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INFINITELY MANY NONTRIVIAL SOLUTIONS FOR NONLINEAR
PROBLEMS INVOLVING THE (P,(X), P,(X))-LAPLACE OPERATOR
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ABSTRACT. In this paper, by using the mountain pass theorem and the Eke-
land variational principle, we show the existence of infinitely many nontrivial weak
solutions of a Dirichlet problem involving the (p;(x), p2(x))-Laplace problem.
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1. INTRODUCTION

In this article, we study the existence and multiplicity of nontrivial weak solution
for the following problem

—div ((|Vu[Pr®=2 + |VuP2@)=2)Vy) = f (z,u) in O, (1)
u=0 on 0f,

where 0 C RV (N > 3) is a bounded smooth domain, p; (z) € C () with 1 <
pi (z) < N, for any x € C (ﬁ) and for i = 1,2 and f : Q x R — R is a Carathéodory
function satisfying some certain conditions.

Recently, an increasing attention has been paid to the study of differential equa-
tions and variational problems with p(z)-growth condition. The main interest in
studying such problems arises from the presence of the p(x)-Laplacian operator

p(z)—Laplace operator A, (u) = —div (]Vu\p(x)_Q Vu). The p(z)—Laplace oper-

ator is a generalization of p—Laplace operator A, (u) = —div (|Vu\p -2 Vu) obtained

in the case when p(z) = p (a constant). The p (z)-Laplacian possesses more com-
plicated structure than the p-Laplace operator; for example, it is not homogeneous.
This fact implies some diffculties; for example, we can not use the Lagrange Mul-
tiplier Theorem and the theory of Sobolev spaces in many problems involving this
operator.
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Furthermore, some of the nonlinear problems including the p (x)-Laplace op-
erator are very attractive because those problems can be used to model dynamical
phenomenons that stem from the study of electrorheological fluids or elastic mechan-
ics [1, 9, 15, 23, 26]. Problems with variable exponent growth conditions also appear
in the mathematical modelling of stationary thermo-rheological viscous flows of non-
Newtonian fluids, in the mathematical description of the processes filtration of an
ideal barotropic gas through a porous medium and image processing (2, 3, 4, 7, 22].
In recent years, the similar problems of the form (1) have been studied by many
authors using various methods [5, 8, 13, 14, 19, 21].

In [20], the author studied the problem (1) when the nonlinearity is f (z,u) =
+ (= A|u|™®)=2 4 4|9*)=2) by using the Zy-Symmetric Mountain Pass theorem and
variational methods, and they showed existence of infinitely many weak solutions
for any A > 0 and nontrivial weak solutions for the cases when A is large enough.

In [17], the authors dealt with the problem (1) and showed infinitely many weak
solution by the help of the Mountain Pass theorem and Fountain theorem where the
nonlinearity f: € x R — R satisfies Carathéodory condition.

In [18], the authors studied the following nonlinear Neumann problem

~Bpy iyt = Lopyyu |u P )2y 4 [u P22y = Af (u,v) in Q, (2)
V[P (@) 2 %17; + | Vufp2@) =2 %Z = pg (x,u) on 99,
where @ C RY (N > 3) is a bounded smooth domain, p; (z) € C (Q) with p; (z) > 1,
for any x € C' (ﬁ) and for i = 1,2; A\, u € R such that A2+u? # 0. By using Mountain
Pass theorem, Fountain theorem and dual Fountain theorem, the authors proved the
existence weak of solutions for problem (2).

This paper is organized as follows. In Section 2, we present some necessary
and preliminary knowledge of the variable exponent Lebesgue-Sobolev spaces and
the weighted variable exponent Lebesgue space. In Section 3, using the variational
method, we show the existence of infinitely many weak solutions of problem (1).

2. PRELIMINARIES

We recall in what follows some definitions and basic properties of variable exponent
Lebesgue-Sobolev spaces, LP(®) (Q), Whr(®) (), Wol’p(w) (Q) and L’gég (Q), where Q
is an open subset of RV, Furhermore, we give the properties of the (pi(z), p2(z))-
Laplace operator. In this context, we refer to [12, 16, 25] for the fundamental
properties of these spaces.

Set
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Cy (ﬁ) ={p: pe C’(ﬁ) ,minp (z) > 1,Vx € Q}.
For any p (z) € Cy (), we denote

1 <p :=minp(z) <p(r) <p' :=maxp(z) < .
EASY) z€Q

Let p(z) € Ct (ﬁ) We define the variable exponent Lebesgue space by

LP@) (Q) =< u|u:Q — R is measurable, /|u ()] P(*) o < 00 ,
Q
then LP(*) (Q) endowed with the norm

|ulp(zy =inf A >0 /
Q

becomes a Banach space.

