Acta Universitatis Apulensis No. 62/2020
ISSN: 1582-5329 pp. 29-41
http://www.uab.ro/auajournal / doi: 10.17114/j.aua.2020.62.03

NEW CRITERIA FOR UNIVALENCE OF A GENERAL INTEGRAL
OPERATOR

C. BARBATU, D. BREAZ

ABSTRACT. For some classes of analytic functions f, g,, h and k in the open
unit disk U, we consider the general integral operator G,, that was introduced in a
recent work [1] and we obtain new conditions of univalence for this family of integral
general operators. The key tools in the proofs of our results are the Becker’s and
the Pascu’s univalence criteria. Also, in order to prove these results we use Nehari’s
well-known inequality. Some corollaries of the main results are also considered.
Relevant connections of the results presented here with various other known results
are briefly indicated.
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1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of the functions of the form:
f(z) :z—l—Zanz", (1)
n=2

which are analytic in the open unit disk
U={ze€C:|z|<1}

and satisfy the following usual normalization conditions:
F0) =70 ~1=0,

C being the set of complex numbers.

We denote by S the subclass of A consisting of functions f € A, which are
univalent in U.

Becker’s gave the following univalence criterion:
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Theorem 1. (Becker[2]) If the function f is regular in unit disk U and f(z) =
2" (2)

2z +az® + ... and
1 _ 2
(1-1) ()

then the function f is univalent in U.

<1, forall z€U,

The following univalence condition was derived by Pascu.

Theorem 2. (Pascu [12]) Let § € C with Red > 0. If f € A satisfies

2f"(2))
f'(2)

for all z € U, then for any complex v with Rey > Red, the integral operator
. 1
5
e = (v [ i)

Nehari, on the other hand, proved another important results.

1— |Z’2R65
Red

-

s in the class S.

Theorem 3. (Nehari[11]) If the function g is reqular in unit disk U and |g(z)| < 1
in U, then for all £ € U the following inequalities hold

1—g(z)g(6)]| ~ 112
and )
/ 1—|g(z
g@ﬂﬁg—ii%L
1— 12|
the equalities hold in case g(z) = Elz_:r;Z where |e| =1 and |u] < 1.

Remark 1. (Nehari[11]) For z = 0, from inequality (2) we obtain for every & € U

98 =90) | _ ¢
1—g(0)g(&)|
and, hence

~ 1+ 1g(0) ()
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Considering g(0) = a and & = z, then

|| + |a
o) < 2
l9(2)l < 1+ |a] |2

for all z € U.

The problem of univalence for some generalized integral operators have discussed
by many authors such as: (see Breaz et al.[3]-[4], Oprea et al. [8]-[9], Pescar et al.
[14]-[17] and Ularu et al. [19]) .

We consider the integral operator:

CRUSS (N CN DR
=1 i

where f;, gi, hi, k; are analytic in U and 6, o, 85,7 € C, for all i = 1,n, n € N\ {0},
0 € C, with Red > 0.

Remark 2. The integral operator G, defined by (3), introduced by Barbatu and
Breaz in the paper [1], is a general integral operator of Pfaltzgraff, Kim-Merkes and
Oversea types which extends also the other operators as follows:

i) Form=1,0=1, a1 —1 =7 =0 and ki1(z) = z we obtain the integral
operator which was studied by Kim-Merkes [6]

Fulz) = /0 <fff)>adt.

it) Forn=1,0=1, a1 —1=a1, f1 = =0 and g1(z) = 0 we obtain the
integral operator which was studied by Pfaltzgraff [18]

Ga(z) = /0 (F()" dt.

iii) For oy — 1 =; =0 and ki(2) = z we obtain the integral operator which was
defined and studied by D. Breaz and N. Breaz [3]

Dy(z) = [5/02#5—1]2[ <f§t)>a dtr,
=1

this integral operator is a generalization of the integral operator introduced by Pascu
and Pescar [13].
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w) For a; — 1 = oy, Bi = v = 0 and gi(z) = 0 we obtain the integral operator
which was defined and studied by D. Breaz, Owa and N. Breaz [}]

1
o
)

To(2) = [5 /0 T L) a
=1

this integral operator is a generalization of the integral operator introduced by Pescar
and Owa in [17] .

