suppose that the system Xn41 = F(X»), n=0,1,---, of difference
equations has X as a fized point of F. If all eigenvalues of the Jacobian matriz Jp
about X lie inside the open unit disk |\| < 1, then X is locally asymptotically stable.

If one of them has a modulus greater than one, then X is unstable.

2. MAIN RESULTS

Let (Z,y) be an equilibrium point of system (1), then system (1) has only one
equilibrium point which is (0,0). In this section, we will show that the unique equi-
librium point (0, 0) of system (1) is locally asymptotically stable as well as globally
asymptotically stable under certain parametric conditions. Moreover, boundedness
character and rate of convergence of positive solutions of (1) are also investigated.

Theorem 2. Assume that oy < (1 and as < [, then every positive solution of
system (1) is bounded.

Proof. 1t follows from system (1) that

Tpy1 < 61 y Yn+1 > 52 ,n=0,1,---
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Consider the following linear fourth-order difference equations

Unp+1 = al;?_3a n/::O,l,---, (5)
and s
Un+1 ::4475547a n=01,---. (6)

Then solution of (5) is given by

L % (8% Lo % « %
= () e (-5 D (5
1 1

where c¢q, ¢o, c3 and ¢4 depend on initial values u_3, u_o, u_1 and wug. Similarly,
solution of (6) is given by

(5) o (-5) on(52) on ()
vp=11 | — ro | ——== rg | ——— ral 5|
" B U B ’ B2 “\ B

where r1, 7o, r3 and r4 depend on initial values v_3, v_o, v_1 and vy. Suppose that
a1 < B, ag < B2, u; = x; and v; = y; for i € {—3,—2,—1,0}, then by comparison
0 0

=
—=
N———
w3
+
Q
w
/’T‘\
S

method we obtain that z,, < Z x; and y, < Z y; forallm=1,2,---.
i=—3 i=—3

Theorem 3. If oy < B1 and ag < B2, then the equilibrium (0,0) of (1) is locally
asymptotically stable.

Proof. 1t is easy to see that the linearized system of (1) about the equilibrium point
(0,0) is given by
®,11 =D, (7)

where

Tn
Yn
Tn—1
P, —= Yn—1
Tp—2
Yn—2
Tn—3
Yn—-3
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and

coocor oo
coocmrR,o oo
cor~r oo oo
o~ ococo oo

o~ ocoococo oo

—ooocoo oo

coocococo o

coocococo o

0 00O

The characteristic polynomial of D is given by

8 (& 92 e, 192
P =4 <ﬁ1 - 52>)\ " B1B2’

Then roots of this characteristic polynomial are given by

aq [e%] (e%) (8%)
Mo=F—, AM3a=F1—, A\s6==E—", \7g=d1—".
’ g g B2’ 2
Now, it is easy to see that |A\gx| < 1 for all & = 1,2,---,8. Since all eigenvalues

of Jacobian matrix F;(0,0) about (0,0) lie in open unit disk |[A\| < 1. Hence from

Lemma 1 the equilibrium point (0,0) is locally asymptotically stable.

Theorem 4. If oy < 51 and as < B2, then the equilibrium (0,0) of system (1) is

globally asymptotically stable.

Proof. We know from Theorem 3 that the equilibrium point (0,0) of system (1)
is locally asymptotically stable, and so it suffices to show that (0,0) is a global

attractor. It follows from Theorem 2 that

n

(65) 4
0<|zy| < (x—3+2_2+2_1+ 20) (ﬁ) ;
1
and .
a9 4
0 < yn| < (y—3+y—2+y-1+0) (ﬁ) )
for allm =1,2,---. Assume that oy < 81 and ag < 9, then we obtain that

lim x, =0 and lim y, =0.
n—oo n—oo

Thus equilibrium point (0,0) is a global attractor. Using this and the local asymp-

totic stability proven in Theorem 3 the proof follows.
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2.1. Rate of convergence

In this subsection we will determine the rate of convergence of solutions of system
(1) which converge to the equilibrium point (0,0). The following result gives the
rate of convergence of solutions of a system of difference equations

Xnt1 = (A+ B(n)) X, (8)

Cme

where X,, is an m-dimensional vector, A € is a constant matrix, and B :

7+ — C™>™ i3 a matrix function satisfying
[1B(n)]| =0 (9)
as n — 0o, where || - || denotes any matrix norm which is associated with the vector

Iz, 9l = Va2 +y>.

