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ABSTRACT. In this paper, semi-invariant submanifolds of a generalized Ken-
motsu manifold endowed with a semi-symmetric metric connection are studied. Nec-
essary and sufficient conditions are given on a submanifold of a generalized Kenmotsu
manifold to be semi-invarinat submanifold with the semi-symmetric metric connec-
tion. Moreover, the integrability conditions of the distribution on semi-invariant
submanifolds of a generalized Kenmotsu manifold with the semi-symmetric metric
connection are studied.
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1. INTRODUCTION

In [3] , K. Kenmotsu has introduced a Kenmotsu manifold. A. Turgut Vanh and R.
Sar1 [6], introduced the notion of a generalized Kenmotsu manifold. Semi-invariant
submanifolds are studied by some authors (for examples, M. Kobayashi [4], B.B.
Sinha, A.K. Srivastava [5]). In [9], K. Yano have introduced a semi-symmetric metric
connection on a Riemannian manifold. He studied some properties of the curvature
tensor with respect to the semi-symmetric metric connection. In this paper, semi-
invariant submanifolds of a generalized Kenmotsu manifold with a semi-symmetric
metric connection are studied.

Let V be a linear connection in an n-dimensional differentiable manifold M. The
torsion tensor T of V is given by

T(X,Y)=VxY —VyX — [X,Y].

The connection V is symmetric if torsion tensor 1T' vanishes, otherwise it is non-
symmetric. A lineer connection V is said to be a semi-symmetric connection if it
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torsion tensor T is of the form T'(X,Y) = n(Y)X — n(X)Y where n is a 1—form.
The connection V is metric connection if there is a Riemannian metric g in M such
that Vg = 0, otherwise it is non-metric. It is well known that a linear connection is
symmetric and metric if it is the Levi-Civita connection.

The paper is organized as follows : In section 2, a brief introduction of a gen-
eralized Kenmotsu manifolds is given. A semi-symmetric metric connection on a
generalized Kenmotsu manifold is defined . In section 3, some basic results for semi-
invariant submanifolds of a generalized Kenmotsu manifold with the semi-symmetric
metric connection are given. In last section, some necessary and sufficient conditions
for integrability of certain distributions on semi-invariant submanifolds of a gener-
alized Kenmotsu manifold with the semi-symmetric metric connection are obtained.

2. SEMI-INVARIANT SUBMANIFOLDS OF GENERALIZED KENMOTSU MANIFOLD

In [8], K.Yano has introduced the notion of a f-structure on a differentianable man-
ifold M, i.e., a tensor fields ¢ of type (1,1) and rank 2n satisfying ¢ + ¢ = 0.
The existence of which is equivalent to a reduction of the structural group of the
tangent bundle to U(n) x O(s) [1]. Let M be (2n + s) dimensional and a differen-
tiable manifold with a f-structure of rank 2n. If there exists on M vector fields &;,
i€{1,2,...,s} and i’ are dual 1—forms such that

S
P=-I+> 1e& nof=20; (1)
=1

then M is called a f-manifold. Moreover, we have po&; = 0, niop = 0,4 € {1,2, ..., s}

[2].
Let M be a (2n + s) dimensional f-manifold. M is called a metric f-manifold if
there exists on M a Riemannian metric g such that

g(eX,0Y) = g(X,Y) = > n'(X)n'(Y). (2)
i=1
In addition, we have
7'(X) = 9(X,&),  9(X,9Y) = —g(pX,Y). (3)
Then, a 2-form @ is defined by ®(X,Y) = g(X, YY), for any X,Y € I'(T'M),

called the fundamental 2-form. Moreover, a metric f-manifold is normal if

o, 0] +2) ' @& =0
i=1

80



A. Turgut Vanli, R. Sari — Semi-invariant submanifolds of ...

where [p, ] is denoting the Nijenhuis tensor field associated to (.
In [7], let M, (2n+ s)—dimensional a metric f—manifold. If there exists 2—form
® such that
A LADEADT £0

on M then M is called an almost s—contact metric structure.