v) For a; — 1 =0, ki(z) = z and ki(z) = 1 we obtain the integral operator which
was defined and studied by Pescar [15]

[T (A0) o]

this integral operator is a generalization of the integral operator introduced by Frasin
in [5] and by Oversea in [10].

vi) For a; — 1 = «; $i B; = i = 0 we obtain the integral operator which was
defined and studied by A. Oprea and D. Breaz in [9]

/ H e )] ar

this integral operator is a generalization of the integral operator introduced by Ularu
and Breaz in [19].

vii) For a; — 1 = 0 we obtain the integral operator which was defined and studied
by Pescar in [15]

wor- [ 1) () o]

Thus, the integral operator G,, introduced here by the formula (3), can be con-
sidered as an extension and a generalization of these operators above mentioned.

Fu(z) =

2. MAIN RESULTS

Our main results give sufficient conditions for the general integral operator G,
defined by (3) to be univalent in the open disk U.
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Theorem 4. Let 0,7,;, 5,7 € C, ¢ = Rey > 0 and fi,gi,hi, ki € S, fi(z) =
24 a2’ + ..., gi(2) = 2+ boz? + ., hi(2) = 2+ 02 + o, ki(2) = 2 Fdoi2? +

1=1,n. If
f’i/(z) S]—, ;(z)‘§17 Zh’ (Z)_hl(z) S]—,
[ (2) zh;i(z)
A -ke)|_ He|, [He|
zh;i(z) h;(2) k;(2)
forallze U, i=1,n and
>oicy (e = 1+ Bil + [l) <1
[T (lai — 1} (B3l [l) ’
T1 (o ~ 11184 b < A
i=1 ‘legff [2 (1 — |2 > Ed I—HkHzJ

where

1>y [(o — 1) (2a9; 4 1) + Bi (coi + dai) + 2, (cai + do)]|

‘k| = n ’
21T (i = 1 1Bl i)

then for every 0, Red > Rey, the function Gy, defined by (3) is in the class S.

Proof. We have h;, k; € S, === ;é 0 ;é 0 for all ¢ =
Let us define the funct10n

_ 1T (Gren o) hi<t>>ﬁi <h/<t>>%‘
- I [(f ) (ki(t) Ko) |
for all f;, gi,hi,k; €S, 1=1,n.

We have H?:l |:(le( )691(2’))0‘1—1 (Zzg;;)ﬁl (Zz:éjg)'ﬁ] _ 1’ when 2 = 0 |

Consider the function

1 n(2)

G
M) = ST T = 1118 D) G (2)”

The function h,, has the form

h(z) = ! HG) +g;<z>) n

2T, Gon — T D 2~ Y <f5<z>
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1 M=)~ hi(z)  K(z) — i)
TRTT, (o — 118 ) & 5 ( 2hi(2) 2ki(2) )*

+ ST G T Z'V’<hﬂj Z<(>)> ®)
By using the relations (8), (4) and (5), we obtain
ol2)| < S e =TT Z’ w1 (3 <(>) ) +
ST (o ST Z' sl (M e )+
ST G T i’ﬁl (E2 ZEDS
< ST T =TI g[zrai S1 28] 2l < 1,
in(0) = B 2 .
Applying Remark 1.4 for the function ki, we obtain
ole)| = ST o = BT gﬁi <ol < T ©

From (9), we get

’( ) e

forall z € U, i=1,n.
Let us define function ¢ : [0,1] = R

- + K|
<2 L= 1181l (1= |22 12 1
< 2] T (o= 180 (1= 1) o gy (10

1=

x + |kl
1+\/<:|

(p(x):2(1—:c2) , &= |z].

Since ¢(0) =0, (1) =0 and (3) = 3 - 1212||kk||, it results

> 0.
Jnax o (x)
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Using this result and the form (10), we have

(1 1) 2B E [[ i = 1181l ma 2 (1 - o) 1ol L)

L+ k[ |21]
forall z € U, i=1,n.
Applying the condition (6) in relation (11), we obtain

(1 . |Z|2> ZG'Z(Z)

GL(2)
Finally, we apply Theorem 1.1, we conclude that, the general integral operator G,
given by (3) is in the class S.

