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BELLWETHERS OF COMPOSITION OPERATORS ACTING
BETWEEN WEIGHTED BERGMAN SPACES AND WEIGHTED
BANACH SPACES OF HOLOMORPHIC FUNCTIONS

E. WoLF

ABSTRACT. Let D denote the open unit disk in the complex plane and H (D)

the set of all analytic functions on D. Now, let v : D — (0,00) be a weight, A2 the
weighted Bergman space generated by the weight v and H;° the weighted Banach
space of holomorphic functions f on D such that sup,cpv(2)|f(2)| < oc.
An analytic self-map ¢ of D induces the linear composition operator Cyp : H(D) —
H(D), f+— fo¢. We investigate under which conditions on the symbol ¢ and the
weight v the operator Cy, : A2 — HZ° is a bellwether for boundedness of composition
operators where Cy being a bellwether means that Cy acts boundedly if and only if
all composition operators act boundedly.
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1. INTRODUCTION

Let D be the open unit disk in the complex plane and H (D) be the collection of all
analytic functions on ). An analytic self-map ¢ of D induces through composition
a linear composition operator

Cy: HD) — H(D), f— foo.

For many reasons these operators play an important role. One of them is that in
the classical setting of the Hardy space H? they link operator theory with complex
analysis. Moreover they provide a large class of operators which gives many examples
on basic operator theoretical questions.

For more information on composition operators we refer the reader to the excellent
monographs of Cowen and MacCluer [7] and of Shapiro [9].

Now, let v : D — (0,00) be a continuous and bounded function. Such a map is
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called a weight. We will study composition operators that act between the weighted
Bergman space

i {f € HD), |fls = (/Df(z),zv(z) dA(z))2 - oo}

where dA(z) denotes the normalized area measure and the weighted Banach spaces
of holomorphic functions given by

o= { € HO) 111, =swp ol < oo}

Endowed with the weighted sup-norm ||.||, these are Banach spaces. They arise
naturally in a number of problems related to functional analysis, Fourier analysis,
partial differential equations and convolution equations. Later, they became of inter-
est themselves, see [3] and the references therein for further and deeper information.
In [6] Bourdon studied composition operators acting on weighted Banach spaces
generated by the weights that satisfy the following conditions.

We say that v is radial, if v(z) = v(|z|) for every z € D. A radial weight is called
typical, if v is radial, non-increasing w.r.t. |z| and satisfies lim|,_,; v(z) = 0.
Taking Bourdon’s notation we say that Cy is a bellwether for boundedness of com-
position operators if for each typical weight v the boundedness of Cy : A2 - H®
ensures the boundedness of all composition operators acting between A2 and HZ°.
Bourdon analyzed the relation between ¢ having an angular derivative less than
1 and inducing a bellwether for boundedness of composition operators on typical-
growth spaces.

More precisely, if ¢ has an angular derivative less than 1, then Cy is a bellwether.
Conversely, if all angular derivatives of ¢ exceed 1, Uy is not a bellwether. It is still
an open question, if Cy being a bellwether implies that the inducing symbol ¢ must
have an angular derivative less than 1 at some point £ € 9D. In [11] we generalized
Bourdon’s results to the setting of the unit polydisk using two different settings. In
this article we remain in the one-dimensional setting but consider operators acting
between A2 and HS°. We give a characterization for Cy to be a bellwether and
compare our results to those obtained by Bourdon in [6].

2. BACKGROUND AND BASICS
2.1. Theory of weights

In this part of the article we give some background information on the involved
weights. A very important role play the so-called radial weights, i.e. weights which
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satisfy v(2) = v(|2]) for every z € D. If additionally lim,|_,; v(2) = 0 holds, we refer
to them as typical weights. Examples include all the famous and popular weights,
such as

(a) the standard weights v(z) = (1 — |2])%, a > 0,

(b) the logarithmic weights v(z) = (1 —log(1 — |2]))?, B < 0,
(c) the exponential weights v(z) = e_“—\lz‘”, v > 0.

In [8] Lusky studied typical weights satisfying the following two conditions

_9o—n—1
@) metE=2)

neN v(l—277)

and ( )
v(l —27"7
L2) limsup —— =
( ) n—)oop 'U(l - 2—n)
In fact, weights having (L1) and (L2) are normal weights in the sense of Shields
and Williams, see [10]. The standard weights are normal weights, the logarithmic
weights satisfy (L1), but not (L2) and the exponential weights satisfy neither (L1)
nor (L2). In our context (L2) is not of interest, while (L1) will play a secondary
role.
The formulation of results on weighted spaces often requires the so-called associated
weights. For a weight v its associated weight is given by

< 1 for some j € N.