Definition 1. Let M be an almost s— contact metric manifold of dimension (2n+s),
s > 1, with (cp,fi, ni,g). M is said to be a generalized almost Kenmotsu manifold if

for all1 <i <s, 1—forms n" are closed and d® =23 n"* AN ®. A normal generalized
i=1

almost Kenmotsu manifold M is called a generalized Kenmotsu manifold [6].

In [6], A (2n+ s),s > 1, dimensional almost s—contact metric manifold M is a
generalized Kenmotsu manifold if it satisfies the condition

(Vxo)Y = {g(eX,Y)& —n'(Y)pX} (4)
=1

where V denotes the Riemannian connection with respect to g.In [6], from the
formula (4) we have N
Vxé = —¢*X. (5)

Definition 2. Let M be a submanifold of the (2n + s)-dimensional a generalized
Kenmotsu manifold M. M is called a semi-invariant submanifold if vector fields
& i€ {1,2,...,s} are tangent to M and there exists on M a pair of orthogonal
distribution {D, D} such that

(i) TM = D & D+ @ sp{&, ..., &}

(i) The distribution D is invariant under ¢, that is oD, = D, for all x € M

(iii) The distribution D+ is anti-invariant under o, that is @D C T;-M, for
all x € M,

where T M is the tangent space of M at x.

A semi-invariant submanifold M is said to be an invariant (resp. anti-invariant)
submanifold if we have D = {0} (resp. D, = {0}) for each x € M. We say that
M is a proper semi-invariant submanifold, which is neither an invariant nor an
anti-invariant submanifold.

Let V be the Riemannian connection of M with respect to the induced metric
g. Then the Gauss and Weingarten formulas are given by

VxY = V4Y + h(X,Y) (6)
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VxN = Vi N — Ay X (7)
for any X,Y € ['(TM) and N € T'(TM)*. V* is the induced connection on M, V**
is the connection in the normal bundle, A is the second fundamental from of M and

Ap is the Weingarten endomorphism associated with N. The second fundamental
form h and the shape operator A related by

Now, a linear connection V is defined as
VxY = VxY + Z{Ui(Y)X —9(X,Y)&}
i=1

Theorem 1. Let V be the Riemannian connection on a generalized Kenmotsu man-
ifold M. Then the linear connection which is defined as

VxY =VxY+> (V)X —g(X,Y)&} XY eT(TM)
i=1
18 a semi-symmetric metric connection on M.

Proof. Let T be the torsion tensor of V. Then,
T(X,Y) = VyxY -VyX —[X,Y]

= VxV+) {n'(Y)X - g(X,Y)&}
=1
—VyX =Y {n(X)Y —g(V, X)&} = [X, V]
=1

= > W)X -7 (X)Y}
i=1

Moreover we get,

(Vxg)(Y,Z) = X[g(Y,2)] - g9(VxY,Z) —g(Y,VxZ)

= X[g(Yv Z)] —9(%XY+Z{77i(Y)X —g(X, Y)&},Z)

=1
—9(Y,VxZ+ Y {n'(2)X — g(X, 2)&})

i=1
= 0.
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Corollary 2. Let V be the Riemannian connection on a generalized Kenmotsu man-
ifold M. Then the linear connection which is defined as

S
VXY =VxY +> (V)X —g(X,Y)&} XY €T(TM) 9)
=1
18 a semi-symmetric metric connection on M.

Theorem 3. Let M be a semi-invariant submanifold of a generalized Kenmotsu
manifold M. Then we have

(Vxo)Y = 22{9(90)(, V)& —n'(YV)eX} (10)

for all XY e T'(TM).