Lemma 5. (Perron’s Theorem)[2] Suppose that condition (9) holds. If X, is a
solution of (8), then either X,, =0 for large n or

norm

p = lim (| X,[)"", (10)
n—00
or X

oo || Xl

exists and is equal to the norm of one of the eigenvalues of the matriz A.

Assume that lim z, =z and lim x, = g. First we will find a system of limiting
n—oo n—oQ

equations for system (1). The error terms are given as

_ A1 Tp—3 a1
LT+l — T - —o_
" B+ NYnYn—1Tn—2Tn—3  P1 +1T2Y>
A1V TYn—1Tn—2Tn—3 _
= - (Yn —9)

—5 o\ \Y.
(B1 + MYnYn—1Tn—2Tn—3)(B1 + 1z2y2) 7"
Q1Y1ZTYLp—2Lp—3

(B + MYnYn—1Tn—2n—3)(B1 + 117252) -1 =)
MY TY T3 _
~ (B1 + NYnUn1Tn—2Tn—3)(B1 + NT252) (@n-2 = 2)
I 171 __ (-"L’n—?, . i’),
(B1 + YYnYn—1Tn—2Tn—3)(B1 + 117%y?)
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and
T Q2Yn—3 B a2y
m B2 + VoTnTn-1Yn—2Yn—3 P2 + 12z%y?
B A2Y2YTn—1Yn—2Yn—3 _
= - ( )

5 Ty —
(Ba + Y2TnTn_1Yn—2n—3) (B2 + 1222y%) "
_ Q2Y2XYYn—2Yn—3 (@01 —7)
(B2 + YoTnTn-1Yn—2Yn—3)(B2 + 1222y?) "

Q22T YYn—3

pa— — — _2 —_— 1
(B2 + 72xn$nflyn72yn73)(52 + ’721'23/2) (yn y)
a2 ~
+ 55+ (Un—3 — §)-
(B2 + Y2&nTn—1Yn—2Yn—3)(B2 + 1222y?) (& 2

We let el = z,, — Z and €2 = y,, — ¥, then one has

1 2 2 1 1
Cn+1 = Flen + FQenfl + F3en72 + F4en737

and
€%+1 = G1€711 + Gge,ll_l + Ggei_g + G4€721_3,
where _
F=— A1V1TYn—1Tn—2Tn—3
(51 + ’Ylynyn—lxn—an—i’))(ﬂl + ’)/1532,’02) ’
Fy=— a1V1TYLp—2Tn—3
(B1 + MYnYn—1Tn—2xn—3)(B1 + 11T2Y?)’
Fy=— AN TG T3
(B1 + MYnYn—1Tn—2xn—3)(B1 + 11T2y2)’
F, = a17v1
(B1 + M YnYn—1Tn—22n—3)(B1 + 117253)’
Gy = Q272§ Tn—1Yn—2Yn—3

(B2 + Y2xnTn—1Yn—2yn—3) (B2 + 122%5%)’
Gy = — Q272TYYn—2Yn—3
(B2 + V2&nTn—1Yn—2yn—3)(B2 + 122%5%)’

02Y2Z> JYn—3
(B2 + Y2xnTn—1Yn—29n—3) (B2 + 1272y?)’
a2
(B2 + Y2TnTn—1Yn—2Yn—3) (B2 + 1222y?)