1
sup{(2); J € HD), [l <1} ~ <

See e.g. [2] and the references therein. Associated weights are continuous, o > v > 0
and for every z € D there is f, € H(D) with [|f|l, < 1 such that f.(z) = ﬁ
Since it is quite difficult to really calculate the associated weight we are interested
in simple conditions on the weight that ensure that v and v are equivalent weights,

i.e. there is a constant C' > 0 such that

D.

0(z) :==

v(z) < 9(z) < Cu(z) for every z € D.

If v and © are equivalent, we say that v is an essential weight. By [4] condition (L1)
implies the essentiality of v.
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2.2. Setting

This section is devoted to the description of the setting we are working in. In the
sequel we will consider weighted Bergman spaces generated by the following class of
weights. Let v be a holomorphic function on D that does not vanish and is decreasing
as well as strictly positive on [0, 1). Moreover, we assume that lim,_,; v(r) = 0. Now,
we define the weight as follows:

v(z) :=v(|z|) for every z € D. (1)

Obviously such weights are bounded, i.e. for every weight v of this type we can find
a constant C' > 0 such that sup,cpv(z) < C. Moreover, we assume additionally
that |v(z)| > v(|z]) for every z € D.

Now, we can write the weight v in the following way

v(2) = min{|g(Az)], [A] = 1},

where ¢ is a holomorphic function on D. Since v is a holomorphic function, we
obviously can choose g = v. Then we arrive at

min{|v(Az)], |)\| = 1‘} = min{|v(\re’®)], |\ = 1}
< (e re®)| = v(r)| = [v(|2])| = v(2)

for every z € . Conversely, by hypothesis, for every A € dD we obtain for every
zeD
[v(A2)| = v(|Az)]) = v(|z]) = v(2).

Thus, the claim follows. The standard, logarithmic and exponential weights can all
be defined like that.

2.3. Composition operators between weighted Bergman spaces and
weighted Banach spaces of holomorphic functions

In the setting of weighted Banach spaces of holomorphic functions the classical com-
position operator has been studied by Bonet, Domanski, Lindstrém and Taskinen in
[4]. Among other things they proved that in case that v and w are arbitrary weights
the boundedness of the operator Cy : H7® — Hp;’ is equivalent to
w(z)
SUp —— 4~ < 00.

zeD v(¢(Z)>

Moreover, they showed that v satisfies condition (L1) if and only if every composition
operator Cy : H° — H° is bounded.
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This was the motivation to study the boundedness of composition operators act-
ing between weighted Bergman spaces and weighted Banach spaces of holomorphic
functions. Doing this we obtain the following results which we need in the sequel.

Lemma 1 ([13], Lemma 1). Let v(z) = v(|z|) for every z € D with v € H(D) be a
weight as defined in Section 2.2. Then there is a constant M > 0 such that

[1f]lo,2

f) < M——12
S N !

for every f € A2

The following result is obtained by using the previous lemma and following ex-
actly the proof of [12] Theorem 2.2. We gave the full proof in [14] Theorem 2.2.

Theorem 2 ([14], Theorem 2.2). Let v(z) = v(|z|) for every z € D with v € H(D)
be a weight as defined in Section 2.2. Then the operator Cy : A% — HX is bounded

if and only if )
v(z

sup T <
€D (1 = [¢(2)[*)v(d(2))2
Having characterized the boundedness of the composition operator acting be-
tween A2 and HZ° we took the second result of Bonet, Domanski, Lindstrém and
Taskinen as a motivation to ask the question: For which weights v are all operators
Cy: A2 — H° bounded? The answer is as follows:

Theorem 3 ([14], Theorem 3.2). Let v(z) = v(|z|) for every z € D with v € H(D)
1

(2)

be a weight as defined in Section 2.2. Moreover, let sup,cp % < oo. Then the

composition operator Cy : A2 — HS® is bounded for every analytic self-map ¢ of D
if and only if

2-n _ 27n72 1— anfl L

L o )b

0.
neN v(l =277 ~

2.4. Geometry of the unit disk
Let p € D and o, denote the Mobius transformation that interchanges p with 0, i.e.

ap(z) = 1'2__;2 for every z € D.

As a corollary to the Schwarz lemma, every automorphism « of D is of the form
a(z) = Eap(z) for every z € D, where £ € 9D and p € D.

The following facts are well-known:
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—1212)(1—|p|2
2. 1= Jap(2)? = G=EALR0),

Moreover, we need the following lemma given by Bourdon in [6].