Proof. From (4) and (9), we have

(Vxe)Y =Y {g(pX,Y)& — 0 (YV)pX}
i=1

VxeY =Y (' (pY)X — g(X,0Y)&} — o{VxY =Y {n'(Y)X — g(X,Y)&:}}

i=1 =1

= Z{g(wX, Y)& — ' (V)X }

(Vx@)Y = {g(eX, V)& —n' (V)X — g(X,0Y)& — ' (V)X }.
=1

Theorem 4. Let M be a semi-invariant submanifold of a generalized Kenmotsu
manifold M with the semi-symmetric metric connection V. Then

V& =2X =Y {n'(X) + 7/ (X)}& (11)

=1

for all X, Y € T'(TM).
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Proof. Using (9) then we have

V& = V& + > _{n(§)X — (X, )&}

=1

from (5),
Vx& =X =) n'(X)&+ ) {X -/ (X)&}.
=1 =1

Example 1. Now , we construct an example of generalized Kenmotsu manifold for
4-dimensional.
Let, n =1 and s = 2. The vector fields

el = !]”1(21,«22)é + fa(z1, 22) 0

Ox y’
0 0
ez = —f2(21722)% + fl(zl’ZZ)@’
0
3= ({9217
L0
1 82’2
where fi1 and fs are given by
fi(z1,22) = 0267(Z1+Z2)COS(Z1 +2z9) — 0167(21“2)51'71(21 + 22),
falz1,22) = c1e” T2 Cos(z1 + 29) 4 coe” 172 Sin(z1 + 29)

for nonzero constant cy,ca. It is obvious that {e1, ez, e3,e4} are linearly independent
at each point of M. Let g be the Riemannian metric defined by

N B fori=j
ZCRAIE ey

foralli,j € {1,2,3,4} and given by the tensor product

1
9= pdr@de+dy @ dy) +dz @ dz + dz @ da,
I+ 13

where {x,y, 21,20} are standart coordinates in R*. Let n* and n? be the 1-form
defined by
n'(X) = g(X, e3) and 7°(X) = g(X, ea),

84



A. Turgut Vanli, R. Sari — Semi-invariant submanifolds of ...

respectively, for any vector field X on M and ¢ be the (1,1) tensor field defined by

pler) =e2,  @lea) =—e1,  wles=&)=0, ples=¢&)=0.

We have ®(e1,e2) = —1 and otherwise ®(e;,e;) = 0 for i < j. Therefore, the
essential non-zero component of ® is
( o 0 ) 1 e2(z1t22)
oz’ oy’ fi+ 12 A+l
and hence
62(21—‘,—2;2)
¢ = —F——5-drAdy.
]+ ¢

Consequently, the exterior derivative d® is given by

262(Z1+Z2)
1 2

Since n* = dz, and n? = dzy, we find
d® =2(n* +n*) A ®.

So, we have 4-dimensional a generalized Kenmotsu manifold [6]. Let V be the
Riemannian connection (the Levi-Civita connection) of g. Then, we have

le1, eq] = [e1, €3] = e1 + e, [e2, e4] = [e2, €3] = e1 + e,

[61, 62] = 0, [63, 64] =0.

By Koszul’s formula, we get
Ve, e1 = Ve eg = Veye1 = Ve, e9 = —e3 — ey,

Ve €3 = Ve eg = Ve,e3 = Ve,eq4 = €1 + €2

and anothers are zero.

VxY =VxY + 7' (Y)X = g(X, V)& + n*(Y)X — g(X,Y)é

s a semi-symmetric metric connection . Therefore, we have

Ve,e1 = Ve,e9 = —2(e3 + e4), Ve,€1 = Ve, 69 = —e3 — €y

Ve, €3 = Ve, eq4 = 2e1 + e, Ve, €3 = Ve,e4 = €1 + 269,

—Vese3 = Ve, €3 = ey, Veses = —Ve,e4 = €3

and anothers are zero.
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We denote by same symbol g both metrices on M and M. Let V be the semi-
symmetric metric connection on M and V be the induced connection on M. Then,

VxY = VxY +m(X,Y) (12)

where m is a tensor field of type (0,2) on a semi-invariant submanifold M. Using
(6) and (9) we have,

VxY +m(X,Y) = ViY + h(X,Y) + i{ni(Y)X — g(X,Y)E )
=1

So equation tangential and normal components from both the sides, we get

m(X,Y) = h(X,Y)

