Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 34 (1993), No. 2, 287-290

Transnormal Graph Deformations

F. J. Craveiro de Carvalho Departamento de Matemática, Universidade de Coimbra Apartado 3008, P - 3000 Coimbra, Portugal

In [5] Stewart Robertson proved a theorem which implies that every transnormal plane curve can be deformed into a circle through transnormal curves. At about the same time M.C. Irwin showed that under a certain assumption transnormal embeddings of S^1 into R^n are transnormally isotopic to spherical ones. The assumption that Irwin needed was soon removed by Bernd Wegner in [6]. This kind of results motivated the present work.

The curves we are dealing with are graphs of smooth maps defined either on R or S^1. We shall show that if the graph of such a map is transnormal then it can be deformed through transnormal graphs to the graph of a constant map. The proofs for R and S^1 are similar but for the sake of the exposition we shall treat the two cases separately.

0. Introduction

Let M be an m-dimensional, smooth (=C^∞) manifold and f: M −→ R^n a smooth embedding such that f(M) is closed. We denote by N(x) the normal affine (n − m)-plane to f at x. The embedding f is transnormal if whenever f(y) ∈ N(x) we have N(x) = N(y).

The cardinality of f^{−1}(N(x)) does not depend on x and it is called the order of transnormality.

Transnormality is an invariant property under affine isometries.

1. The real line

Let f: R −→ R^n be a smooth map. We consider the map F : R −→ R^{n+1} given by F (x) = (x, f(x)). Obviously F (R) is the graph of f. We shall say that f has transnormal graph if F is a transnormal embedding. Transnormal graphs of this type were studied in [1]. We recall that F is transnormal if and only if every normal hyperplane to F meets F (R) in just one point.

Proposition 1.1 Let f: R −→ R^n be a smooth map with transnormal graph. Then, for 0 ≤ t ≤ 1, f_t: R −→ R^n given by f_t(x) = t · f(x) also has transnormal graph.

Proof. We assume that there exists t ∈ R, 0 < t < 1, such that the corresponding graph is not transnormal. Then there are y_0, y_1 ∈ R, y_0 ≠ y_1, such that the normal hyperplane to

0138-4821/93 $ 2.50 © 1993 Heldermann Verlag, Berlin

288 F. J. Craveiro de Carvalho: Transnormal Graph Deformations

F_t at y_0 meets F_t at (y_1, tf(y_1)). Without loss of generality we may assume that f^′_i (y_0) ≥ 0, i = 1, . . . , n, where the f_i’s are the components of f. We consider y_1 < y_0 the arguments being similar if y_1 > y_0.

If (y_1, tf(y_1)) belongs to the normal hyperplane to F_t at y_0 we have

y_1 − y_0 + t^2 nX_{i=1(fi(y1) − fi(y0))f ′i (y0) = 0} and also

y_1 − y_0 + nX_{i=1(fi(y1) − fi(y0))f ′i (y0) > 0.} This means that (y_1, f(y_1)) belongs to the open half-space given by the inequality

x_1 − y_0 + nX_{i=1(xi+1 − fi(y0))f ′i (y0) > 0.} Observe now that f^′_i (y_0) > 0 for at least one i = 1, . . . , n. Therefore we can find z_1, z_1 < y_0, obeying the following condition: For those j’s such that f^′_j (y_0) > 0 we have f_j (z_1) < f_j (y_0). It is obvious that

z_1 − y_0 + nX_{i=1(fi(z1) − fi(y0))f ′i (y0) < 0.} We see that the points (y_1, f(y_1)), (z_1, f(z_1)) belong to different half-spaces determined by the normal hyperplane to F at y_0. Therefore between y_1 and z_1 the graph of f must intersect that normal hyperplane and F is not transnormal.

2. The circle S^1

Let f: S^1 −→ R^n be a smooth map and as before consider the embedding F : S^1 −→ R^{n+2} given by F (x) = (x, f(x)). The results we are going to mention next can be found in [2].

Assume that f has transnormal graph, that is, F is transnormal. Then the order of transnormality is 2 and the two points where the normal hyperplane to F at x meets F (R) are (x, f(x)) and (−x, f(−x)). It follows that f(x) − f(−x) belongs to the orthogonal complement of the vector subspace (f_∗)_x(T_xS^1). Also, for every x ∈ S^1, (f_∗)_x = −((f ∘ A)_∗)_x, where A: S^1 −→ S^1 is the antipodal map and (f_∗)_x is the linear map induced by f in the tangent space of S^1 at x.

Proposition 2.1 Let f: S^1 −→ R^n be a smooth map with transnormal graph. Then, for 0 ≤ t ≤ 1, f_t: S^1 −→ R^n given by f_t(x) = tf(x) also has transnormal graph.

