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FEKETE-SZEGO INEQUALITY FOR SUBCLASSES OF ANALYTIC
FUNCTION OF COMPLEX ORDER

K. I. NOOR, R. FAYYAZ

ABSTRACT. In this paper, we introduce certain new subclasses of analytic func-
tions of complex order by using the convolution operator. For these classes several
Fekete-Szego type coefficient inequalities are derived. Some special cases are also
discussed.
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1. INTRODUCTION

Let A be the class of functions of the form

f(z):z—l—ianz",zeE, (1)

n=2

which are analytic in the open unit disk £ = {z € C:|z| < 1}. Let S denote the
subclass of A consisting of univalent functions in E. Let f, g € A, with

g(z) =z + Z b2,z € E, (2)

n=2

and f(z) is given by (1). Then convolution (Hadamard product) of f and g is
defined by

(fx9) (z)zz+2angnz",z€E. (3)

n=2

Also, if f and g are analytic in F, we say that f is subordinate to g written as
f(2) < g(z) if there exists a Schwarz function w(z) with w (0) = 0 and |w (2)| < 1
such that
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f(z) =g(w(z)), z€FE.
It is well known that for f € S, given by (1), the inequality ‘ag — a%‘ <1
holds [3]. Fekete and Szego [5] obtained the sharp upper bound for the functional
|laz — paj| as

’ag — ,ua%‘ <1+exp (—2,u> ,

I—p
for f € 5,0 < p < 1. The problemma of finding sharp upper bound for functional
‘ag — ,ua%‘ for different classes of functions in A is known as Fekete-Szego problemma.
Many authors considered this problemma for different classes of univalent functions
(see [10]-[6]). For brief history of this problemma for the classes of starlike, convex
and close to convex functions see [16]. In [13], Fekete-Szego problemma for the
classes k — UCV, k — SP and some other related classes defined by using fractional
calculus is settled. We discuss the Fekete-Szego type inequalities for the classes

S*(b,g(2),#(2)) and C(b,g(z), #(z)) defined as follows:

Definition 1. Let
¢(2) =1+ Byz + Boz? + B3z5.., (4)

be convexr univalent function with Re (¢(z)) > 0 with real coefficients in E and let
g(z) given by (2) with real coefficients and let

(f*xg)(z) #0,z € E.
A function f € A is in the class S*(b,g(2), #(2)) if

1+l1)<z(]{:gg)1> < ¢(2),z € E.

Definition 2. A function f € A is in the class C(b,g(z), p(2)) if
1 (2(f*g)

We have the following special cases.

1. S*(1, 1, E2) = 8% studied in [3].

P 1=z 1-2

2. 5*(1, 1%, 1) = S*[A, B], see [7].
3. S*(1, 20F1(a, b, ¢; 2), pp(z)) = k — SP*? introduced in [13].
4. O(1, 1%, 2) = C, see [3].

5. C(1, 1%, {35%) = C[A, B] we refer to [7].
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2. PRELIMINARIES

Lemma 1. [3] Let p € P with
p(z) =1+c1z+coz+ ..,

then
len] <2,n > 2.

Lemma 2. /3] Let p € P with
p(z) =14+c1z+caz + ..,
then for any complex number v
e —vet| < 2max {1, 20 — 1|},
and result is sharp for the functions given by

1422 142

PE) = g P) =

Lemma 3. [3] Let p € P with
p(z)=14ciz+c2® + ..,

then
1

c2 — Spic

1 2
<24+ —(|jp—1]—1 .
Sner| <2+ (0 =11 = 1) et

Lemma 4. Let p € P with

p(z)=14+c1z+coz+ ..,

then
—4v+2 if v<0
ey — ey <2 if 0<v<l1
qv — 2 if v>1
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3. MAIN RESULTS

Theorem 5. Let ¢(z) be given by (4) and g(z) by (2) where both ¢(z) and g(z) have
real coefficients and b € C\{0}.If f € S*(b,g(2), ¢(2)), then

B
jaz| < [b] =,
92
B
jas) < b lmax{l,
293
1 /g2
05 ()
Proof. Let f € S*(b,g(2),¢(z)) then

1 (z(f*g)
1+b<

By
—~ +bB
B + 001

|

and

< ’b’Tg'

Bs
g

—1> < ¢(z), z€FkE,

fxg
so that . ,
1+ 7 (Z(J{:;J) - 1> =¢(w(z)), z€E,

where w(z) is Schawarz function with w(0) = Oand |w(z)| < 1. Let us denote
(f x9)(2) = 2+ Ag2® + A3z + .,
then by (3), we can write
A = agge and Az = asgs, (5)

so that

2(1 424222 +3A32% + ..)
2+ Agz? + Azz3 + ...

