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CERTAIN PROPERTIES OF AN INTEGRAL OPERATOR

V. PESCAR

ABSTRACT. In this paper we consider the integral operator Miller-Mocanu-
Reade for analytic functions in the open unit disk and we obtain properties of this
integral operator.
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1. INTRODUCTION

Let A be the class of functions of the form:
f(z) = z+Zanz" (1)
n=2

normalized by f(0) = f(0) — 1 = 0, which are analytic in the open unit disk
U={zeC:|z] <1}

We denote by S the subclass of A consisting of functions f € A, which are
univalent in U.

Let H(U) be the space of holomorphic functions in . For a € C and n € N—{0}
we note

Hla,n] ={feHU): f(z) =a+apnz"+---} (2)

and

A, ={f €HWU): f(2) =2+ ap2"T +-- }, (3)

with A4; = A.
Let us denote S, (p) the class spiral functions of type o and order p, where «,

pER,
ettt » f’( Z)

Sal(p) = {f €A: RGW > peosa, |al <

s

2,p<1,zeu}. (4)
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We have S, (0) = S, where S, is the class spiral functions of type a.
In this paper we consider the integral operator Miller-Mocanu-Reade, I g~ :
E — H(U), E CH(U) defined by:

s = | 225 [ ety wa]”, )

where ¢, € H[1,n] with ¢(2)p(2) #0,z €U, o, 5,7, € C, B # 0, a+d = B+
and Re (a+6) >0, f € A, f(2) =2+ apn12" ™+, neN-{0}.

The integral operator I, g~ s was defined by S.S. Miller, P.T. Mocanu and M.O.
Reade in 1978 [1] and studied in [2], [3], [4], [5].

Fora=p=¢70€R,§="7, f € Sy(p), p(2) = p(z) =1, z €U, from (5) we
obtain the integral operator

e—lO’

1) = [0 [l ooa) ©)

27

for all z € U, that was studied by S.K. Bajpai in 1979 [7], which proved that if
f€8:(p),0<p<1, Rey> —pcoso, |o| < F, then T, , € S,(p).

From (5), fora=8,v=0,6 =0, f € A, ¢(2) = p(2) =1, z € U, we obtain the
integral operator Miller-Mocanu [8],

1

Z B
Ta(z) = [5/ t—lfﬁ(t)dt] el (1)
0
In this paper we obtain properties of integral operator I, g..5(f).

2. PRELIMINARIES

We need the following lemmas.

Lemma 1. Pascu [9]. Let o be a complex number, Re o > 0 and f € A. If

1— ’z|2Reo¢ Zf”(z)
Re « f(2) =1 (8)
for all z € U, then the function
Fo(z) = ot ’tdtr 9
@ =a [rw 0

is reqular and univalent in U.
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Lemma 2. General Schwarz Lemma [10]. Let f the function regular in the disk
Ur = {z € C: |z| < R}, with |f(2)] < M, M fized. If the function f has in z =0
one zero with multiply > m, then

M m
] < glal™, = € Un, (10)

the equality (in the inequality (10) for z # 0) can hold only if

where 0 is constant.

3. MAIN RESULTS

Theorem 3. Let a, 3, v, & be complex numbers,  # 0, 8+ = a+0 # 0,
a = Re(a+ 6) > 0 and the functions ¢, € H[1,n] with ¢(z)p(z) # 0, z € U, the

function f € A, f(2) = z+ an12"™ + -+, L, M positive real numbers.
If
2f'(2) ‘
-1l <M, zel, 11
1) )
z¢'(2)
<L, zelU 12
o) 12
and pain
2 a
o +r< EENE N o), (13)
2n2a
then
Loprys(f)(z) = ——2(1+bz+b3z*+---) P, zel (14)
97 (2)
and 5
2P ¢ (2) 105 5(F)(2) (15)

belongs to class S.
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Proof. From (5) we have

Lopys(f)(2) = {mﬁ%]é {[(a +0) /OZ poto—1 (fiﬂ)o‘@(t)dt] aia}a?
(16)

for all z e U.
We consider the function

1

Gosl(z) = [(a +6) /0 oot <f§f)>a w(t)dt] " seu, (17)

where a + 0 = 5+ 7.
Let the function

w0 = [ (B2) e zcu (18)
which is regular in ¢ and p(0) = p'(0) — 1 = 0.
e e ) () @)
w(z)  (2f'(z) 29 (2
T e (1) + 5 seu 1)
and hence, we obtain
L= o ()| 1= | o 202 ‘ 0]
« |7 |5 e e ] &
for all z € U.
Applying Lemma 2, from (11) and (12) we get
Zﬁg) - 1' < M|2|", zel, (21)
z:jég) < L2, zel. (22)
From (20) and (21), (22) we obtain
_ 2a 1 _ 2a
1 C‘f' Zg(g) <Ll e 1), seu. (23)

We consider the function @ : [0,1] — R, Q(z) = %, where z = |z|,
z € 10,1].
‘We have
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onza
max Q) = —— e, n € N— {0}, (24)
z€[0,1] (2@ + n) %a
By (13), (24) and (23) we obtain
1— 2> | 2p"(2)
<1 2
a p) |7 (25)

for all z € U.
Now, from (25) and Lemma 1, it results that

Gas €S, Gas(2)=2+boz+ byz? + - , (26)

hence, for « + § = 8+, from (16) and (26) we have
1

Tapys(f)(2) = — Z(1+bzz+bgz2+---)%, zeU (27)
¢ (2)
and ,
257 GF ()5 S(F)(2) €S (28)

Remark 1. From Theorem 3, for ¢(z) =1 and v = 0 we have 1o g0s(f)(2) belongs
to class S.

Corollary 4. Let a, 3, 7, 6 be complex numbers, « = 3 = €, 0 € R, § = 7,
a = Re(e” +v) > 0 and the functions ¢(z) = ¢(2) = 1, 2 € U and the function
feA, f(2) =2+ az® +---, M positive real number.

If
!
ZJ{(S) - 1‘ <M, zel, (29)
2a+1
2 1) 2a
e Gat e (30)
then .
Tyo(z) = 2(14boz+---) o, zelUl (31)

and Ty »(z) belongs to class S.

Proof. Using (20) and Theorem 3 for n = 1, we obtain Corollary 4.
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Corollary 5. Let 8 be a complex number, Re 3 > 0, the functions ¢(z) = ¢(z) = 1,
z €U and the function f € A, f(2) =z + a2 +---, M positive real number.

If

zf'(2)
B —1’<M7 z€eU, (32)
18] < mﬁiﬁ;? o , (33)

then the integral operator Miller-Mocanu, Jg, belongs to class S,
Jg(2) =2+ bez® +---, z€U. (34)

Proof. We have vy =10, =0, a =f, ¢(2) = ¢(2) =1 and a = Re > 0. Applying
Theorem 3 and using (19), we obtain Corollary 5.
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