Lemma 4 (Bourdon). Suppose that a is a holomorphic automorphism of D. Then
for0<r<1,
la(0)| + r
max |a(z)| = ———.
|z|=r | ( )| 1+ ’06(0)’?”

Next, we need some facts about the behaviour of holomorphic functions in the
unit disk. It is well-known that every bounded function in H (D) has non-tangential
limits at every point of a subset of D having full Lebesgue measure. When f € H (D)
has a non-tangential limit at £ we denote the value of the limit by f(¢).

Recall that the holomorphic self-map ¢ of D has angular derivative at £ € 9D if
there is n € D such that

. p(2) = ’
< lim ——— =: ¢'(z 3
lim T2 = () 3)
exists as a complex number, where < lim,_,¢ denotes the non-tangential limit. The
limit in (3) is called the angular derivative of ¢ at . Furthermore, for our investiga-
tions we need the Julia-Carathéodory-Theorem as well as some of its consequences.

For more details including the proofs of the results listed below we refer the reader
to [6].

Theorem 5 (Julia-Carathéodory-Theorem). Suppose that ¢ is a holomorphic self-
map of D and £ € OD. The following are equivalent:

(a) there is n € 0D with

¢ == lim 2T <o,

(b) ¢ and ¢' have finite non-tangential limits at & and p(§) =n has modulus 1.

(¢) liminf, ¢ 171|_§0‘(ZZ|)| =0§ < 0.

Moreover, with the given assumptions, & > 0, ¢'(§) == lim,_¢¢'(z) = 1€l and
finally < Tim. e S5 =1/ (6)]

Corollary 6. Suppose that ¢ has no angular derivatives having modulus < 1. Then
there is a positive number r < 1 such that |p(2)| < |z| whenever r < |z| < 1.
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Lemma 7 (Julia-Carathéodory inequality). Suppose that liminf,_,¢ %ﬁ” =<
oo and n is the non-tangential limit of ¢ at &, then for all z € D,

_ 2 42
= el _ sle— =
T o) = 1=

Another important classical result which plays a main role in this article is the
Denjoy-Wolff-Theorem. The n-th iterate of an analytic self-map ¢ of D is denoted

by ¢".

Theorem 8 (Denjoy-Wolff Theorem). Let ¢ be an analytic self-map of D. If ¢ is
not the identity and not an automorphism with exactly one fixed point, then there

is a unique point p € D such that (¢"), converges to p uniformly on the compact
subsets of D.

3. RESuLTS
Theorem 9. Let v be a weight as defined in Section 2.2. Moreover we assume that
1

v satisfies (L1) and sup,cp % < 00. Then the following are equivalent:
(a) Cy: A2 — H® is bounded for every analytic self-map ¢ of D.
(b) Cy, + A2 — H with
Ya(2) =az+1—a for every z € D

is bounded for every a € (0,1).

Nl

(c) inf,en (17(1%”;(11)2%)1%%1) > 0 for every a € (0,1).

1
(d) inf,en (1=(1=a Z(ll)i)(lv,f)l_a e > 0 for some a € (0,1).

(S

(e) infye(o] (17(17?)?12_)12)(17“) > 0 for some a € (0,1).

(f) Co : A2 — HZ® is bounded for some automorphism « of D with «(0) # 0.

(9) Co: A2 — HS® is bounded for every automorphism o of D.
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Proof. The implication (a) = (b) is trivial. Next, we show that (c) follows from
(b). To do this, we fix a € (0,1). Then obviously ¢7(0) = 1 —a". Since the operator
Cy, is bounded, we can find M > 0 such that

v(z)

sup < 00.

zeb (1 = [Pa(2)[*)v(¥a(2))

Now, we pick z = ¢ (0), n € N arbitrary, and obtain using the inequality above

v(l —am)

(1— (1 —ant1)2)p(1 — qntl)2

which is equivalent to

1
(1 _ (1 _ a”+1)2)v(1 _ a"ﬂ)i 1
U(l — a”) > M > 0.

The implication (¢) = (d) is obvious. Thus, we proceed with showing that (e)

follows from (d). Here, we suppose that § := inf, ¢y
have to distinguish the following cases:
First, we assume that a <t < 1. Then

NI

1—(1—at)?)v(l —at)?
v(l—1t)

(1—(1—a®)*)o(l —a?)