VxY = VY + S (V)X - (X, Y)E ) (13)
=1

From (13) and (7)
VxN = VAN +> {7/(N)X - g(X,N)&}
=1

= —ANX 4+ n(N)X
1=1

= (—AN + CL)X

S .

where a = > n(N) is a function on M and N € T'(TM)* .
i=1

Now, the Gauss and Weingarten formulas for semi-invariant submanifolds of a

generalized Kenmotsu manifold with the semi-symmetric metric connection is
VxY =VxY +h(X,Y) (14)

VxN = (-Ayx +a)X + VxN (15)

for all X,Y € T(TM), N € T(TM)*, h second fundamental form of M and Ay is
the Weingarten endomorphism associated with N. The second fundamental form h
and the shape operator A related by

g(h(X,Y),N) = g((=An + a)X,Y). (16)
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Theorem 5. The connection induced on a semi-invariant submanifold of a gen-
eralized Kenmotsu manifold with the semi-symmetric metric connection is also a
semi-symmetric metric connection.
Proof. From (14) we have
T(X,Y) = T(X,Y) and (Vxg)(Y, Z) = (Vxg)(¥, 2)
for any X, Y € I'(T'M ), where T is the torsion tensor of V.

The projection morphisms of TM to D and D' are denoted by P and Q
respectively. For any X,Y € I'(TM) and N € I'(TM)*, we have

X =PX+QX+> (X (17)
=1
¢N = BN +CN (18)

where BN (resp. CN) denotes the tangential (resp. normal) component of ¢ N.

3. Basic RESuULTS

Lemma 6. Let M be a semi-invariant submanifold of a generalized Kenmotsu man-
ifold M with the semi-symmetric metric connection, then we have

(ﬁxgo)Y = (VxP)Y + (—Agy + a)X — Bh(X,Y) (19)
+(VxQ)Y + h(X,PY) - Ch(X,Y)

(Vxp)N = (VxB)N+ (—Acny +a)X + P(—Ax +a)X (20)
+(VxC)N + h(X,BN)+ Q(—An + a)X

for all X,Y € T(TM), N € T(TM)* where a = >.1n'(CN) = 0.
=1

Proof. Using (17) , (18), the Gauss and Weingarten formulas, necessary arrange-
ments are made to obtain the desired.

Lemma 7. Let M be a semi-invariant submanifold of a generalized Kenmotsu man-
ifold M with the semi-symmetric metric connection, we have

(VxP)Y + (=Agy +a)X — Bh(X,Y) = —Zini(Y)PX (21)
=1
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(VxQ)Y + h(X,PY) — Ch(X,Y) = —zini(y)QX (22)
=1

(VxB)N + (—Acny +a)X + P(—Axn +a)X =0 (23)

(VxC)N 4+ h(X,BN) + Q(—Ayx +a)X =0 (24)

g(PX,Y) =0 (25)

9(QX,Y) =0 (26)

for all X,Y € T(TM), N € T(TM)*.
Proof. Using (10) in (19) and (20) we get (21)-,(26).

Corollary 8. Let M be a semi-invariant submanifold of a generalized Kenmotsu
manifold M with semi-symmetric metric connection such that §; € T'(T' M), we have

(VxP)§; = —2PX (27)
(VxQ)§ = —2QX (28)
(Ve,B)N =0, Ve,B=0 (29)
(Ve,C)N =0, Ve,C=0. (30)

Lemma 9. Let M be a semi-invariant submanifold of a generalized Kenmotsu
manifold M with the semi-symmetric metric connection such that & € I'(TM), we
have

Vx& =2X =) {0'(X)+7 (X))},  h(X,&)=0 (31)
=1

Ve, =0, h(&, &) =0, An&; = 0. (32)

Proof. Using (9)and (11) we have (31).In addition, we get

0=g(h(X,&),N) = g(h(&, X),N) = g(An&;, X).
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4. INTEGRABILITY OF DISTRIBUTION ON A SEMI-INVARIANT SUBMANIFOLD
GENERALIZED KENMOTSU MANIFOLD

Theorem 10. Let M be a semi-invariant submanifold of a generalized Kenmotsu
manifold M with the semi-symmetric metric connection. Then the distribution D is
integrable.

