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ABSTRACT. The main object of this paper is to obtain some sufficient conditions

for the convolution operator I(m)f(z) belonging to the classes a — UCV(8) and
a—ST(B).
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1. INTRODUCTION

Let A be the class of consisting of functions f(z) of the form
o0
f(2) :z+2anz", (1)
n=2

which are analytic in the open unit disc U = {2 : z € C' and |z| < 1} and satisfy the
normalization condition f(0) = f/(0) — 1 = 0. Further, we denote by S the subclass
of A consisting of functions of the form (1) which are also univalent in U. Further,
we denote by T the subclass of S consisting of functions of the form

f()=2=) lanl2". (2)
n=2

A function f € S of the form (1) is said to be starlike of order «, if and only if
!/
%{zf(z)} >a, z€eU,
f(2)
and is said to be convex of order «, if and only if

2f"(2)
f'(z)

§R{1+ }>a, zeU.
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The classes of all starlike and convex functions of order « are denoted by S*(«)
and C(«), respectively, studied by Robertson [12].

In 1997, Bharti et al. [2] introduced the following subclasses of analytic univalent
functions in the following way
A function f of the form (1) is in oo — ST(f3), if it satisfies the following condition

SECIENELE
f(z) f(2)

and f € a —UCV(p) if and only if 2f' € a — ST(3).

By specialzing the parameters in o« — UCV () and a — ST(B) we obtain the
following known subclasses of S studied earlier by various researchers.

—1‘+B, a>0,0<p8<1, (3)

1. a —UCV(0) = a — UCV studied by Kanas and Wisniowska [5]

2. a— ST(0) = a — ST studied by Kanas and Wisniowska [6].

3. 1-UCV(0) = UCV studied by Goodman [3]

4. 1—ST(0) = SP studied by Goodman [4].

5. 0-UCV(B) =C(pB) and 0 — ST(B) = S*(B) studied by Robertson [12].
Ruscheweyh [13] introduced the operator D* : A — A defined by the Hadamard

product
z

D“f(z):f(z)*my

which implies that

(n=-1,2€U), (4)

2(z" (=)™

n!

D"f(z) = , (neNy={0,1,2,...}).

We observe that the power series of D f(z) for the function f of the form (1) in
view of (4) is given by

I'(n+p)
D! f(z _Z+Z T+ o) n_l)anz”, (z€U).

Using the Ruscheweyh derivative Kanas and Yuguchi [7] introduced the class U R(u, o)

_ ADAC ) L DT
R F Rl e

It is easy to see that UR(1,a) = a — UCV and UR(0,0) = o« — ST

IS

-1

, aZO,zEU}.
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The confluent hypergeometric function is given by power series

. _ = (a)n n
F(a;c;2) —nz:()(c)n(l)nz ,

where a, ¢ are complex numbers such that ¢ # 0,—1, -2, ... and (a),, is the Pochham-
mer symbol defined in terms of the Gamma function, by

I'(a+n)

=)

1, ifn=0
“a(a+1)...(a+n—-1), ifneN={1,23,...}

is convergent for all finite value of z.
Recently, Porwal [9] introduced Poisson distribution series as follows

I
K (m, Z) =z + Z meimzn.
n=2 ’

The convolution (or Hadamard product) of two power series f(z) = > 77 janz"
and g(z) =Y 2, bpz" is defined as the power series

(fxg)(2) = Z anbpz".
n=0

Now, we consider the linear operator I(m) : A — A defined by
I(m)f = K(m,z) * f(2)
meT _
=z + Z ?6 manzn.
n=

In the present paper, motivated by the results of [9] and on connections be-
tween various subclasses of analytic univalent functions by using generalized Bessel
functions [10], hypergeometric distribution series [1], Poisson distribution series [8],

Confluent hypergeometric series [11], we establish some sufficient conditions for the
convolution operator I(m)f(z) belonging to the classes a —UCV () and a— ST'(B).

2. MAIN RESULTS

To establish our main results, we shall require the following lemmas.
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Lemma 1. ([7]) Let 0 < k < oo and let f € A be of the form (1). If f € UR(u, k),

then

(P)n—1'(1 4 p)
I'(n+p)
where Py = Pi(k) is the coefficient of z in the function

lan| < , neN/{l}, (5)

Pp(2) =1+ Pu(a)z", (6)
n=1

which is the extremal function for the class UR(u, k) by the range of the expression

1+ ZJ{’IEZ)’ (z € U), where P, = Py(k) is given as above above by (6).

