Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 35 (1994), No. 2, 181-191.

Criteria for Two-Dimensional Circle Planes

Burkard Polster and Günter F. Steinke Department of Mathematics, University of Canterbury P.O. Box 4800, Christchurch 8001, New Zealand bmp@math.canterbury.ac.nz, gfs@math.canterbury.ac.nz

Abstract. We give some easy to use criteria for deciding whether a Möbius plane, Laguerre plane or Minkowski plane, given in some normal form, is 2-dimensional. As an application of our results we prove that a Laguerre plane or Minkowski plane with a given topology on the point set is a (topological) 2-dimensional plane if and only if each derived affine plane at points of at least one parallel class is 2-dimensional with respect to the induced topology.

1. Introduction

Let us recall the basic definitions and facts about (2-dimensional) circle planes.

A circle plane consists of a set of points, a set of at least two circles, and a collection of at most two equivalence relations on the point set, called parallelisms. We consider circles as subsets of the point set. We say that two points are (non-)parallel if and only if they are (not) in relation for any of the equivalence relations. The identity relation is called the trivial parallelism. For a circle plane the following axioms must be satisfied:

(A1) Joining: Three pairwise non-parallel points can be uniquely joined by a circle. (A2) Touching: For two non-parallel points p, q and a circle c through p there exists a uniquely determined circle through q that touches c at p, i.e., intersects c only in the point p, or coincides with c.

(A3) Parallel projection: Parallel classes with respect to a non-trivial parallelism and circles intersect in a unique point.

(A4) Parallel classes with respect to different non-trivial parallelisms intersect in a unique point.

(A5) Richness: Each circle contains at least three points.

If a circle plane is equipped only with the trivial parallelism, one obtains a Möbius plane. Note that axioms A3 and A4 do not apply to Möbius planes and that non-parallel simply means distinct.

If a circle plane is equipped with precisely one non-trivial parallelism ||, one obtains a Laguerre plane. Note that axiom A4 does not apply to Laguerre planes.

This research was supported by a Feodor Lynen fellowship.

0138-4821/93 $ 2.50 © 1994 Heldermann Verlag, Berlin

182 B. Polster, G.F. Steinke: Criteria for Two-Dimensional Circle Planes

If a circle plane is equipped with two distinct non-trivial parallelisms, written as ||_v and ||_h, one obtains a Minkowski plane.

A topological circle plane is a circle plane where the set of points and the set of circles carry non-indiscrete topologies such that the geometric operations of joining, touching, parallel projection, intersecting parallel classes with respect to different parallelisms, and intersecting distinct circles are continuous on their domains of definition. The topologies of the point set and the circle set of a topological circle plane determine each other, i.e., for a given topology on the point set of an abstract circle plane there is at most one topology on the circle set for which the circle plane becomes topological, and vice versa.

In this paper we will mainly be concerned with the 2-dimensional circle planes, i.e., topological circle planes with locally compact 2-dimensional point sets. Each 2-dimensional circle plane can be represented in a standard form; to be precise, there exists a homeomorphism of the point set such that the image of the plane under this homeomorphism looks as follows:

(1) 2-dimensional Möbius planes: The point set is the 2-sphere, and all circles are simply closed curves on this 2-sphere.

(2) 2-dimensional Laguerre planes: The point set is the cylinder S^1 × R, the circles are graphs of continuous functions S^1 → R, and the parallel classes of || are the verticals in S^1 × R, i.e., the sets {(a, y)|y ∈ R}, a ∈ S^1.

(3) 2-dimensional Minkowski planes: The point set is the torus S^1 × S^1, and the circles are graphs of homeomorphisms S^1 → S^1. The parallel classes of ||_v are the verticals in S^1 × S^1, i.e., the sets {(a, y)|y ∈ S^1}, a ∈ S^1 and the parallel classes of ||_h are the horizontals in S^1 × S^1, i.e., the sets {(x, a)|x ∈ S^1}, a ∈ S^1.