Gs=—

Gy =
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Now, it is easy to see that

,37
. - ___ aamzy
w3 11T P (Br +ma?y?)*’
=22
: anzy : a1/
lim Fs=—-—————— lim F= ——F———
w0 T T B @R e T (B @)
=3
. L 9797
A T Ik
=22
: Q2Y2Z7Y . 232
lim Gs=———"—"—— lim Gy= ——————.
nivoo 8 (B + 222 nooo ' (By + a2P)?
Hence, the limiting system of error terms at (z,y) = (0,0) can be written as
Epi1 = KBy, (12)
where
ol
ep1
2
e
E, = 6?_1 s
372
e?_Q
€n—3
and
000000 G O
000O0O0O0O O %
100000 O O
K — 01 000O0O0 O
001000 O0 O
00010O0 0 O
000010 O O
000O0O0O1 0O O

One can observe that (12) is similar to linearized system of (1) about the equi-
librium point (z,y) = (0,0). Using Lemma 5, one has following result.

Theorem 6. Assume that {(x,,yn)} be a positive solution of system (1) such that
lim z, =z, and lim y, = y, where (Z,y) = (0,0). Then, the error vector E, of
n—oo n—oo

every solution of (1) satisfies both of the following asymptotic relations

E,
(BN = MFy(z.5)|, lim 1Entil

A 00 | En||

= |)‘FJ(j7g)|7
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where AF;(Z,y) are the characteristic roots of the Jacobian matriz Fj(z,y) about
0,0).

3. EXAMPLES

In order to verify our theoretical results and to support our theoretical discussions,
we consider some interesting numerical examples in this section. These examples
show that the unique equilibrium point (0, 0) of system (1) is globally asymptotically
stable if and only if ay < 81 and as < (s.

Example 1. Let oy =17, 51 =18, 1 = 1.5, ag = 15, B2 = 16 and vo = 1.2. Then,
system (1) can be written as:

17.75n_3 15yn—3
18 + L.5YnYn—1Tn—2Tn—3 Ynt 16 + 1.22,Tn—1Yn—2Yn—3

Tn41 (13)
with initial conditions x—3 = 1.3, z_9 = 1.8, z_1 = 1.6, x9 = 1.1, y_3 = 0.1,
y—o =12, y_1 =0.8, yo = 0.5. Furthermore, in Fig. 1 plot of x,, is shown in Fig.
1a, plot of yy is shown in Fig. 1b and global attractor of system (18) is shown in
Fig. Ic.

Example 2. Let oy = 1.7, 1 = 1.74, v1 = 1.1, as = 1.5, B2 = 1.54 and v = 1.2.
Then, system (1) can be written as:

1.7$n_3 1.5yn_3
; 1= ;
174 + L1 gngn12motn3’ 7 T 154+ 1.200 20 19n—29n_3

Tn4+1 = (14)
with initial conditions x_3 = 0.3, z_o = 0.8, z_1 = 0.6, z9p = 0.1, y_3 = 0.4,
y_o =0.2, y_1 = 0.7, yo = 0.5. Furthermore, in Fig. 2 plot of x, is shown in Fig.
2a, plot of y, is shown in Fig. 2b and global attractor of system (14) is shown in
Fig. 2c.

Example 3. Let oy = 80, f1 = 84, v1 = 7.5, as = 150, B2 = 153 and vo = 4.5.
Then, system (1) can be written as:

80.%'n_3 . 150yn_3
84 + 7.5YnYn-1Tn_2Tn_3 Yn+1 = 153 +4.52, %0 1Yn—2Yn—3

Lnt+l = (15)
with initial conditions x_3 = 0.5, z_o = 0.3, z_1 = 0.1, 9 = 0.2, y_3 = 0.1,
y_o = 0.4, y_1 = 0.6, yo = 0.8. Furthermore, in Fig. 8 plot of x, is shown in Fig.
3a, plot of y, is shown in Fig. 3b and global attractor of system (15) is shown in
Fig. Sc.
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(c) An attractor of the system (13)

Figure 1: Plots for the system (13)
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Figure 2: Plots for the system (14)
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(a) Plot of z,, for the system (15) (b) Plot of y, for the system (15)
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Figure 3: Plots for the system (15)
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