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ABSTRACT. Using the technique of the differential subordination, we, here, ob-
tain certain sufficient conditions for starlike, parabolic starlike, convex and uniformly
convex functions.
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1. INTRODUCTION

Let A denote the class of all functions f analytic in E = {z : |z| < 1}, normalized by
the conditions f(0) = f’(0) — 1 = 0. Therefore, Taylor’s series expansion of f € A,
is given by

oo
f(z)=2z+ Z anzt.
k=2
Let the functions f and g be analytic in [E. We say that f is subordinate to g

written as f < ¢ in E, if there exists a Schwarz function ¢ in E (i.e. ¢ is regular in
|z| <1,6(0) =0 and |¢(z)] < |z| < 1) such that

f(z) = g(0(2)), |2] < 1.

Let @ : C2 x E — C be an analytic function, p an analytic function in E with
(p(2), 2p'(2);2) € C? x E for all z € E and h be univalent in E. Then the function p
is said to satisfy first order differential subordination if

O(p(2), 2p'(2); 2) < h(z), 2(p(0),0;0) = A(0). (1)

A univalent function ¢ is called a dominant of the differential subordination (1) if
p(0) = ¢q(0) and p < ¢ for all p satisfying (1). A dominant ¢ that satisfies § < ¢ for
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all dominants ¢ of (1), is said to be the best dominant of (1). The best dominant is
unique up to a rotation of E.
A function f € A is said to be starlike of order a(0 < o < 1) in E if

R (?gi?) >,z € E.

Let 8*(«) denote the class of starlike functions of order a. Write $*(0) = S*, the
class of starlike functions.
A function f € A is said to be convex of order (0 < v < 1) in E if it satisfies the

condition 102)
2" (z
R <1+ f,(z)>>a,zeIE.

Let the class of such functions be denoted by K(«). Note that (0) = K, the class

of convex functions.
A function f € A is said to be parabolic starlike in E if

* (7))~ [T

The class of parabolic starlike functions is denoted by Sp. A function f € A is said
to be uniformly convex in E if

® (e 50)

Let UCV denote the class of all such functions.
In 2003, Irmak et al. [4] studied the class Th(«) consisting of functions f € A
satisfying the following condition

—1],z €E.

,z2 € E.

2f'(2) + A2 f"(2)
(1= f(z) +Azf(2)

and obtained certain conditions for f € A to be a member of class Ty(«) and
consequently, they get some sufficient conditions for starlike and convex functions.
The work of Irmak et al. ([4], [5], [6]) is the main source of motivation for the present
paper.

Let S(A, ) denote the class of functions f € A for which

2F(2) + AP (2)
" <<1 "N+ A1)

<1+(1—-a)z,0<a<l,z€E,

>>a,0§)\§1,0§a<1,26E. (2)
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Note that S(0,a) = §*(«) and S(1, a) = K(«).
Let S(\) denote the class of functions f € A for which

2f(2) + A2 f1(2) () AR
" ((1 )+ AZJ”(Z)) g ‘ EICEETICHR

Clearly, S(0) and S(1) are usual classes Sp and UCV respectively. Define the
parabolic domain 2 as under:

Q={u+iv:u>+(u—1)2+v2}.

Note that the condition (3) is equivalent to the condition that <

0<A<1,zeE. (3)

2f'(2) + 222 f"(2) )

(1 =Nf(z) +Azf'(2)
take values in the parabolic domain Q.
Ronning [2] and Ma and Minda [1] showed that the function defined by

q<z>=1+;<log(if£))2 (1)

maps the unit disk E onto the parabolic domain €.
Therefore, equivalently condition (3) can be written as:
2f'(2) + A2 f"(2)
- NI+ A ()

< q(2)

where q(z) is given by (4).

In the present paper, we obtain sufficient conditions for a function f € A to be
a member of class S(\, a) and S(\). As consequences of our main result, we obtain
sufficient conditions for starlikeness, parabolic starlikeness, convexity and uniform
convexity of analytic univalent functions.

2. PRELIMINARIES

To prove our main results, we shall use the following lemma of Miller and Mocanu

[3].

Lemma 1. Let g be a univalent in E and let 0 and ¢ be analytic in a domain D
containing q(E), with ¢p(w) # 0, when w € q(E). Set Q(z) = z¢'(2)d[q(2)], h(z) =
0[q(2)] + Q(z) and suppose that either

(i) h is convex, or

(ii) Q is starlike.

In addition, assume that
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zh!(z)

Q(2)

(iii) R (

and

) > 0 for all z in E. If p is analytic in E, with p(0) = q(0), p(E) C D

Olp(2)] + 2p'(2)d[p(2)] < Ola(2)] + 2¢'(2)la(2)], = € E,
then p(z) < q(z) and q is the best dominant.