The point sets of the three types of 2-dimensional circle planes as described above carry natural topologies and are even metrizable. Circles are compact subsets thereof; indeed, they are homeomorphic to the unit circle S^1. When the circle sets are topologized by the Hausdorff metric with respect to a metric that induces the topology of the point set, then the planes are topological in the above sense. Every geometric isomorphism between 2-dimensional circle planes is a homeomorphism when restricted to the point sets and the circle sets, cf. [26, 3.4], [9, 2.5], [21, 5.1]. This implies that an abstract circle plane can be made into a 2-dimensional plane in at most one way.

The classical 2-dimensional Möbius, Laguerre and Minkowski planes are obtained as the geometries of non-trivial plane sections of an elliptic quadric, an elliptic cone with its vertex removed, and a ruled quadric, respectively, in the 3-dimensional projective space over the real numbers. Here the topologies on the point sets and the circle sets are induced from the topologies on the point set and (hyper)plane set of the surrounding 3-dimensional projective space, respectively.

Frequently, the point sets of 2-dimensional circle planes get identified with the sets R^2 ∪ {∞}, (R ∪ {∞}) × R and (R ∪ {∞})^2, respectively, such that the parallel classes correspond to the verticals (and horizontals) in these sets. When dealing with concrete examples of planes given in this form one usually looks at that part of the planes that lives on R^2. In these descriptions the circles of the classical 2-dimensional planes are, essentially, Euclidean lines plus a collection of Euclidean circles, parabolas and hyperbolas, respectively. The aim of this paper is to give some criteria for deciding when, given a circle

B. Polster, G.F. Steinke: Criteria for Two-Dimensional Circle Planes 183

plane on one of the above sets, it actually gives rise to a 2-dimensional circle plane.

For more details about (2-dimensional) circle planes the reader is referred to [27], [6], [7], [21].

Associated with every point p of a (2-dimensional) circle plane there is an incidence structure whose point set consists of all points not parallel to p and whose lines are all circles passing through p and all parallel classes not passing through p. This incidence structure turns out to be a (2-dimensional) affine plane. We call it the derived affine plane at p. A circle that does not pass through p induces an oval in the projective closure of this affine plane. It is for this reason that we will also need some results about (2-dimensional) affine planes and projective planes, and ovals in such planes. An oval in a (2-dimensional) projective plane is a set of points that contains no three distinct collinear points. Moreover, for every point in the set there is a uniquely determined line that intersects the oval in just this point. A line is called an exterior line, tangent or secant of the oval if it has 0, 1, 2 points in common with the oval, respectively. A topological oval in a 2-dimensional projective plane is an oval that is homeomorphic to the unit circle. For general definitions and facts about 2-dimensional affine (projective) planes and topological ovals in these planes the reader is referred to [19] and [2] (see also [8]).

2. Möbius planes

Let F be a set of continuous functions R → R and K be a set of continuous simply closed curves in R^2. We define an incidence structure M_{F,K} having a point set and a circle set. Incidence is defined by inclusion. The point set of M_{F,K} is R^2 ∪ {∞}, and the circles are the elements of K and the graphs of the functions in F to every one of which the point ∞ has been adjoined.

Proposition 1. Let F be a set of continuous functions R → R and K be a set of continuous simply closed curves in R^2. If M_{F,K} satisfies axioms A1 and A2, then the point set of M_{F,K} can be identified with the 2-sphere such that the resulting incidence structure is a 2-dimensional Möbius plane.

Proof: Since M_{F,K} satisfies axioms A1, A2, and A5, it is a Möbius plane. Furthermore, the graphs of the functions in F correspond to the lines of the derived affine plane at the point ∞. We identify the point set of M_{F,K} in the natural way with the one-point compactification of R^2. Under this identification the point set of M_{F,K} turns into a 2- sphere and all circles into simply closed curves on this sphere. Now [27, Korollar 7.6], guarantees that M_{F,K} is a 2-dimensional Möbius plane.