Proposition 1. [12, 16/ Ifp e C (ﬁ), the conjugate space of LP®) (Q) is L") (Q),

where ngg) + ﬁ =1. For any u € LP®) (Q) and v € LP @) (Q), we have

1 1
wodr| < (— + Uiy 1V () -
é =+ o) 1

The modular of LP(*) (Q) space, which is the mapping Pp(z) (W) : Lr@) (Q) - R
is defined by

oty (0 = [ @2 de, vue ') ().
Q

Proposition 2. [12, 16] If u,u,, € Lr() (Q), n=1,2,... then the following state-
ments are equivalent:

(1) nh_)nolo [Un, — lp) =0,

(i) im pp(z)(un —u) = 0,

n—0o0

(#i%) up — u in measure in Q and nh_}rgo Pp(z) (Un) = Pp(a) (1) -
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Proposition 3. [12, 16] If u,u, € LP®) (Q), n =1,2, ..., we have
() Tulpe) < 1 (= 1> 1) 4 pyay (1) < (= 1> 1),

pt

e + -
(i) Julpa) <1 = [ulf,) < pp) (w) < Jull,),

() L un|p) =0 Hm pye)(un) = 0;

(v) nh_)rrgo |Un|p(z)y — 00 & nh_{rolo Pp(z) (Un) — 00.

The variable exponent Sobolev space WP(*) (Q) is defined by
Wh@) (Q) = {u e LP@ (Q) : |Vu| € LP@® (Q)},
with the norm

[ully piay = [tlp) + [Vttlpa), Yu € WHPE (Q),

The space Wol’p(x) (Q) is denoted by the closure of C5° (Q) in WP (Q) with
respect to the norm ||ull; ,,). We can define an equivalent norm

HUHI,p(x) = |vu’p(x)7

for all u € VVO1 P(®) (©2). Since Poincaré inequality holds [13], i.e. there exists a
positive constant C' > 0 such that

() < C|Vulp), Yu € WyP™ (9).

We also consider the weighted variable exponent Lebesgue space LZC) ((;)) (Q). Let

c: RY — R be a measurable real function such that ¢ (z) > 0 a.e. € Q. We define

L]cg((i)) (Q) =< u|u:Q— R is measurable, /c(:z:) lu ()] P@) gy < 00,c(x) >0 3,

Q
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with the norm norm

der <1,

|u|Lp((z))(Q) = |U|C($)7p(x) = inf < A >0: /C (ZL')
Q

then L’C) ((z)) (€2) is a Banach space which has similar properties with the usual variable

exponent Lebesgue spaces. The modular of this space is p(c(z) p(x)) (¢) : LIC)((;)) Q) —
R defined by

Plele) plz)) (W) = / ¢ (@) |u ()P da.
Q

Proposition 4. [16] If p™ < oo and u, € Lg((;c)) (Q),n=1,2,... we have

n—oo n—oo

(i) |un‘(c(z)7p(z)) — 00 = P(c(x),p(x))(un) — 0.

Proposition 5. [12, 16] (i)If p~ > 1 and pt < oo then, the spaces LP(*) (Q),
Wwhe@) (Q), Wol’p(m) (Q) and LZ((z)) (Q) are separable and reflexive Banach spaces;

(ii) Assume that the boundary of 0 possesses the cone property and p(xz) €
Cy(Q). If q(z) € C4(Q) and q(z) < p*(z) = 1\]7\]—]3158)’ for all x € Q, then there
18 compact and continuous embedding

Wo P () = 110 (),
also there is a constant ¢ > 0 such that
‘u|q(x) < CH“Hv
for all u € Wol’p(g:) (Q).

Proposition 6. [10] Let p (x) and q(x) be measurable functions such that p (x) €
L>®(Q) and 1 < p(x)q(z) < 0o for a.e. x € Q. Let u € L&) (Q) u#0. Then

. pt (z) P
0) [l ST = [ulbge) < [luP s = @)

(1) tlye) 2 1 = [l < [l

p+
s = @)
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In particular, if p(x) = p is constant then ||u[’|,, ) = ]u\zq(z)

We give the properties of the (p; (x),p2 (x))-Laplace operator
—(Dpi@) T Dpo(a))u i= —div (|Vu\p1(x)72Vu) — div (|Vu\p1(x)72Vu)