3. MAIN RESULTS
Theorem 2. Let 8 # 0 be a complex number. Let q(z) be a univalent function in E

such that Y .
o))

If f € A satisfies

B 2f'(2) + A2 f(2) ] [f’(z) + (1 +2)0)2f"(2) + /\ZQf”(Z)] Bzd'(2)
-0 TG e )+ 3 ) ) q(Z)+<6§<z> ’
e F12)+ A2 (2)

2f(2) + X2 f" (2
- NfG) +hegi(z) “ 2B
where 0 < X\ <1 and q(z) is the best dominant.
PN .
Proof. On writing, AN T aefi(s) u(z), in (6), we obtain:
Beu'(2) Bzq'(2)
u(z) + a) q(z) + a(2)
Let us define the function 6 and ¢ as follows:
O(w) =w
and 5
d(w) = w
Clearly, 6 and ¢ are analytic in domain D = C\ {0} and ¢(w) # 0 in D. Therefore,
Q) = o))z () = P01
and
Bz2d'(2)
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QG ') ()
Q) T ek )

W) ) ) ale)

On differentiating, we obtain and

Qlz) q(z)  q(z) B

h/
In view of the given conditions, we see that Q is starlike and (ZQ (z)) > 0.

Therefore, the proof, now follows from Lemma 1.

4. APPLICATIONS:

2
2 1
Remark 1. When we select the dominant q(z) = 1+ —; <log< + \/5>> i
T

Theorem 2, a little calculation yields that

4\/z 14+/2
L)) 1ee i atgle(i)
I T (B 1 ()
and
NG 1447
I+ 2q"(z)  2q(2) N q(2) _ 14z n Vz _ m(1-2) log (1—\/2)
q(2) q(2) p 2(1 = 2) (1—2)log (iﬁ) 1+ % <1og Gtﬁ>>2

2
1 2 1
+= (14 = (log + vz .
AT Sy~
Thus for positive real number [, we notice that q(z) satisfies the condition (5) in

Theorem 2. Therefore, we immediately arrive at the following result.

Theorem 3. Let 8 be a positive real number. If f € A satisfies

2f'(2) + A2 f"(2) ] 3 [f’(Z) + (1L +20)2f"(2) + AZQf”(Z)]
(1 =M f(2) +Azf(2) f'(2) + Az f"(2)

-5 |

n

2 1+v2\\’ 7 z10g<1+f)
-<1+7r2<10g<14__\/§>> +5 1—:(1 <)10g<1 g)) ,2z €K,

then f € S(A),0 <A <1
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Setting A = 0 in Theorem 3, we get the following result.

Corollary 4. Let 8 be a positive real number. If f € A satisfies

T () < (e (152))

iy log (127F)

e (on (127))

(1-5)

+6

,2 € E,

then f € Sp.
Setting A = 1 in Theorem 3, we get the following result.

Corollary 5. Let 8 be a positive real number. If f € A satisfies

2f"(2) F(2) + 321"(2) + 22 (2)
e ) o < P+ 2 >

<1—m(1+

<142 <10g<1+\/g>>2+ﬁ %IOgGiﬁ) 2
: )

1-vz 1+%<log<if
Remark 2. When we select the dominant q(z) = €* in Theorem 2, a little calculation

yields that
'(z) () _

R

,2 € E,

N

D

then f € UCYV.

1+

R C)
an ") () qlz) :
z2q" (2 z2q' (z q(z) e

e T ae T TV

Thus for positive real number 3, we notice that q(z) satisfies the condition (5) in
Theorem 2. Therefore, we immediately arrive at the following result.

Theorem 6. Let 5 be a positive real number. If f € A satisfies

2f'(2) + A2 f"(2) } 8 [f’(Z) + (14 20)2f"(2) + A2 f"(2)
(1 =N f(z) +Azf(2) f'(2) + Az f"(2)

< e+ Bz,

2f'(2) + A2 [ ()
(1 =AM f(2) +Azf(2)

<ef,0<A<1,z€E.
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Setting A = 0 in Theorem 6, we get the following result.

Corollary 7. Let 8 be a positive real number. If f € A satisfies

2f'(2) 2f"(z)

O TE) e

+5<1+ >-<€Z+ﬁz,z€E,
then f € S*.

Setting A = 1 in Theorem 6, we obtain the following result.

Corollary 8. Let 8 be a positive real number. If f € A satisfies

Zf"(2)> (f'(z) +32f"(2) + ZQf'"(Z)>
1- 1+ + < e* + Bz,2 €K,
a-0 (1+505) o (PG s
then f € K.
1 1-2
Remark 3. When we select the dominant q(z) = +(1—za)2;0 <a<lin
Theorem 2, a little calculation yields that
1+ 2q"(2)  2q'(2) _ 1+ (1—2a)2?
¢(z)  q(z)  (A=2)1+(1-2a)2)
and
L+ 2q"(z)  2d'(2) N q(2) _ 1+ (1-2a)z? 1+ (1—-2a)z

7 9 8 -2+ (-2002 Bl-2)

Thus for positive real number B, we notice that q(z) satisfies the condition (5) in
Theorem 2. Therefore, we immediately arrive at the following result.