3. Laguerre planes

Let F be a set of functions R ∪ {∞} → R such that all functions in F are continuous when restricted to R. We define an incidence structure L_F (that looks very much like a Laguerre plane) consisting of a point set, a circle set and an equivalence relation (parallelism) on the point set. Incidence is defined by inclusion. The point set is (R ∪ {∞}) × R, the circles are the sets c_f := {(x, f(x))|x ∈ R ∪ {∞}}, f ∈ F , and the equivalence classes (parallel

184 B. Polster, G.F. Steinke: Criteria for Two-Dimensional Circle Planes

classes) are the verticals in (R ∪ {∞}) × R, i.e., the sets {(a, y)|y ∈ R}, a ∈ R ∪ {∞}. Furthermore, let F_a, a ∈ R be the set of all functions f ∈ F such that f(∞) = a. We define an incidence structure L_{a,F} consisting of a point set and a line set. Incidence is again defined by inclusion. The point set is R^2. The lines are the vertical (straight lines) in R^2 and the sets l_f := {(x, f(x))|x ∈ R}, where f ∈ F_a. We note that if L_F is a Laguerre plane, then L_{a,F} is the derived affine plane at the point (∞, a).

We want to prove the following

Proposition 2. Let F be a set of functions R ∪ {∞} → R such that all functions in F are continuous when restricted to R. If L_F satisfies axioms A1 and A2, then the point set of L_F can be identified with the cylinder S^1 × R such that the resulting incidence structure is a 2-dimensional Laguerre plane.

In order to prove this result we need to know some facts about parabolic curves in 2- dimensional affine planes.

Let A be a 2-dimensional affine plane whose line set contains all verticals in R^2. A continuous curve c in A is parabolic if c together with the ideal point of the verticals is an oval in the projective closure of A, i.e., c is the graph of a continuous function R → R, every non-vertical line intersects c in 0, 1, 2 points, and through every point of c there passes a uniquely determined non-vertical line that intersects c only in this point. A nonvertical line in A is called an exterior line, tangent or secant of c if it has 0, 1, 2 points in common with c, respectively.

We will need the following result

Lemma 1. Let A be a 2-dimensional affine plane that contains the verticals in R^2 as lines, let p_v be the ideal point of the verticals, and let c be a parabolic curve in A. Moreover, let t be an arbitrary tangent of c and let l be an arbitrary non-vertical line in A.

Then the set c ∪ {p_v} is a topological oval in the projective closure of A. Furthermore, the set R^2 \ c has two components, and only one of the components has points in common with t (let O(c) denote this component and let I(c) denote the other component). Finally, all of l except possibly a compact subset of l is contained in O(c), i.e., the “ends” of l are contained in O(c).

Proof: Let W be the ideal line of A and Ā be the projective closure of A, i.e., a 2- dimensional projective plane. Let g : R → R be the continuous function whose graph is c, and let c̄ := c ∪ {p_v}. Finally, let t̄ and l̄ be the lines in Ā that correspond to t and l.

We verify that c̄ is a topological oval in Ā (see also [16, Lemma 2.2]). For this it suffices to show that c̄ is compact, i.e., homeomorphic to S^1, or equivalently, we have to show that lim_{x→±∞}(x, g(x)) = p_v in Ā. Let y ∈ R and let l̄_x, with x ∈ R denote the line in Ā that connects the point (y, g(y)) with the point (x, g(x)) if x ≠ y, and denote the tangent at the point (y, g(y)) if x = y. The map h : R \ {y} → W \ {p_v, l̄_y ∧ W } : x → W ∧ l̄_x is continuous and, since we are dealing with an oval, bijective. Hence h is a homeomorphism. We conclude that either lim_{x→+∞} l̄_x = l̄_y or lim_{x→+∞} l̄_x is the vertical through the point (y, g(y)). Since y ∈ R was an arbitrary choice, the first possibility implies that all tangents of c̄ pass through the point l̄_y ∧ W . W.l.o.g. we may assume that A contains the horizontal