We consider the following functional,

1
A(u) = / |Vu|p1 ) dx + / ]Vu|p2(z) dz, for all u € X,
p1 () | P2 (z)

where X := Wol’pl(w) (Q)n Wol’m(x) (Q) with its norm given by

lull := Nlullpy @) + [1llpea)

for all v € X. We denote

pu (x) = max{p1 (z),p2 (2)}, pm(x) =max{p (z),p2(x)}, for all u € X,

It is easy to see that pys, pm € Ct (ﬁ)

Remark 1. (i) (X, ||ul|) is a separable and reflexive Banach spaces.
(1) If q(z) € Cy (Q) such that q(z) < pi; (x) for any x € Q, we have X :

Wol’pl(x) (Q)n Wol’m(x) Q) = Wol’pM(x) (Q) = LI®) (Q) the embedding is continuous
and compact.

3. THE MAIN RESULTS

In this paper, we consider the problem (1) in the particular case
£ (yw) = m (@) o720 (@) ol O

where r (z), s (), pm (@) ,pm (z) € Cy (Q) with

T <rt<p,<pp<s <st<s(x), forany z € Q (3)
and the following conditions hold:
(M) m € L@ (Q) and B € C, (Q) such that g tHO— s < B(x) <
p(z)
2 @)1 @)) for all x € Q.

a(z Np(x
(N)n € L) (Q) and o € C¢ (Q) suchthat% <a(r) < o= s(’;()(;v )
for all z € Q.

Define the energy functional I : X — R associated with (1) by
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1
— Vu p2(2) 7.
/ /p2 (95)| |
Q Q

m (@ )yvu\ da —/”(“7) IVau|*® da,
Q

s(x)

where

and

It is obvious that A € C!' (X,R). Denote L = A’ : X — X*, then

(L (u),v) = / VP @2 VuVods + / (VP2 @2 VuVuda, for all u,v € X,
Q o)

in which (.,.) is the dual pair between X and X*. Furthermore, J € C! (X,R) and

= /m (2) |u|" @2 wodz + /n (2) |u[* @2 yodz, for all u,v € X.
Q

We say that v € X is a weak solution of (1) if

/]Vu|p1 2VuVUd:v+/|Vup2 2 VuVudz

/m ) [u|"® 2 woda + /n (2) |u)*® 2 uodz,

Q
forall v e X.

Theorem 1. Suppose that conditions (3), (M) and (N) are satisfied. Then the
problem (1) has at least two nontrivial weak solutions in X.
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Theorem 2. Suppose that conditions (83), (M) and (N) are satisfied and the fol-
lowing condition;

(M;)Xis a Banach space, I € C* (X,R)is an even functional,

Then the problem (1) has infinitely many nontrivial weak solutions in X.

Lemma 3. (Mountain-Pass lemma) [24] Let X be a Banach space and I €
C! (X,R) satisfies the Palais-Smale condition. Assume that I(0) = 0 and there
exists a positive real number p aand u € X such that

(@) llull > p, I (u) < 1(0),

(17) o =inf{I (u) :u € X,||ul| = p} > 0.

Put G = {¢p € C([0,1,X) : ¢(0) = 0,0 (1) = u}. Set B = inf{max I (¢([0,1])) :
¢ € G}. Then, > a and B is a critical value of I.

Lemma 4. (Symmetric Mountain-Pass lemma) [2/] Let X be an infinite
dimensional real Banach space and let I € C* (X,R) be even, satisfying the Palais-
Smale condition and I (0) = 0. Suppose that

(i) There exist two positive real numbers o and p such that

inf I(u)>a>0,
u€dB,

where B, is open ball in X of radius p centered at the origin and 0B, is its boundary.
(i) For each finite dimensional linear subspace X1 C X, the set
{ue Xy :1(u) >0},
is bounded. Then, I has an unbounded sequence of critical values.

Lemma 5. [13]
(i) L : X — X* is a continuous, bounded and strictly monotone operator,
(#i) L is a mapping of type (S+), namely,

u, =u n X and li_>m (L (up) ,up —u) <0 implies up, — u in X,
n o

(#i7) L : X — X* is a homeomorphism.

Lemma 6. Assume that the conditions (3), (M) and (N) are satisfied.
(i) L is weakly lower semi-continuous from X to R,
(1) I (u) =0,
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(7it) There exist two positive real numbers p and o such that
inf{7 (u) : v € X, |Ju|| = p} >0,

(iv) There exists ¥ € X such that ¢» > 0,1 # 0 and I (ty) < 0, fort > 0 small
enough,

(v) There exists u € X such that ||u|| > p, I (u) <0,

(vi) The set

G={peC([0,1],X):¢(0) =0,¢(1) = u},

18 mot empty,
(vii) I satisfies Palais-Smale condition on X i.e. there exists a sequence {u,} C
X which satisfies the properties;
I(uy) —c and I'(up) =0 in X* asn — oo,

possesses a convergent subsequence in X.