Proof. We have
g((X.Y),&) = g(VxV.§) —g(VyX,§)
= —g(Y,Vx¢&)) +9(X, Vy§&))
for all X,Y € I'(D). Using (9) and (11), we get
g([X,Y],&) = —g(Y,Vx& — X+ g(X,6)6) +9(X, V& =Y + > g(Y,)8)
i=1 i=1

= —g(Y.2X =) {7'(X) + (X)) — X + > _g(X,&)&)
=1 =1

(X, 2V =) (V) + 7 (V) - Y + > _g(Y,)&)
i=1 =1
= 0.
So W/ ([X,Y]) =0 for j =1,2,...,s. Then, we have [X,Y] € I'(D).

Theorem 11. Let M be a semi-invariant submanifold of a generalized Kenmotsu
manifold M with the semi-symmetric metric connection. The distribution D &
sp{&1,...,&s} is integrable if and only if

hX, oY) = h(pX,Y)
for all X, Y € T'(D @ sp{&1,...,&s}) s satisfied.
Proof. Using (6) and (9), then
(Y] = o(ViY =VyX)
= o(VxY —h(X,Y) - VyX +h(Y, X))

= o(VxY =) {(n'(V)X —g(X,Y)&} = Vy X + ) {n'(X)Y —g(¥, X)&})
i=1 i=1

= Vxe¥ — (Vx@)V =D n'(Y)pX = VypX + (Vyo)X + > 1 (X)pY.
i=1 i=1
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for all X,Y € I'(D). For (10) and (14), we have

P([X,Y]) = VxpY =VyoX+> {4g(X, oY )&+n" (V)X =0’ (X)pY }+h(X, oY) —h(pX,Y).
i=1

Then, we have [X,Y] € T'(D @ sp{&1, ...,&s}) if and only if h(X,pY) = h(eX,Y),

where ¢([X,Y]) shows the component of VxY from the ortohogonal complementary

distribution of D & Sp{¢1,.. &} in M. Then, we have [X,Y] € T'(D & sp{&1,...,&s})

if and only if h(X, oY) = h(Y, pX).

Theorem 12. Let M be a semi-invariant submanifold of a generalized Kenmotsu
manifold M with the semi-symmetric metric connection. The distribution DL@sp{&, v s}
18 integrable if and only if

AxY = Ay X

for all X, Y € T'(D* @ sp{&1, ..., & }) is satisfied.
Proof. We have for all X,Y € I'(D+)
g((X.YL.g) = 9(VxY.§) —g(VyX,g)
= —9(Y.Vx&) +9(X, Vvg).
Using (9) and (11), we have

9([(X, Y], &) = —g(Y,2X — ZW(X) +P (X))} — X+ g(X,§)6)

i=1
X,2Y — Z{ﬁ (Y)Y + Zg Y, 5] &)
= 0.
Using (6) and (9), then
o([X,Y]) = o(VxY - Vi X)

= VxpY — (Vxp)Y Zn )X = VyoX + (Vyp)X + > n'(X)pY.
i=1
For (10) and (15), we have

P(X,Y]) = (~Agy +a )X+sz0Y*QZ{g PX, V)& — ' (V)X } — Zn

=1

Ay +a)Y — VEeX +23 (e, X)& — i (X)pV } + _Z#‘(X

=1

= ApxY — Apy X + Vx Y — VypX + Y {49(X, oV)& + 7' (V)X — n'(X)pV}.

i=1
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Then we obtain,

[Xv Y] € F(l)L S5 Sp{£17 758}) = AchY = AcpYX-

Conversely

(X, Y]) = p(Apx Y —Apy X+Vx0Y Vi X+ {49(X, oV)&+n' (V)X —n' (X)pY })

(X, Y] = {=n' (") X+0" (X)Y+Y_ (0" V)n* (X)&—n"(X)n* (X)) MoV oY) —p(VieX)
=1 k=1

then, we have [X,Y] € T(D+ @ Sp{&, ..., &)).
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