<1

Theorem 5. Let 6,7v,a;,Bi,vi € C, ¢ = Rey > 0 and f;.gi,hi ki € S, fi(z) =
24 an2® + ..., gi(2) = 2+ boz? + ., hi(2) = 2+ 02 + o, ki(2) = 2 Fdyi2? +
i =1,n and M;, N;, P; positive real numbers. If

forall z €U, i =1,n,

n

> Mo = 1 (Mi+ 1) + |8 (Ni + Py +2) + 2|l < e 18
i=1 \Tlg{ c 1+|k|\z|}

where

1> [(as — 1) (2agi + ba;) + Bi (c2i + dai + 2) + 25 (c2i + doi)]|
Yo o = 1] (M + 1) + [8i| (Ni + P +2) + 2 |yi]] 7

then for every 0, Red > Rey, the function Gy, defined by (3) is in the class S.

k| =

(14)

Proof. Either now the function
1 Gl (2)
doicq llai = (M + 1) + [Bi| (N; + Py 4 2) + 2 |v]] Gi,(2)
Si(es = 1) (5 +200(2)) .
>icy [lag =1 (M; + 1) + [Bi| (Ni + Py +2) + 2 ]

hn(z) =

(15)

hn(z) =

35



C. Barbatu, D. Breaz — New criteria for univalence of ...

St{e [(5G ) - (B8 -] (B8 - %))
> iy e = 1] (M + 1) + | Bi] (N + Py +2) + 2 |il] ’
2f(2)

S fos =11 (| 9]
hn z S n
Fin(2) anai—u(Mﬁm\@|<Ni+a+2>+2mu
zh)(z) zk}(2) zh}/(z) 2kl ()

2 sl {7 ) + (7 )]+l (158 + [ )
Doy [l = 1 (M; + 1) + (8] (Ni + P +2) + 2] ’
<Z?zl[lai—1|(1+M¢-1)+|5¢\(Ni+1+Pi+1)+|%|(1+1)]
Yoicy o = 1 (M; + 1) + (8| (Ni + Py +2) + 2 |7i]] 7
forall z € U, i=1,n.
So |hn(2)] < 1.
We have

(16)

zgl (z

_|_

|hn(2)] (17)

[ (0)] =
_ 1 [(ei = 1) (2ag; + bai) + Bi (c2i + dai + 2) + 7i (2¢2i + 2di) ]|
Yoica llo = 1 (M; + 1) + |Bi| (Ni + Pi +2) + 2 |il]

and by applying Remark 1.4, we get

= |K]

]z\ + \k:|
hn < — .
‘ (ZN 1+ ]k\ ]z\

(18)
From (15) and (18) we obtain

1 ‘Z‘QC

c

2Gl(2)
GL(2)

1—[2]* |2] + |k|
c 1+ |k| |2

Z [l = 1] (M; +1) + [ Bil (N + P +2)+2hl]mlg>1<[

(19)
forall z€ U, i=1,n.
From (13) and (19) we have

1 ‘Z|2C
C

2G(2)
Gn(2)

Finally, by applying Theorem 1.2 to the function G, we deduce that function G,
given by (3) is in the class S.
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Lettingn =1, =vy=«a and o; — 1 = §; = ; in Theorem 2.1, we have:

Corollary 6. Let « € C, Rea > 0 and f,g,h,k € S, f(2) = 2z + a2® + ...,
9g(z) =2+ b2+ ., h(z) =24+ 2% + o, k(2) =2+ do2® + .. If

f(2) / 2l (2) = h(2)

7 <1, |g (z)‘ <1, h(2) <1,

2k (2) — k(2) R’ (2) k' (2)

) <1, W) <1, ¥ 2) <1, (20)

for all z € U and the constant || satisfies the condition

1
ol <

(21)
.2 2|z|+|2a2+3c2+3da+1] |’
‘Zfﬁgf [2 (1 ] ) || 2+|2az+3c2+3da+1]2|

then the function G, defined by

z ' ! é

s in the class S.