B. Polster, G.F. Steinke: Criteria for Two-Dimensional Circle Planes 185

(straight lines) in R^2 as lines and that l̄_y ∧ W is the ideal point of these lines. This implies that all lines in A that are neither vertical nor horizontal lines are graphs of strictly increasing or strictly decreasing homeomorphisms. Furthermore, g itself is either strictly increasing or decreasing, since all verticals intersect c exactly once and no horizontal line intersects c in more than one point. If g is strictly increasing (decreasing), then all lines that are graphs of strictly decreasing (increasing) functions are tangents of c. In particular, there are infinitely many tangents through every point of c. This is a contradiction. We conclude that lim_{x→+∞} l̄_x is the vertical through the point (y, g(y)). With the same argument we conclude that lim_{x→−∞} l̄_x is also the vertical through the point (y, g(y)). Thus the only accumulation point of c on W is p_v. Hence c̄ is homeomorphic to the unit circle and is therefore a topological oval in Ā.

As an immediate consequence of the definition of an oval, we know that a non-vertical line in A is an exterior line, tangent or secant of c if and only if the corresponding line in Ā is an exterior line, tangent or secant of c̄, respectively. By [8, 2.3 b)], O(c) and I(c) correspond to the sets of outer points and inner points of c̄, respectively. The same result guarantees that the ends of l are contained in O(c) if l is a tangent or a secant. If l is an exterior line, it has to be contained in O(c) because it intersects t̄ at some point.

Proof of Proposition 2: Since L_F satisfies axioms A1 - A3, and A5, it is a Laguerre plane. Let c be a circle through the origin (0, 0) ∈ R^2 and let f_a, a ∈ R denote the uniquely determined (by A2) function in F_a such that the circle c_{fa} touches c at (0, 0). Every single one of the points (x, y) ∈ R^2, x ≠ 0 is contained in precisely one of the circles c_{fa} , a ∈ R. W.l.o.g. we may therefore assume that f_a(1) = a. By making this choice, we introduce an order on the tangent pencil {c_{fa} }_{a∈}R. Now we can provide the point set of L_F with the topology that is generated by the open sets in R^2 and the sets {(x, f_a(x))|a_1 < a < a_2, |x| > |x^′|} ∪ {(∞, a)|a_1 < a < a_2}, a_1, a_2, x^′ ∈ R, a_1 < a_2. Equipped with this topology the point set is a topological space homeomorphic to the cylinder S^1 × R.

We show that the circles in L_F are homeomorphic to the unit circle S^1. For all a ∈ R the derived affine plane L_{a,F} at the point (∞, a) is 2-dimensional, since all its lines are homeomorphic to R (see [19, Theorem 2.12]). Furthermore, axioms A1 and A2 imply that l_{fa}0 , a^′ ≠ a is a parabolic curve in this plane. With this information at hand, it suffices to check that for all a, a_1, a_2 ∈ R, a_1 < a < a_2, f ∈ F_a, the ends of the line l_f in the affine plane L_{a,F} stay in between the two parabolic curves l_{fa1} and l_{fa2} . By Lemma 1, this is the case, since l_{fa} is a tangent of both parabolic curves.

By [7, 3.10], the Laguerre plane L_F is 2-dimensional.

Knarr and Weigand [14] proved that a ternary field (R^n, τ ), n = 1, 2, 4, 8 with continuous ternary operation τ coordinatizes a 2n-dimensional affine plane. The following similar result is an immediate consequence of Proposition 2.

Corollary. Let g : R^4 → R be a continuous function, and let F be the set of all functions R ∪ {∞} → R : x → æ_{g(a, b, c, x) for x ∈ R} a for x = ∞ a, b, c ∈ R.

186 B. Polster, G.F. Steinke: Criteria for Two-Dimensional Circle Planes

If L_F satisfies axioms A1 and A2, then the point set of L_F can be identified with the cylinder S^1 × R such that the resulting incidence structure is a 2-dimensional Laguerre plane.