Proof. Since f(x) − f(−x) belongs to the orthogonal complement of (f_∗)_x(T_xS^1) it follows easily that, for 0 ≤ t ≤ 1, the normal hyperplane to F_t at x passes through (−x, tf(−x)).

F. J. Craveiro de Carvalho: Transnormal Graph Deformations 289

Moreover the normal hyperplanes to F_t at x and −x coincide. In fact ((F_t)_∗)_x(T_xS^1) = ((F_t)_∗)_{−x}(T_{−x}S^1) since from (f_∗)_x = −((f ∘A)_∗)_x we can establish that ((tf)_∗ )_x = −((tf ∘ A)_∗)_x.

From now on the pattern of the proof is as for Proposition 1.1. Let us assume that there is 0 < t < 1 such that the corresponding graph is not transnormal. Then there are y_0, y_1 ∈ S^1, y_0 ≠ ±y_1, such that the normal hyperplane to F_t at y_0 contains (y_1, tf(y_1)). We consider the stereographic projection from −y_0 and denote by ψ: R −→ S^1 \ {−y_0} its inverse. Without loss of generality we may assume that (f_i ∘ ψ)^′(0) ≥ 0, i = 1, . . . , n, where the f_i’s are the components of f and ψ(0) = y_0.

Consider the open half-line determined by 0 which contains s_1, with ψ(s_1) = y_1. In that half-line (ψ(s) − ψ(0) | ψ^′(0)) never vanishes, with (· | ·) standing for the standard inner product in R^2. It is positive if s_1 > 0 and negative if s_1 < 0. We shall assume, for instance, that s_1 > 0. Then

(ψ(s_1) − ψ(0) | ψ^′(0)) + nX_{i=1(fi(ψ(s1)) − fi(y0))(fi ∘ ψ)′(0) < 0.} As in Proposition 1.1. it is also possible to obtain t_1 > 0 such that

(ψ(t_1) − ψ(0) | ψ^′(0)) + nX_{i=1(fi(ψ(t1)) − fi(y0))(fi ∘ ψ)′(0) > 0.} That the graph of f is not transnormal follows immediately.

We would like to point out that Proposition 2.1 is trivial in the case n = 1. In fact if f: S^1 −→ R has transnormal graph then f is constant (see [2]).

3. Remark on self-parallelism

The notion of self-parallelism is a generalization of the notion of transnormality, see [8] for example. Given a smooth map f: M −→ R^n (M = R, S^1), f has self-parallel graph if there is a non-trivial (that is, different from the identity) diffeomorphism δ such that, for every x ∈ M, N(x) = N(δ(x)), with N(y) standing for the normal hyperplane to F at y. Here, as before, F is given by F (x) = (x, f(x)). While there are no self-parallel graphs if M = R (see [8]) self-parallel graphs for M = S^1 have in fact been characterized in [3]. A smooth map f: S^1 −→ R^n has self-parallel graph if and only if it is spherical and preserves antipodal points. It happens that δ is unique and equal to the antipodal map A.

A statement analogous to Proposition 2.1 holds with transnormal replaced by selfparallel. The proof is just the first paragraph of the proof for that proposition. In fact if the graph is self-parallel we still have f(x) − f(−x) in the orthogonal complement of (f_∗)_x(T_xS^1) and (f_∗)_x = −((f ∘ A)_∗)_x. Alternatively one could observe that f_t is spherical and preserves antipodal points.

Thanks are due to the referee for drawing our attention to [7] where the present isotopy has been described for a spherical and antipodal point preserving transnormal curve on the 2-sphere in suitable spherical polar coordinates.

290 F. J. Craveiro de Carvalho: Transnormal Graph Deformations

References

[1] A.M. Azevedo Breda and F.J. Craveiro de Carvalho, Transnormal graphs of polynomial curves (to appear in J. of Geometry).

[2] F.J. Craveiro de Carvalho, Transnormal graphs, Portugaliae Math. 39 (1980) 285–287. [3] F.J. Craveiro de Carvalho and S.A. Robertson, Self-parallel curves, Math. Scand. 65 (1989) 67-74.

[4] M.C. Irwin, Transnormal circles, J. London Math. Soc. 42 (1967) 545–552. [5] S.A. Robertson, On transnormal manifolds, Topology 6 (1967) 117–123. [6] B. Wegner, Transnormale Isotopien und transnormale Kurven, Manuscripta Math. 4 (1971) 361–372.

[7] B. Wegner, Globale Sätze über Raumkurven konstanter Breite II, Math. Nachr. 67 (1975) 213–223.

[8] B. Wegner, Self-parallel and transnormal curves, Geom. Dedicata 38 (1991) 175–191.