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CERTAIN INTEGRAL TRANSFORMS OF THE GENERALIZED
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ABSTRACT. The aim of this paper is to the study of Struve type functions.
Using k-Struve functions, we derive various integral transforms, including Euler
transform, Laplace transform, Whittakar transform, C-transform and Fractional
Fourier transform. The transform images are expressed in terms of the generalized
Wright function. Interesting special cases of the main result are also considered.
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1. INTRODUCTION AND PRELIMINARIES

Integral transforms have been widely used in several problems of mathematical
physics and applied mathematics. Integral transforms with such special functions
as (for example) the Bessel functions, Mittag-Leffler functions, Struve functions, hy-
pergeometric functions have been played important roles in solving various applied
problems. This information has inspired the study of several integral transforms
with verity of special functions (see [2, 6, 14, 16, 18, 19, 24, 25]). The present pa-
per deals with the evaluation of the Euler transform, Laplace transform, Whittakar
transform, KC-transform and Fractional Fourier transform of the k-Struve function.
Special cases of the results are also pointed out briefly. For the convenience of the
reader, we give here the basic definitions and related notations which is necessary
for the understanding of this study.

The Struve function H, (z) and modified Struve function L, () possess power
series representation of the form [27] as

B oo (_1>n x 2n4v+1
B @ =) St Tt 7 G (1)
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and
1

L,,(:B)anzo I'(n+v+3R)T (n+3k) <§

T ) 2n+v+1

; (2)

which is a particular solution of the non-homogeneous Bessel differential equation
and ordinary differential equation ([17], p. 288)
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respectively.

The k-gamma function defined in [7] as
Th(2) = / Fle g (20, (3)
0

and
Di(z) = KGO0 (2 /k) . (4)

Recently, k-Struve function S{ic(.) introduced by Nisar et al. [15] as in the form

< (—o y 2
Sf,c(x) ‘_ngo Fk (nk+v+3k/2)r(n—|—3/2) (2) ’ (5)

is a solution of second-order non-homogeneous ordinary differential equation

oAt
KDy (v+k/2)T(5)

1
o2y 4 xy + e (ckz® — %)y

For the detailed definition of the Struve functions and its more generalization,
the interested reader may refer to the research papers (Bhow-mick [3, 4], Kanth [9],
Nisar and Atangana [13], Singh [20, 21]).

For the convenience of the reader, we provide here the basic definitions and related
notations which is necessary for the understanding of this study.

Definition 1. Euler Transform (Sneddon [22]).
The Euler transform of a function f(z) was defined as

B{f(z);a,b} = /01 21 =2 f(2)dz a,beCR(a)>0,R(b) >0. (6)
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Definition 2. Laplace Transform (Sneddon [22]).
The Laplace transform of a function f(t), denoted by F(s), was defined by the equa-
tion

F(s) = (Lf)(s) = L{f (£);5) = /0 Teti(tydt R(s) >0, (7)

provided the integral (7) is convergent and that the functionf(t), is continuous for
t > 0 and of exponential order as t — oo, (7) may be symbolically written as

F(s)=L{f(t);syorf(t) =L {F(s);t}. (8)
Definition 3. Whittakar Transform (Whittakar and Watson [26]).

/oo e (8 dt = I'(5+w+Q)T (5 —w+()

0 r1-—r+¢) )

where R (w£¢) > —1/2 and Wr,, (t) is the Whittakar confluent hypergeometric
function

I'(—2w) I (2w)
Woelt) = —————"—M,, () + ———— M, _,(t 10

= Fr oM O oy M (0

where M, (2) is defined by
1

M, (t) = t/3we /2 By <2 +w—7';2w+1;t> . (11)
Definition 4. K-Transform (Erdélyi et al. [8]).
This transform was defined by the following integral equation

Rolf (@)ipl =gl = [ 0) 2K, (o) f () d (12)

where R (p) > 0;IC,, (x) is the Bessel function of the second kind defined by ( [8], p.
332)

Ky (2) = (27;)1/2 Woo (22)

where Wy, (.) is the Whittakar function defined in equation (9).

The following result given in Mathai et al. ([10], p. 54, Eq. 2.37) will be used in
evaluating the integrals

& +
/ 71, (at) dt = 2024~ PT <p : “) R(a) > 0GR (p£v) >0  (13)
0
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Definition 5. Fractional Fourier Transform ([12]).
The fractional Fourier transform of order a;, 0 < a < 1 s defined by

ua(w)::%ahd(w)::/;e“ﬂuwhﬁﬂ)dt (14)

When o = 1, equation (14) reduces to the conventional Fourier transforms with
some properties can be found in papers [1, 5, 11].