Theorem 9. Let 5 be a positive real number. If f € A satisfies

B 2f'(z) + A2 [ (2) () + (1 +20)2f"(2) + A2 " (2)
(1=5) (1—)\)f(z)+)\zf’(z)] +5[ F(2) + Ae f7 (2)
1+ (1—-2a)z 262(1 — «)
B A=+ —2a)7 " &

then f € S(A\,a), where 0 <A< 1,0<a<1.

Setting A = 0 in Theorem 9, we get the following result.
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Corollary 10. Let 8 be a positive real number. If f € A satisfies

2f'(z) zf”(z)) - 1+ (1-2a)z 202(1 — «)
f(2) f'(2) 1—2 (1—-2)[1+(1—2a)z7]

then f € S*(w).

(1-5) +ﬁ(1+ 0<a<l,zeck.

Setting A = 1 in Theorem 9, we obtain the following result.

Corollary 11. Let 3 be a positive real number. If f € A satisfies

3 zf"(2) f'(z) +32f"(2) + 22 f"(2)

(1=F) (1 TR ) o ( )+ 2 )
1+ (1-2a)z 262z(1 — )

=< T (1—z)[1+(1—2a)z]’0§a<1’Z€E'

then f € K(a).

Remark 4. When we select the dominant q(z) =1+ az;0 < a < 1 in Theorem 2,
a little calculation yields that

L) ()
q(z) q(2) 14+ az
and
14 2q"(2) 3 2¢(z)  qlz) 1 1+az

7(z)  a(z) I B
Thus for positive real number B, we notice that q(z) satisfies the condition (5) in
Theorem 2. Therefore, we immediately arrive at the following result.

Theorem 12. Let 8 be a positive real number. If f € A satisfies

2f'(2) + A2 f7(2) £'(2) + (1+20)2"(2) + A2 £ (2) Baz
(1—/\)f(z)+/\zf’(z)}+ﬂ{ < 1+az+

(1-5) F(2) + Xzf"(2) 1+az’

then
2f'(2) + A2 ()

(1 =Nf(2) +Azf'(2)

<14+az2,0<a<1,0<A<1,z€E.

1
Remark 5. When we select the dominant q(z) = 1 Rk in Theorem 2, a little

calculation yields that
2q"(z)  2q'(z) _ 1427

YU T 12
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and
2q"(2)  2q'(2)  a(z) 142 142z

= + )
¢(z) alz) B 1-22 Bl-=z)
Thus for positive real number [, we notice that q(z) satisfies the condition (5) in
Theorem 2. Therefore, we, immediately arrive at the following result.

1+

Theorem 13. Let 8 be a positive real number. If f € A satisfies

2F'(2) A2 (2) F(2) 4 (L 202f"(2) +A2F"(2)] 142, 282
(1—A)f(Z)+AZf’(Z)] ’ { P+ A2 f"(2) ]*1—?1—%’

(1-5)

then
2f'(2) + A2 f"(2) 1+z2

(I=Nf(z)+A2f'(2) 11—z

,0< A<, z€E.

1+ 2
1—=z2

.
Remark 6. When we select the dominant q(z) = ( ) , 0 <~ <1in Theorem

2, a little calculation yields that

d2)  (s) 1422
e T 12

and

1 —_
+ 1—2

= +
¢(z)  qz) B 1-22 B
Thus for positive real number 3, we notice that q(z) satisfies the condition (5) in
Theorem 2. Therefore, we, immediately arrive at the following result.

2q"(2) 2 (2) N q(z) 142 1 (1 —i—z)v.

Theorem 14. Let 8 be a positive real number. If f € A satisfies

2f'(2) + X227 (2) ] [f’(z)—|—(1+2)\)zf”(z)—|—/\z2f”(z)} (1—!—2’)7 2Bvz
1—
S (YT Fs v ) R &)+ 37 (2) i) i
e ) A2 (12
2f'(2) + A22f"(z +z
<\\<l1 <1 E.
= Nf(2) + el (2) =< <1Z> ,0< A<, 0<y <1,z €

. od(1—2z) .
Remark 7. When we select the dominant q(z) = 2 o > 1 i Theorem 2,
a little calculation yields that

14 2q"(z)  2q'(z) _ 1 4

¢(z)  qlz)  1-z o-—z
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and
1+

) ) B 1-z a-z B\ a-2

Thus for positive real number B, we notice that q(z) satisfies the condition (5) in
Theorem 2. Therefore, we, immediately arrive at the following result.

2q"(z)  zd'(2) n q(2) 1 z 1 (a’(l - z)> .

Theorem 15. Let 8 be a positive real number. If f € A satisfies

3 2f'(2) + A2 " (2) f'(2) + (L +2X0)2f"(2) + X2 f"(2)
-0 [ S rerel T e |
o(1—2) Bl —a)z
Y (1-2)(a —2)’
then

2f'(2) + A2 f"(2) - o/ (1-2)

">1,0<2<1 E.
=N T aefi(s) ~ a—s @7 h0sAshze

Remark 8. Selecting A = 0 and A = 1 in above results, we get sufficient conditions
for starlikeness and convezity for the function f € A as discussed in Theorem 6 and
Theorem 9.
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