Proof. (i) Let {u,} C X be a sequence such that u, — u in X. Using Lemma 5, we
have

A < lim inf A (uy) . (4)

n—o0

Furthermore, from Remark 1 (ii), the conditions (3), (M) and (N) the embedding

(@) X = L) (Q) and X — L3 (),

are compact, see [[25],Theorems 2.7, 2.8]. Then, there exist two positive constants
c1 and ¢y such that

Jm@ 1l < e (Jull” + ) (5)
Q

and

[n@ 1l < (lul” + ) (6)

Q

for all z € X. On the other hand, there are follows that

(b)up, — u in '@ (Q) and w, — u in 5@ (Q).

m(x) n(z
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This fact together with the above inequality (6) implies

I'(u) < lim inf 7 (uy,).

n—oo

Thus, I is weakly lower semi continuous.
(74) This comes from the definition of I.
(7i1) we can write the following inequality from the definition of I,

Iw) 2~ [(Vap @ 4upda= = [ @) [Va @ do- = [0 (@) |90 da.
T S
Q Q

pMQ

Let ||ul| < 1. Using together with inequality (5) and (6), we have

1 p+ p+ c3 _ cy4 _
uwa%@%@+wmﬁ—rwr—yws

Cs + C3 - Cyq -
> 5 fulle — S — L
Py S
= (22— o g e,
Py T S

Let us define the function 7 : [0, 1] — R by
() = = - 2 -
Py T s

Since ~y is positive in a neighbourhood of the origin, for example, for a fixed

1
7”7 T — +
toe |0, <+ ) M R
C3P s

the conclusion of the lemma, follows at once.
(tv) Let v € C§° () ,4 > 0,7 # 0 and t sufficiently small. Moreover, we obtain
the following inequality

I(ty) < 1tp$f/(|V1/J]p1(I) + |V P2 dg

m

Q

tr7 (T t87 S\T

S [m @@ ds - L o) o da,
Q Q
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Since r~ < pi, < s~, we conclude that I (t) < 0.

(v) If choose t > 1 sufficiently large and use assumptions of Lemma 6, we obtain
from (iv) that I (u) <O0.

(vi) If we consider the function ¢ € C ([0, 1], X) defined by ¢ (t) = tu for every
t € [0,1], it is clear that ¢ € G and G # @.

(vii) Assume that {u,} C X is a sequence which satisfies the following properties:

I(up)—c and I' (up) =0 in X* asn — oo, (7)

where X* is dual space of X and c is a positive constant. We prove that {u,}
possesses a convergent subsequence. First, we show that {u,} is bounded in X.
We assume by contradiction ||u,| — oo as n — oo. By using relation (7), and
considering ||uy|| > 1, for n large enough, we obtain

c>1(up) — %(I/ (un) , un)

s
1 Pi(@) 1 pa(a)
=A(up) — J (up) — — [ |Vuy| de — — [ [Vu,| dx
s s
Q Q

—i—l_/m (x) \un]r(x) dx + 1_/n (z) \un\s(x) dx
S S
Q Q

1 1 Py Dy
> Co <p+ - s> (”un”phx) T ’“n”pim))

1 1
I r(z)
(7“— s‘> /m () |un| dx.
Q

Moreover, by (4), we can write

1 1 + 1 1 -
ot ( _ ) haal™ > g (+ - ) an P
r s Py S

Since r* < p;, and p}, < s, the sequence {u,} is bounded in X. Therefore,
there exists a subsequence, again denoted by {u,}, and v € X such that u,, — u in
X. By using relation (7), the embedding (a) and (b), we can write

(I' (up) = I' (w) ,up —u) — 0 as n — oco.

On the other hand, we have
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/ (\Vun\pl(m)_Q YV, — |VulPr®—2 Vu) (Vu, — Vu) dx (8)
Q

+/ <\Vun\p2(x)_2 Vu, — |VuP2®2 Vu) (Vuy, — Vu) dx
Q

Using {uy} converges strongly to u in L:}Em;) (©), Proposition 1, Proposition 5 and
Proposition 6, we have

Q

< e7lml gy | un] ™ o) [tn — o) ()
+68|m|ﬁ(z)Hu|r(m)_1|9(x)‘un - u|m(m),r(m)

< collun|[un = Ulm(z)r@) + crollulllun = vlm)r@),

where 0 € Cy (ﬁ) such that % + Wlm) 4 1

n — 00, using Proposition 4, it follows that

= 1. Since |u, — u|m($)ﬂ“($) — 0 as

nh_)n(f)lo (m (@) |un|" 2w, — m () [u]" @2 u) (up, —u)dx = 0.
Q

(9)

With similar arguments we can obtain that
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nh_)rrolo (n (@) [un|* @ 2w, — n(2) |ul*@ 2 u) (up, —u)dz = 0.