We note that it is possible to associate with any 2-dimensional Laguerre plane L a continuous function g : R^4 → R, with corresponding set F of continuous functions R → R as in the lemma, such that L_F = L (see [18, 2.1]).

4. Minkowski planes

Let F be a set of bijective maps R ∪ {∞} → R ∪ {∞} such that for each f ∈ F the restriction f^∗ : R \ {f^{−1}(∞)} → R \ {f(∞)} is continuous. Let F_∞ be the set of all functions f ∈ F such that f(∞) = ∞. For a function f ∈ F_∞ we find that f^∗ is a homeomorphism R → R. We define an incidence structure A_F consisting of a point set and a line set. The point set is R^2 and the lines are the verticals and horizontals in R^2 and the graphs of the functions f^∗ where f ∈ F_∞. We define a second incidence structure M_F (that looks very much like a Minkowski plane) consisting of a point set, a circle set and and two equivalence relations (parallelisms) ||_v and ||_h defined on the point set. The point set is (R ∪ {∞})^2 and the circles are the sets c_f := {(x, f(x))|x ∈ R ∪ {∞}}, f ∈ F . The equivalence classes (parallel classes) of ||_v are the verticals in (R ∪ {∞})^2, i.e., the sets {(a, y)|y ∈ R ∪ {∞}}, a ∈ R ∪ {∞} and the equivalence classes of ||_h are the horizontals in (R ∪ {∞})^2, i.e., the sets {(x, a)|x ∈ R ∪ {∞}}, a ∈ R ∪ {∞}. We note that if M_F is a Minkowski plane, then A_F is the derived affine plane at the point (∞, ∞).

Proposition 3. Let F be a set of bijective maps R ∪ {∞} → R ∪ {∞} such that for each f ∈ F the restriction f^∗ : R \ {f^{−1}(∞)} → R \ {f(∞)} is continuous. If M_F satisfies axioms A1 and A2, then the point set of M_F can be identified with the torus S^1 × S^1 such that the resulting incidence structure is a 2-dimensional Minkowski plane.

In order to prove this result we need to know some facts about hyperbolic curves in 2- dimensional affine planes.

Let A be a 2-dimensional affine plane whose line set contains all verticals and horizontals in R^2. A subset h of R^2 homeomorphic to R \ {0} is called a hyperbolic curve if h together with the ideal points of the verticals and horizontals is an oval in the projective closure of A, i.e., h is the graph of a continuous bijection R \ {a} → R − {b}, a, b ∈ R, every line that is not a vertical or horizontal intersects h in 0, 1, 2 points, and through every point of h there passes a uniquely determined line that intersects h only at this point and that is neither a horizontal nor a vertical.

We will need the following result

Lemma 2. Let A be a 2-dimensional affine plane that contains the verticals and horizontals in R^2 as lines, and let p_v be the ideal point of the verticals and p_h be the ideal point of the horizontals. Moreover, let h be a hyperbolic curve in A which is the graph of the continuous bijection g : R \ {a} → R \ {b}, a, b ∈ R.

B. Polster, G.F. Steinke: Criteria for Two-Dimensional Circle Planes 187

Then the set h ∪ {p_v, p_h} is a topological oval in the projective closure of A. Furthermore, we find lim_{x→±∞} g(x) = b (this implies lim_{x→a}+ g(x) = +∞ or −∞ and lim_{x→a}� g(x) = −∞ or +∞, respectively).

Proof: We first prove the second part of the lemma. Clearly, lim_{x→+∞} g(x) ∈ {b, +∞, −∞}. Let us assume that lim_{x→∞} g(x) = ∞. Then lim_{x→a}+ g(x) = b and g is strictly strictly increasing for x > a. Furthermore, g(x) < b for x < a. All lines in A that are neither vertical nor horizontal are graphs of strictly increasing or strictly decreasing functions. Let (x, g(x)) ∈ h, x > a. Then there are infinitely many lines corresponding to strictly decreasing functions that intersect h only at this point. A contradiction. The assumptions that lim_{x→+∞} g(x) = −∞, or lim_{x→−∞} g(x) = +∞, −∞ lead to similar contradictions. This proves the second part of the lemma. The first part of the lemma follows immediately.