Lemma 2. ([7]) Let f € A be of the form (1). If

o0

Y (1 +a) = (a+B)]lag| <15, (7)

n=2

then f € o — ST(B).
Lemma 3. ([7]) Let f € A be of the form (1). If

nln(l+a) = (a+p)llan| <1 -5, (8)

n=2
then f € a —UCV(S).
Theorem 4. If m >0, f € UR(u, k) and the inequality

Pm

1+
A+

F(PL+ 12+ pym) + (1= B)F (P14 wm) < (1—8)(e™ +1), (9)

is satisfied, then I(m)f € a — ST(5).

Proof. Let f be of the form (1) belong to the class UR(u, k). To show that I(m)f €
a — ST(5), we have to prove that

> mn—1
D (1 +a) = (a+ B)] e 1)!e—myan| <1-8.
n=2

Since f € UR(u, k), then by Lemma 1, we have

(P1)n—1T'(1 + p)

anl <
S E N YO

, mEN.
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Now
Ty =) [n(l+a)—( +5)]%e—m|an|
<> 1 +0a) - (a+P) (21:)! o (Pl)fl@i(; )+ )

m" ! (Pr)p—1 (1 + p)
(n—1)!  T(n+p)

- e*mZ[(l +a)(n—1)4+ (1 -7)]

Cm oSS PP+ g s T (Pl 4 p)
O o Taew PO G Terw
—m - m"! P1 n 1F(1+/~L - m"! Pl n 1F(1+/L)
1+QZ n=2)l  T(n+pu) 75; n—1!  T(n+p)

—’m. P
[(14—04)1+
<1-5

(P 152 4 pim) + (1= 8) (F(Pi 1+ ) = )

by the given hypothesis.
This completes the proof of Theorem 4.

Theorem 5. If m >0, f € UR(u, k) and the inequality

( )71( ! ) ( )+( —ﬁ)ilm ( s m)+(1=B)F( 1+p;m) < (1-B)(e™+1), (10)
+a F(P1+2;34+pn; m)+(3+2a F(P1+1;24p; m)+ F(P1;14+p;m e +1),
A+ p)(2+p) ! . 14+ p ! !

is satisfied, then I(m)f € a —UCV (S).

Proof. Let f be of the form (1) belong to the class UR(u, k). To show that I(m)f €
a—UCV(f), we have to prove that

o n—1

D nln(14a) = (@t B)) e an] <18,

Since f € UR(u, k), then by Lemma 1, we have

(P1)n1L(1 + p)
I(n+ p)

n=2

, m&EN.

|an| <
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Now
Ty = Zn[n(l +a)— (a+ B)]%eﬂ”\an\
— m" L (P)naD(1+ p)
_my o — D — o B)(n — " (PO)na (L + )
= ;[(14— Jn=1)(n-=2)+@B+2a—-p8)(n—-1)+(1 5)](11—1)! Tn+ 1)
- o — m" "' (P)n1l(1+ p) o B — m"! P1 Jn—11'(1 + )
_ (1+ ),;2(”—3)' NOE +(3+2 ; e

= m" (P, T(1+
+(1”3)2(71—1)!( )F(n—i-(u) .
Py (P, +1)m?
(T+p)(2+u)
+(1 = B) (F(P1; 1+ p;m) — 1)]
<1-p

P
F(PL+ 23+ pym) + (3 + 20 — f) ——

F(PL+1;24 u;m
1+M(1 13 m)

by the given hypothesis.
Thus the proof of Theorem 5 is established.

Theorem 6. Ifm >0, f € UR(u, k) then G(m,z) = [ I(m) eI gt s in a—UCV ()
if (9) is satisfied.

Proof. 1t is easy to see that

0 mn—1
G(m,z):z—kz o e MmZ"

n=2

To show that G(m,z) € « — UCV (), we have to prove that

nfl

¢ an| <1 5.

E nln (a+ B)}
n=2

Since f € UR(u, k), then by Lemma 1, we have

‘a ‘< (Pl)n*1F(1+N)
S N (D)

, m&N.
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Now
- n—1
Ty =) nin(1+a) - (0‘+5)]mnl e " ay|
n=2 .
i 1 + Oé a 4+ ﬂ)]mn_l e~ m (Pl)n—lr(l + M)

I(n+p)

—e ™ Z[(l + a)(n — 1) + (1 - ,8)} m"*l (Pl)n—lr(l + u)
n=2

(n—1)! I(n+p)

o [y Se M T (P DOt p) 9 m T (Pl (1 )

(1+ );(n—m! T(n + p) +( ﬂ)Z::Q( - Tr+p)
_o-m — m""! (Pl)nflf(lvﬂt — m"' (P)n_1T(1+ p)
- (1+a);(n—2)! T(n+ ) 1=5) g n—1" T(n+p)

e [ @) R 152 g + (0= B) (PP 1+ i) — 1)

<1-p

by the given hypothesis.
This completes the proof of Theorem 6.
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