Letting 6 = 1 and ; = 0 in Theorem 2.1, we obtain the following corollary:

Corollary 7. Let v, a;,8; € C, ¢ = Rey > 0 and fi, gi, hi, ki €S, fi(2) = z+ag2>+
ey Gi(2) = 24 b9i2? 4+ o, hi(2) = 242+, ki(2) = 24 doiZ? + . i =1,n. If

i (2) ' zh;(2) — hi(2) zk;(2) — ki(2)
o] =" ()] <1 )| = )| = (23)
forall z €U, i=1,n and
Yoy (i = 1]+ |8i]) o4
R 24
- 1
(Jos = 1] Bi]) < , (25)
2 s 2 (1= =) 41 25

where

T (e = 1) (2ag; + 1) + Bi (c2i + dai)]|
k= ST, (s — 1110 ’ (26)
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then the integral operator V,, defined by
a1 [ h;(£)\ %
gz( ) i
/ [ e (ki(t)> ] o 27

Remark 3. Taking in (27) 5; = 0, we obtain a result that was defined in [9].

1s in the class S.

Letting 6 = 1 and B; = 0 in Theorem 2.1, we have the following corollary:

Corollary 8. Lety,;,vi € C, c = Rey > 0 and fi, gi, hi, ki € S, fi(2) = z+a2*+
o Gi(2) = 24 boi2? 4+ o, hi(2) = 24 2 o, ki(2) = 24 doiZ? + . i = 1on. If

fi (2) /
f;(z) S 1) gz(z)‘ S ]‘7
fi (2) ' hi (2) ki (2)
O G e EE e B (28)
forallz€e U, i=1,n and
Sy (o= 1 +wl) _ "
T (o= U pl) =" (29
u 1
1T (ew = 111 < . ; (30)
s [2 (1 1) 4
where "
k| = 200y (0 — 1) (2a9i + 1) + 27i (c2i + i) (31)

2[Ti (i = 1] l) ’
then the integral operator W, defined by

o= [Iloe)” () Jo o

1s in the class S.

Remark 4. To the integral operator given by (32) if we take v; = 0, we get the
same result proven in [9].

Putting § = 1 and a; — 1 = 0 in Theorem 2.1, we obtain the following corollary:
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Corollary 9. Let v, 3;,7 € C, ¢ = Rey > 0 and hi, k; € S, hi(2) = z + 222 + ...,
ki(2) =z +dyz’+ ..., i =1,n. If

zhy(z) = hi(2) 2k;(2) — ki(2) h; (2) k; (2)
forall z €U, i=1,n and
izt (Bl +1il) _ 34
I, (6 =" (34
u 1
(18l 1val) < , (35)
mas [2 (1 12F°) =1 £
where "
| = 1> iy [Bi (c2i 4 dog) + 2 (c2i + do)]| (36)

21Tz (183l 1nil) ’
then the integral operator I,,, defined by

T.(2) = /H [(ZEEQ)& (’Zf@f)%] it (37)

Remark 5. The integral operator given by (37) is another known result proven in
[15].

The next corollary is a consequence of Theorem 2.2:
Corollary 10. Let 6,4, 5,7 € C, ¢ = Red > 0 and f;,gi,hi ki € S, fi(z) =

24+ an2® + ..., gi(2) = 2+ boiz? 4+ ., hi(2) = 2+ o2 + o, ki(2) = 2 Fdoi2? +
i =1,n and M;, N;, P; positive real numbers. If

is in the class S.

: ;L <Z) S 1) Zgi(Z) S Mia ‘gz<2)| S 17
fi(2) 9i(2)
zh(2) 2k, (2) zh. (2) zk; (2)
t <Ni7 L SPH /Z S ]-a /Z S 17 38
e k() e 5 .
and
d (2¢ +1)72
> i = 1) (2ag; + bi) + Bi (c2i + dai + 2) + 27, (cai + dy)]| < 5 ;
i=1
(39)
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n

Z [(a; — 1) (2agi + bai) + Bi (cai + da; + 2) + 27, (c2i + do)]| =
i=1

= floi = 1 (M; + 1) + [Bi] (Ni + P, + 2) + 2|l , (40)
i=1
then the function G,, defined by (3) is in the class S.

Proof. 1f we consider (14) and (40) we have |k| = 1.
Using the inequality (13) we obtain

n

1
ZU%’—1’(Mz‘+1)+|5i’(Ni—|—Pz+2)+2|%|]Sﬁ- (41)
i=1 max[ — | }
l2l<t b €
We have
1— |z 2
max ’Z‘ = 2ct1 (42)
|z]<1 c (2c+1) 72

and from (13), (14) and (42) we obtain (39), the conditions of Theorem 2.2 are
satisfied.
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