For our purpose, we recall the generalized Wright hypergeometric function ,1,(2)
(see, for detail, Srivastava and Karlsson [23]), for z,a;,b; € C and oy, 8; € R, with
a;, B #0 (1=1,2,....,p;j7 =1,2,...,q) defined as follows

(ai, av) p H Ia; + oy )zk
a2 = | ()10 | = z e (19

The generalized Wright function was introduced by Wright [28] in the form of (15)

under the condition . ,
D Bi—D ai> -1 (16)
j=1 i=1

2. INTEGRAL TRANSFORMS OF S¥ ()

Further, we evaluate the following Euler transform, Laplace transform, Whittakar
transform, /C-transform and Fractional Fourier transform of k-Struve functions.

Theorem 1. Let k € R, v,c,r, s are compler numbers with v > %k:, R(r) >0 and
R (s) > 0, then the following result holds true

[[eramors, (2t () e
+( v 20),(1,1); —ca:] (17)

><2¢3 é( éo- ov
(¥ +32,1),(3, )(r+a+s+ ,20) ;5 4k

vy
k

Proof. Applying Eq. (5), on the left hand side of Theorem 1 denoted by I, we
obtain

2n+7.+1
1 . . 00 —o)" £1/240 E
hz/tlu—wl§r(k (i;r 3< 2) dt
0 n—o =k \T +’/+2) (”"’2)
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\/§> R 1 <_C$>n/1 r+2on+%- +o—1 s—1
_ (Ve ¢ k 1-—1¢ dt
(2 §3u@m+y+g@rm+%) AL e

n=0

By applying definition of Beta function, we have

\/E %+1 00 1 —ecx n
]1:<) ZI‘ ( ( ) B(r+2on+ % +0,s)
n=0 k

2 nk—l—u+%k)r(n+%) 4
B <\/5>Z+1 0 F(T+20-n—|-‘7—k”—|—0')r(n+1)r(8) <_Cx)n
“\2) Sk 3T T+ 2o+ o)t \ 4 )

In accordance with Eq. (4) and Eq. (15), we obtain the result (17). This completes
the proof of the theorem.

Corollary 2. For k =c =1, Theorem 1 reduces in the following form

/01 U1l <x1/2ta> g — (f) v+1 L' (s)

(T+UV+0720)7(171); ;1’
><2¢3[(V+371),(;’,1)(r+av+a+s,2a); 4 |- (18)
Corollary 3. For k=1 and ¢ = —1, Theorem 1 reduces in the following form
1 v+1
/ trta-0tL, (x”%") dt = (‘f) I'(s)
0
(r+ov+o0,20),(1,1); z
><2¢3[(V+371)’(371)(7'—1—01/—1—04—3,20);4 : (19)

Theorem 4. Suppose that k € R, v,c,s,0 are complexr numbers with v > %k and
R (s) > 0, then the following result holds true

& +1 ov
/ e S (m”%”) dt = <\/‘%) F g (B
0 2
ol (1+0+%,20),(1,1); —cx (20)
2 P31, 0)5 ks
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Proof. The left-hand side of Theorem 4 denoted by I5. Using the definition of k-
Struve function Eq. (5), we have

- . 1 2nt7+1
oo 5 40
B - (—c) T2t
12_/ At (nk+v+3R) T (n+3) | 2 dat
0 n=0"F 2 2
vy
_ <\/§> k i 13 i <—cm>n/°° Q2ontGto st gy
2 nZOI‘k(nk+l/+§k)F(n+§) 4 0

v

B <\/§>k+1i F(QO”I’L—F%V—{—O'—{-l) <_c$>n€ t20n+%+a
L2 Fk(nk+y+%k)F(n+%) 4 I (20n+% +o+1) |’

n=0

Now using the definition of Laplace transform, we have

o () T B ) (o)
2 Ty (nk‘—l—u—l— %k)r (n+ %) nl \ 4s%0

)

n=0
In view of Eq. (4) and Eq. (15), we arrive at the desired result Eq. (20).