=1-b+b(d(w(2)))
=b(p(w(z)) —b+1

b)) -1
N b(¢(p(z) +1

) —b+1
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where p(z) =14 > 77 ¢p2" with Re(p(z)) > 0. This implies that

2(1+4 24222 + 34322 + ...) 1 1 c 1 5\ o
=b(1+=-B -B -2 )+-B ) =b+1
2+ Agz? + Ag2B + .. U TR G el +

2 (1424022 +3432° + ...) = (2 + Agz® + A32® + )
b b c? b
(1 + §Blclz + <2Bl <02 — 21> + 4320%) 22+ >
=z+ <A2 + <ZB101>> 224
b b c? 1
|:<A3 + (2B161> Ag + §Bl <CQ — 21> +b <4BQC%>):| 23 + ...

Equating the coefficients on both sides, we have

b _ bBy 1 By 9
AQ = 53161 and Ag = 4 (CQ 9 <1 Bl bBl> Cl) (6)

Taking into account (5), (6) and lemmama 1, we have

B
las| < [b] =,
g2

and lemmama 2 leads us to

By By
as| < b max{l, — +bB }
sl < o 5~ 5
Moreover, by lemmama 1, we get
1 (g3 b| B
3—<92)a§ < |b] B2
2 \93 293

which is our required result.

For ¢(z) = }Igi (-1 < B < A<1)in theorem 5,we obtain the following corol-
laryollary.

Corollary 6. If f € S*(b,g(2), 1542) (-1 < B < A < 1) then

) 1+ Bz
A-B
jaa] < o A5,
92
A-B
oa] < o P a1, |-+ b (4 - B}
3
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1 9%) 2
az3—=| == ]a
2 <g3 2

We take g(2) = %, ¢(2) = 1%, z € E and b = 1 in theorem 5, it follows the
known result, given in [10]

and
—B(A - B)

< o 293

Corollary 7. If f € S* <1, = %fz>, then

z

1
asg — *(I%

<1.
5 =

0
For g(z) = 2+ > 7, (ﬁ) 2" a>0,6>0and ¢(z) = 12, 2 € E, in

z)

theorem 5, we get the following known result, see [2].

1)
Corollary 8. If f € S* <1,Z—I—ZZ°:2 <a+zil> 2", %*‘Z) (a>0,0>0, z€ E),

then 5 5
a—+2 a—+2
as— 2 (LCE2N ol <y
(a+1)2 a
Theorem 9. Let ¢(z) be given by (4), g(z) by (2), both with real coefficients and
be C\{0}. If f € S*(b,g(2),¢(2)) then for any pu € C we have

B
|as f,uaa < |b| —13><

{122+ 120 (2)] o

Proof. Taking into account (6), we have

i

‘CL3 — ,ua%} = 42 2
g (g:) (292 Bm)

bB; 1 B
=|— ——(1—-——=—=—-bB 2 bB .
4gs (CQ 2( B T “<92> 1) )’

From lemmama 2 we obtain,
9 |b| By { By [
az — pay| < max < 1, +(1-2 bB,
| K 2‘ 203 B, K 92
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We put ¢(z) = iigi (-1 < B< A<1) in theorem 9 and obtain the following

result.

Corollary 10. If f € S* (b,g(z), iigi), (-1 < B< A<1), then for any p € C

we have
~B+ [1 — 2 <z§>] b(A—B)H.

)
We take g(z) = z+ > 00, (ﬁ) 2" (a>0,6>0)and ¢(z) = %fj, z € F,
in theorem 5, to get the following result.

A-B
‘CLg —ua%’ < |b|()maux{1,

293

z

5
Corollary 11. If f € S* (1,2—1-220:2 (ﬁ) 2", }f'z), (a>0,0>0, z€ E),

then we for any p € C, we obtain the inequality

9 é
|a3—ua%‘§]bl<a: ) X

max{l,

This result has been proved in [2]

We take

g(2) = 24302 (A =08) (B—a)(n—1)+1]" 2", (a,8,X,0 > 0,8 > a, A > §,k € Ny),
in theorem 9, this implies the result proved in [1].

<a+1>2>5

1+2b—4ub
e <a(a+2)

‘GS —Mag\ < 5

bB

Corollary 12. If f € §* (1, 2+ (A= 8) (B—a)(n—1) +1]F 2", (b(z)),
(o, B,\,6 >0,8>a,\>6,keNy), then
|b] By
B " 2k :
1 [(A=0)(B—a)+1]
Now we consider the case when both p and b are real.
Theorem 13. Let ¢(z) be given by (4), g(z) by (2), both with real coefficients and

2(A=38)(B—a)+1]*
maX{L B [) <[2<A—6> (6—a)+1]k>
B
be R withb>0. If f € S*(b,g(2),¢(2)) then for any p € R, we have

L1 [B2 1 by — 20308 ] if <6
2

|ag — pa3| < % if 61 < pu < 9
BB o (B) 0B iz
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_ 1 B 1 g3 _ 1 B 1 g3
o= (4 855 () 8= - ) (2)

Proof. Using (6), we have
bBl 1 BQ g% b 2
A ey~ (1-22 4B —u(2) (1B
(o3 (o)) o (5) (e
bBl 1 BZ
=22 e -2 (1= 22 B+ 2u (L) B
i 3 (o e (G)om)