Q

Moreover, by using relation (8), (9) and (10), we get

/ (]Vun|p1(x)_2 YV, — |[VulPr®2 Vu) (Vu, — Vu) dx
Q
—i—/ (\Vun\m(x)*Q Vu, — |VuP2®2 Vu) (Vu, — Vu)dx = 0.

Q
On the other hand, by using Lemma 5, we have

n—o0

lim / IV, — VulP' @ de + li_)m / IV, — VuP2®) dz = 0,
Q Q

and using the following inequality

|V’un|p1($) + \Vun\M(I) > |Vun|pM(x) , forall z €Q,
We get nh_}H(}oé |V, — Vu|pM(x) dex = 0. Tt follows that [lu, — ull,,, (@)

n — o0o0. The proof of Lemma 6 is complete.

4. PROOFS

(10)

— 00 as

Proof of Theorem 1. By Lemma 3 and Lemma 6, we deduce the existence of
u; € X as a nontrivial weak solution of (1). Now, we will prove that there exists a
second weak solution us € X such that uy # uo

By Lemma 6, it follows that there exists on the boundary of the ball centered at

the origin and of the p in X, denoted B, C X, such that

inf I>0.
0B,(0)

On the other hand, from Lemma 6 (iv), there exists ¢ € X such that I (t¢) <0

for all ¢ > 0 small enough. Moreover, we write for all u € X

cs + c3 - -
I(u) > —|lulfPr — T—_HuHT - Si"u“s ;
M
it follows that
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—oco<c:= inf I <O.
B,(0)

So, we get

0<e< inf I— inf I.
9B, (0) B, (0)

Applying Ekelands variational principle [11] to the functional I : B,(0) — R,
we can find u. € B,(0) such that u. € B, (0). Now, we define ® : B,(0) — R by
O (u) = I(u)+el|lu —uel|. It is clear that u. is a minimum point of ®, and this
implies that ||’ (uc) | < e. So, we deduce that there exists a sequence {u,} C B,(0)
such that I (u,) — ¢ and I’ (u,) — 0. Using the fact that I satisfies Palais-Smale
condition on X, we conclude that {u,} converges strongly to us in X. Thus, us is
a weak solution for (1) and considering the relation 0 > ¢ = I (u2), it follows that
uo 1S nontrivial.

Moreover, it is clear that w; # u9 since

I(U1)25>0>Q:I(’U,2)

The proof is complete.

Proof of Theorem 2. In view of (M), I is even. So, in order to apply Lemma
4, it is enough to deduce that condition of Lemma 4 (i) is holds. By Proposition 3
(17), we can write

1
I (uy) < 61_1/ (‘Vun‘m(w) + |vun|p2(m)> do — +/n (z) |un|s(w) dr
Pm s
Q
1
< a7 = = [ ) o
Pm S
Q
Let u € X be arbitrary but fixed. Set @ = Q. U Q>, where Q. := {x € Q:
lu(z)| <1} and Q> :=Q{x € Q:|u(x)| < 1}. Then, we know

1

I'(un) < P unlPr — — n(2) [un|*® da
Pm S

Q/ {ze:|u(z)|<1

C11 + 1 - 1 _
<Dl - = fo@ul der [ @l dn

" Q {weQ: u(z)|<1}
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On the other hand, we can find a positive constant cio such that

n(z) |un|® dr < cpo.
{zeQ:|u(z)|<1}
Then
T () € L Pl - / ) unl®” dz + cra,

for all uw € X. The functional |.| : X — R defined by

n(z),s~

n(@)s- = /n (z) |u|® dx

1

s

Jul
Q
is a norm in X. Since X1 is a finite dimensional subspace of X, the norms |.|,,,) .-
and ||.|| are equivalent. Thus, there exists a positive constant c;3 such that
||’LL|| S 013 |u|n(a;)7s* Y

for all w € X1. So, we obtain

C11 a3
I (un) < 2 fun |73 — 22 |*7 + e,
m
for all w € X;. Since p}; < s7, {u € X : I (u) > 0 is bounded. Therefore, I has
an unbounded sequence of critical values in X. Consequently, I possesses infinitely
many critical points in X.
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