Corollary 5. On setting k = ¢ =1, Theorem 4 reduces in the following form

o0 v+1
—st 1/240 _ \/E —(ov+o+1)
/0 e °H, (m t )dt <2 > S

(21)

S [ (ov+o0+1,20),(1,1); —.”L’:|

(v+3.1),(3,1);  4s2
Corollary 6. On setting c = —1 and k = 1, Theorem 4 reduces in the following

form
00 v+1
—st 1/240 — \/5 —(ov+o+1)
/0 e °L, (x t )dt (2 ) s

(ov+o+1,20),(1,1); =
(v+3:1),(3:1)5  ds™

Theorem 7. Suppose that k € R, v, ¢, A are complex numbers with v > %k, R(wxN)
> —1/2 and R (e) > |R(w)| > —1/2, then the following integral holds true

/ A le™ S W, (at) SE, (:cl/Qt") dt = <ﬁ>
0 : 2

wHA+o+2+120), (~wH+A+o+F+1,20),(1,1); —cx
(2+3,1),(3,1), (-T+A+0o+1+%,20); dka2o
(23)

x oWy [ (22)

v
BT ,
o (F )13
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Proof. The left-hand side of Theorem 7 denoted by I3. Let at = y, after interchang-
ing the integration and summation,we obtain

a0 (o) () i o T )

40420
a2 1 -2
x / 4 " Un+ i +J _2 WT»UJ (y) dy7
0

Now using the Whittakar transformation Eq. (9), we arrive at

pma Ot ()5S Ele i )
o 2 T Ty (kv 3H)

I(—w4+A+o0+20n+ %+ )T (n+1) <_cx>”
X Y
F(n+§)1“(>\—r+%+a+1+2an)n! 4ao
In view of Eq. (4) and Eq. (15), we arrive at the desired result Eq. (23).

Corollary 8. If we set k = ¢ = 1, then the formula Eq. (23) reduces in the following
form

. v+1
A—1 —at 1/2;0 — o~ (AFo(v+1)) @
/0 t"em 2 Wiy (at) H, (m t )dt « ( 5 >

X 31 (w—l—)\—i—mj—l—a—{—%ﬂ) ( w—|—)\—|—01/+0’—{—720) (1,1); —=x
373 (1/—}—%,1),(%,1) (=T +A+ov+o+1,20);

420
(24)
Corollary 9. If we set c = —1 and k = 1, then the formula Eq. (23) reduces in the
following form
[t W tan L, (a/27) de = o et (f)
0
% s (w+A+ov+o+3,20), (~w+A+ov+o+3,20),(1 T
3ve (v+3,1),3,1), (-7 + A +ov+o+1,20); 4a20( |
25

Theorem 10. Assume that k € R, v, ¢, \ are complex numbers with v > 3k, R (w)
0 and |R (A £ 7)| > 0, then the following integral holds true

o0 \/5 Tl ow ov v
/ ALK (wt) Sllj,c <x1/2ta) dt — (2) 9T TAro-2 (G HAto) k-
0
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<T+A+U2(Z+1) - /\77+U2(%+1) U) 1L1); —cz

X ) ) ) ) ) )

31/]2 (Z fl 3 1) (§ 1) ) gJl=0o L 20
k 29 s \2 ’

Proof. The left-hand side of Theorem 10 denoted by I4. Using the definition of
k-Struve function Eq. (5), we have

2n+% 41
0o sl " 1/240 k
L= [ 7K (wt)d (=¢) r dt
! /0 (wt) Ty (nk+v+3k)D(n+3)\ 4 ’

n=0

(26)

By applying an important simplification, this equation becomes

\/5> %4_1 - 1 <_Cx>n/oo )\+20n+z+071
Y t k K- (wt) dt,
<2 nzzol“k(nk+v+‘3k)f‘(n+§) 4 0 (wt)

Then applying formula Eq. (13), we arrive at

I = (?) rH oMo (F+1)-2 —(Mo(F+1))

T <A+a(z+12)+7'+20n> r ()\+U(Z+12)—7'+20n> I(n+1) §
% Z ( —CT >

— Ty (nk+v+3k)T (n+3)n! Al=oy2 |
In view of Eq. (4) and Eq. (15), we arrive at the desired result (26).

Corollary 11. Taking k = ¢ = 1, then the formula Eq. (26) reduces in the following
form

v+1
/ TP (W) By (1:1/275”) dt = <\f) QAo (+1)=2, (o (v+1))

0
AMo(v+1)+7 AMo(v+1)—7 . _
X 312 ( ) ; ’U)’(1’1)7 o | (27)
SN R It

Corollary 12. Taking c = —1 and k = 1, then the formula Eq. (26) reduces in the
following form

v+1
| ot (o) ar - (\f) o) -2, = o (v41)
0

X 312 ! (/\+G(V2+1)+T’U> ’ (HU(V;I)_T’U) (L, 1); 1 = 2 ] : (28)
(v+3.1).(3.1): 4w
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Theorem 13. Suppose that k € R, v, ¢ are complex numbers with v > %k, then the
following integral holds true

iwBtak (1/2,0\ g4 _ —z—1 (VT\k (=) R
[ SVC xT t dt = k k2 ov ov
R ’ 2 20n+ G +o+1 (200457 +o+1) /B