2
as — pas| =
‘ 2| 493
which can be written as

bB;

_ 2 9P 2
o — 3] = |22 e2 ).
where v = % g— (1 —2u ( )) bBl) . From lemmama 4, it follows that
Wil g (1-2u(%))eB]  ifu<a
|az — paj| < ¢ 55 if 01 < < 0y

B - (12 (%))bBl} =0

where §; = & 1+ _ 1) (2 and ¢ 14 2 1\ (%
1 2 b32 bB, g3 2= bBl bB? g3 )"
1

We take ¢(z) = 142 (_1 < B < A < 1) in theorem 5, to obtain the following

1+ Bz
result.
Corollary 14. If f € S*(b, g(2), iigi), (1< B<A<L1) then for any p € R we
have
HAB) [—B + (1 2 (%)) b(A— B)} if 1< 6
|as — Ma%| < Ua-b) if 01 < p < 02

2g3

- (a())ea-n] ez

where 01 % (1 + b(ABB) (Al—B)> (Z—g) and 01 = <1+ BA— B) (Al—B)) (Z—g).

FOI'g(Z) = Z+ZZO:2 [()\ - 5) (ﬁ - O[) (n - 1) + 1]]92,71’ (Oéa/B7>H§ 2 07 ﬁ > O[,)\ > 57k € NO);
in theorem 3.3, we obtain the known result provided in [1].
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Corollary 15. If f € S* (1, 2+ L (A= 8) (B—a)(n—1) +1]F 27, qb(z)) :
(a, B, A, 02>0, B>a, A>0d,keNy), then for any p € R, we have

b _ 2(A=8)(B—a)+1]* 2 '
“2RO—0)(B—a) 11" {32 [2“([<A—6><ﬂ—a>+1]2k) 1} bBl} if <o

as — pa3| < 3\ Eas) - o1 <p<dy
b [2(A=8)(B—a)+1]" 2 ;
2RO-0)(F—)+1T" {*BZ i [2“ ([(H)(ﬂw)ﬂ]z’“) N 1} bBl} =0
where
51:1<1+32_1> (A =8)(B—a) +1*
2\ B BB \[2(A=-0)(B-a)+1)F )
and
1 By 1 [(A=68)(8—a)+ 1)
o= (1+ + =5 = -
2\ 0B 5B \ (A= 0) (B ) + 1]
Remark 1. By setting g(z) = W, n € N, and ¢(z) = %f; in theorem &,
theorem 9 and theorem 13, we get the known results proved by Kanas and Darwish
in [8].

Using similar techniques as given in proof of theorem 77, we obtain the following
result.

Theorem 16. Let ¢(z) be given by (4), g(z) by (2), both with real coefficients and
be C/{0}. If f € C(b,g(2), ¢(2)), then

bl B
’CL2| S |2|17
92
B By
< |p| — 1l,|— +bB
ool < 101 - max {1, 52 4 081}
and ) )
az — — <gg> a% S uBQ
3\ 93 693

When ¢(z) = iig; (-1 < B < A<1) in theorem 3.4, we obtain the following

result.
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Corollary 17. If f € C(b, g(2), %igi (-1 < B< A<1)), then
b|(A—B
) < PLA D),
92
A-B
AB) ax{1,1-B+b(A - B)},
693
2093\ 2 10|
-—| = <-——I[-B(A-B)|.
w3 (%)< g BB

Reasoning in the same lines as in the proof of theorem 3.2, we obtain the following
theorm.

Theorem 18. Let ¢(z) be given by (4), g(z) by (2), both with real coefficients and
be C/{0}. If f € C(b,g(2),d(2)), then for any p € C, we have

By 93

—= 1—-2u= | bB
B, " ( MQ%) '
We take ¢(z) = 42 (-1 < B < A < 1) in 18, to obtain the following corollary-

|as| < [b]

and

B
‘ag - ua%’ < |b] T;)max(l,

1+ Bz
ollary.
Corollary 19. If f € C(b,g(2), iigi), (1< B<A<1), then for any u € C we
have 1B
’ag - ,uagl < |b] (A-B) max(1, |—B + <1 - 2;193) b(A—-B)|.
293 92

When g(z) = 1%, ¢(2) = %fj, z € E and b = 1 in theorem 3.1, we obtain the
known result, see [10].

Y 1-2 1—2

Corollary 20. If feC (1 £ 1j) , then for any pu € C, we have

R ()

é
If we take g(2) = z+> o7 (ﬁ) 2" (a>0,6>0),and ¢(2) = 12 2 € E,

1—27

in theorem 3.5, we obtain the following corollaryollary.

1
Corollary 21. If f € C <1,z +3 0, (@ﬁ) P 1+z> , (a>0,8>0,z€E,),then

' 1-z
} )

for u € C, we have

1)2\°
o — g'g'max{l, )

1+2b—3ub
+ H (a(a—i—Q)

which has been proved in [2].
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Remark 2. By setting g(z) = W, n €N, and ¢(z) = %fj in theorem 3.4 and

theorem 3.5, we get the results given in [8].
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