0<y:= 2(0)

<

Now, if a**1 <t < a* we obtain

(1—(1—at)?)v(l—at)z _ (1—(1—a"+2)2)p(1 — ak+2)2

>
v(l —1t) - v(1 — ak)
1 k+2)2 k42 o k+1
:(1 (I1—=a")" )l —a"")2v(l—a )>55>0
v(1 — aktl) v(1 — ak)
v(lfakﬂLl)

where inf,en otk > d since v has (L1).
Next, we prove that (e) implies (f). First, we suppose that (e) holds:

C(1—at)?)o(1—at)?
(1-(-ah)ol=at)? - g, Now, let p = 17—3 so that p is positive and

)\ = inftE(O,l]

v(1-t) 1+
% = a. We show that the automorphism oy (2) = {=Z induces a bounded compo-

sition operator. Note that a,(0) # 0 since p # 0. Using Lemma 1 and the fact that
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v is non increasing and radial we find that for z € D:
v(2) § o(j2))
1T =
(1= lap(2)P)v(ep(2))z ( Ptz )’ ( ’ P2

1+plz| 1+plz]

(1= [2)

_ 11— _ ptle]
(1 ‘1 (1 1+p\|>

1
(A=p)(=lzD\2 (1 _ 1 — A=p)(=]z)
v (1 1+plz| ) (1 ‘1 1+plz|
v(1—(1—|z)))
T 2
v (1 i \z\)) : (1 - ‘1 — (12
) o= (1= =) 3
= o ~ <
v(1=a(l=|2)? (1= 1= a(1 - |2)])
Hence the operator Cy, must be bounded.
Next, we show that (f) implies (g). We suppose that (f) holds. C, : A2 — H is
bounded for a = £ay, where |{| =1 and p € D\{0}. Since C, is bounded, we have
o(2) . o(2)

su I = i < o0

D v(a(z))2(1—|a(z)]?)  =eb v(ap(2))2 (1 = |ap(2) )
since v is a radial weight. Thus, Cy,, is also bounded. Note that «y, has Denjoy-Wolff
point — ‘ i € OD. Hence lap(0)] = 1 as n — oo. Let 7(2) = {{=L be an arbitrary
disk automorphism. We choose the positive integer n such that |a; (0)| > [q| and let
s = |a;(0)]. We know that Cy is bounded. Thus, there is a constant C' such that

for every z € D:

[N}
N———

no
N————

<
= |—
—

|
—
—

|
X
~—
~—

[N}
N———

N—

>| =

1v(z) <C
v(ag(2))2(1 = lap(2)?)

Let z € D be arbitrary, let r = |z| and choose 29 with |20| = 7 such that [aj (z0)| =

i Since x +— {£EL is increasing for —l <2< o0, g/ <sandvandl—|z* are
non-increasing
o(2) 3 o(2) < o(2)
1 — 1 2 — 1 2
o NEA = 7)) (Jar \E (1 e P) g (e \E (1 | et
1+]g|r 1+]g|r 1+sr 1+sr
_ v(2p) <C

v(an(2))7 (1 — |an(z)[2)
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and it follows that C, is bounded.

Last, we prove that (g) implies (a). Let ¢ : D — D be an analytic map. Let p = ¢(0).
Then C,, is bounded by hypothesis. Next, we consider ¢ = a; o ¢. Then Cy is
bounded since 1(0) = a,(¢(0)) = a,»(0) = 0. Then, by the Schwarz Lemma we have
that |1(z)| < |z| for every z € D and thus

1

v(2) < v(2) v(z)2

sup SUp————————F7 =SUp 77— 57 <0

2eb (1 — |9(2)2)v(w(2))2 ~ 2eb (1 — |2[2)v(2)z  zeb (1= [2]?)

by hypothesis. Now, Cy = CyC,_, must be bounded as composition of bounded
operators.

Next, we want to compare condition (L1) with the following condition

(1—(1—2"""12)p(1 —27""1)2

inf 0. 4
neN o(l—2-m) ~ )
First, we reformulate equation (4) and obtain
2—n—1 1 —9—n-1 L
inf ol )~ 0. (5)

neN v(l —27n)

Now, we will show that (L1) does not imply (5): To do this we consider the
standard weight v(z) = 1 — |z| for every z € D. It is well-known that this weight
satisfies (L1). But it does not enjoy (5) as the following calculation shows:

2 ly(1 — 27713 2-n—1975 e
inf ol P22 e
neN v(l —27n) neN 2-n neN

1

Conversely, (L1) does not follow from (5). We pick the weight v(2) = (1—|z|?)e” -
for every z € D. Then v does not satisfy (L1) since for every n € N we have

o(l—277) 22
v(l —2-n)  272ne=2" 4

if n — oo. Hence (L1) is not satisfied.
It remains to show that (5) is fulfilled. For every n € N:

n+1
L e i LU e i D S
v(l —2-1) 2-2ne—2" 47

Thus, the claim follows.
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Example 1. (a) Let v,(z) = (1 — |2|)%, a > 2. Then v, satisfies all the required
conditions:

(i) It is well-known, that v, has condition (L1).