o(¥+1)+1,20),(1,1); —cx
| ORI W 2

Proof. The left-hand side of Theorem 13 denoted by I5. Using the definition of
k-Struve function Eq. (5), we have

v 1
I — <\/CE> k+1 oo 1 <C,§L‘>n/ iwﬁtt&rn-‘r%—‘rodt
5= E 3 3 € )
2 Ip(nk+v+3k)T(n+3) \ 4 R

n=0

1
By substituting iw/?t = —pu, then above equation can be written as

ﬁ)l’;—i-l o] 1 (-C.’L’)n
I- = (M2
° (2 ;Fk(nk+u+§k)r(n+§) 4

20n+LV+U
0 e k 1
| el =T — |
- iwh iwh

By applying important simplification on the above expression, we arrive at

v ov
no (V) ()R
° 20n+2ZY

oV
2 .y k +0+1w(2‘m+?+"+1)/51“k (nk+v+3k)T (n+3)

n _
v <—095> / Ooefuﬂzawr%%adu
4 0

Then apply the definition of Laplace Transform on the integral form, we get

. Jz %H S (_1)20n+%+a
>\ 9 i2m+%+a+1w(2m+%+o+1)/ﬂ

XiF(20n+%+a+l)F(n+1) <—ca:>n

= Tp(nk+v+3k)T(n+3)n! \ 4

Finally, interpreting this equation by virtue of Eq. (4) and Eq. (15), we arrive at
the desired result Eq. (29).
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Corollary 14. If we set k = ¢ = 1, then the formula Eq. (29) reduces in the
following form

1 v+1 oo 2o0n+ov+o
) —1
/ esztE[V (:Ul/Qt") dt = (ﬂ) ( )
R

2 Z j20n+ov+o+l ,(20ntov+o+1)/8
n=0

(c(v+1)+1,20),(1,1); —=x
<ot | (v+3.1).(3.0): 7]

Corollary 15. If we set ¢ = —1 and k = 1, then the formula Eq. (29) reduces in
the following form

(30)

1

e v+1 o0 2on+ov+o
) -1
/ewﬁ% (1:1/275”) gt — <x/5> (1)
R

Z j20n+ov+o+l,,(20ntov+o+1)/B

2 n=0
o L

Theorem 16. Suppose that k € R, v,c are complexr numbers with v > %k and
0 < a <1, then the following integral holds true

o

Z 2n+ 7 +2 (2n+7+2)/a

% [sh. 0] @ = (3)° ® e >

2422),(1,1); —c
<202 [ ((f +3,1>) (G qu | (32)

Proof. Using Egs. (5) and (14), in the left hand side of Eq. (32) gives

Is = / S/t i (—o)" <t>2n+z+1 it
R = Ty (nk+v+3k)T (n+3) \2

_ <1) E-‘rl i 1 <—C>”/ iw(l/a)tt2n+%+1dt
=\5 3 3\ 4 € g
2 nZOI‘k(nk+I/+§k)F(n+§) 4 R

Setting iw'/“t = —p, then becomes

)2n+ zT1L

M\H

<1>k‘+1 o0 ( 1)27L+k+1 <C>n
=3 v 2+ f+2 (2n+ g 42) /o Ty (nk + v+ 3K) T (n+ 3) 4
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v
></ eP 2T E ),
R

Now, applying Eq. (4), we obtain

B <1> N L i L (2n+Y%+2)T(n+1) <—c)"
2 :0i2n+%+%0@n+%+@/anzO[‘O@+(y/k)+_%k)r(n_%%)nj ak )
Finally, interpreting this equation by virtue of Eq. (15), we arrive at the desired
result Eq. (32).

Corollary 17. If we take k = ¢ = 1, then the formula Eq. (32) reduces in the
following form

1 v+1 o0 (_1)2n+1/+1 I/—|-2 1
. - L _
Selfly O] () = <2> . et e { (v+3.1),(3.1); 4

(33)

Corollary 18. If we take ¢ = —1 and k = 1, then the formula Eq. (32) reduces in
the following form

N 1 v+1 o0 (_1)2n+u+1 v+2,2),(1,1); 1
Sa [Ly ()] (@) = <2> Z Z’2n+1/+2w(2n+1/+2)/a2\1’2 [ ((V +3, 1; , ((37 1>) : 4] '
(34)

Lastly, we conclude this paper by remarking that, the integral transform formulas
deduced in this paper, for k-Struve functions, are significant and can lead to yield
numerous transforms for variety of Struve functions. The transforms established
here are general in nature and are likely to find useful in applied problem of sciences,
engineering and technology.
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