(i) Moreover,

v(2)? (L |=)%~!
sup 2 AT - s <
e (1—1212) e 1412 2€D
since § —1 >0 by hypothesis.
ooy —n—1 _9—n—1 : . —n—1(9g—n—1\5 . a o
(i4i) inf,en 2 vl()fl_;n) )2 inf,en % = infpey 22 V2271 =
1
1>
; ; — (=] ~
(b) We consider the weights vq g(2) = T loa()P? @ 2 3 B > 0. These weights

also satisfy all the required conditions.
(i) va,p has the condition (L1) since both, the standard and the logarithmic
weights, have this condition.

1 a
’ (22 _ (1-f=p2~" -
(1) sup,ep (f_zmg) = SUpP,cp (1+|z\)(1—zlog(1—\z|))ﬁ < 00, since § > 0.

1
. 277171,[) 1_2771,71 3 .
(i3i) inf,en v(£—2—n) )2 inf,en

1> 0 by hypthesis.

23197 1= (1 4nlog2)8
B
(14+(n+1)log2)2

> 0 since % —

1
(¢) Finally, we look at the exponential weights vy(z) =e 0-TD7 v > 0.

(i) It is well-known that the exponential weights do not satisfy condition (L1).
(ii) We have

v(z)% ¢~ Tl
SUp 75y = Sup ———5 < 00.
zeb (1 — ’Z|2) zed (1 — |Z|2)
e o3
(iii) infper *— :(Jl(l—_;n; D2 = infen 27" le 12" 02" = infen 2771 = 0.

Theorem 10. Let v be a weight as defined in Section 2.2. Moreover we assume that
1

v satisfies (L1) and sup,cp % < 00. Suppose that Cy : A2 — HZ® is bounded
and that ¢ has an agular derivative less than 1 at some point & € OD. Then every
composition operator acting between A2 and H° is bounded.
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Proof. Applying the Julia-Carathéodory theorem we can find n € 9D such that ¢
has nontangential limit 1 at £&. By Theorem 2 the composition operators (5, and
C¢. are bounded since

| = su v(z) ()7
€51 = seb (1 - [72[2)v(m2)z  =ep (1= 12?)

v(z) v(z)2

Ce.|| = sup =sup ————- < X
Il 2eD (1— |€22)v(€z)2 zeb (1 —[2]?)

by hypothesis. Hence the composition operator with the symbol ¢ defined by ¢ (z) =

no(£2) is also bounded. Moreover, (1) = 7¢p(£) =1 and ¢'(1) =7¢'(€) = |¢'(§)| <
1. Hence ¢ has Denjoy-Wolff point 1. We put a := ¢/(1) < 1. Using the Julia-
Carathéodory inequality inductively we obtain for every n € N

L—yr)P L
) = 1= P

Hence, for every n € N: |1 —¢"(0)| < 2a™. Thus, for every n € N we arrive at
[1=9"(0)] = g(n)a™

where g is a positive bounded function on N. Since (¢"(0)),, converges non tangen-
tially to 1 we can apply the Julia-Carathéodory theorem to conclude that

—loym+1
limy, oo % = qa or, equivalently, lim, oo g(gﬂg)l) = 1. For each n € N set

en, =n+log,(g(n)). Then

Since (loga (%)) tends to 0 asn — oo we can find K € Nsuch that e, 1—e, >
n

3 for every n > K. Because Cy, is bounded, (Cy)® = Cys is also bounded and there
is a constant M such that

€n+l — €n =1 +10ga (

< M for every z € D.

v(2)
(1= [3(2)R)o(e3(2))2
Thus, for every n € N,

v(1— (1 —[¥"(0)])) _ o1 —a®™)

M > T = Te
(1= (1= g3 (0)2)o(L — [gr2(0))F (1= (1= asren)2ju(l - arsa)’s

36



E. Wolf — Bellwethers of composition operators ...

Let j € N such that j > K + log,(g9(K)) = ex. Now, let nyp > K be the greatest
positive integer such that e,, < j. Note that e,,+; > j. Since ep41 — e, > % for
every n > K we have that

€ng+3 > €ng+1 = J + 1.
Since v and the standard weights are decreasing we arrive at

v(1 — a’) < v(1 —ao) <M
(1—(1—a1)2)u(l —ait)z ~ (1— (1 —ao+2)2)p(l — a®o+2)z

Since j > ey is arbitrary, it follows that

> v( _ n+1) (1 ( _an+1)2)
1-—

1
2
> 0.
neN 'U(

Thus, all composition operators acting between A% and HZ° are bounded.
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