Proof of Proposition 3: Since M_F satisfies axioms A1-A5, it is a Minkowski plane. As in the proof of Proposition 2, we conclude that A_F is a 2-dimensional affine plane. Furthermore, axioms A1 and A2 imply that the graphs of all functions f^∗, f ∈ F \ F_∞ are hyperbolic curves in A_F . We identify R ∪ {∞} with the unit circle in the natural way. Following this we identify the point set of M_F with the torus S^1 × S^1. By the second part of Lemma 2, it is clear that all circles that do not pass through the point (∞, ∞) are homeomorphic to the unit circle. The circles through this point correspond to the non-vertical and non-horizontal lines in A_F . All these lines intersect any of the horizontals and verticals precisely once, i.e., the only possible accumulation point for these lines on the torus is the point (∞, ∞). This shows that the circles through this point are homeomorphic to the unit circle as well.

Now [21, Satz 4.4] guarantees that M_F is a 2-dimensional Minkowski plane.

5. Applications

There are many constructions of Möbius planes, Laguerre planes and Minkowski planes that fit into our respective setups, e.g., the constructions in [4], [10], [11], [12], [13], [15], [16], [20], [22], [23], [24], [25]. Some of these planes have only been looked at from an incidence geometric point of view, and the proof that they are actually 2-dimensional planes has never been worked out. Our results fill this gap. Examples of such planes are the planes constructed in [1], [4], [11], [12], [13], [20].

As one further application of our results we prove that 2-dimensional circle planes can be characterized in terms of certain derived affine planes being 2-dimensional.

Proposition 4. A Möbius plane, Laguerre plane or Minkowski plane with a given topology on the point set is a 2-dimensional plane if and only if each derived affine plane is 2- dimensional with respect to the induced topology.

Proof: Since lines of a derived affine plane of a 2-dimensional circle plane are homeomorphic to R and closed subsets of the point set of the affine plane, [19, Theorem 2.12] guarantees that the affine plane is 2-dimensional.

188 B. Polster, G.F. Steinke: Criteria for Two-Dimensional Circle Planes

Conversely, assume that each derived affine plane of a 2-dimensional circle plane is a 2-dimensional affine plane with respect to the induced topology. According to [27, Korollar 7.6], [7, 3.10], [21, Satz 4.4], all we have to show is that circles are homeomorphic to S^1 and parallel classes are homeomorphic to R or S^1 in the case of Laguerre planes and Minkowski planes, respectively. However, each punctured circle is homeomorphic to R since such a circle becomes a line in the derived affine plane at the point that has been removed. Furthermore, each circle is the union of two punctured circles. In particular, the complement of each open neighborhood of one of the deleted points is a closed bounded subset of R with respect to the other deleted point. Hence a circle is the union of two compact subsets, and thus is compact itself. Therefore a circle is homeomorphic to the one-point compactification of R, that is, each circle is homeomorphic to S^1.

A similar argument applies to show that parallel classes of Minkowski planes are homeomorphic to S^1. Finally, each parallel class of a Laguerre plane becomes a line in the derived affine plane at a point not on this parallel class. Hence each parallel class must be homeomorphic to R.

For Laguerre planes and Minkowski planes we can weaken the above condition.

Proposition 5. A Laguerre plane or Minkowski plane with a given topology on the point set is a 2-dimensional plane if and only if each derived affine plane at points of at least one parallel class is 2-dimensional with respect to the induced topology.

Proof: Suppose that each derived affine plane at points of one parallel class is 2-dimensional with respect to the induced topology. We fix one point p of such a parallel class.

In the case of a Laguerre plane, circles not passing through p induce parabolic curves in the derived 2-dimensional affine plane at p. Since derived affine planes at points parallel to p have the same point set and are 2-dimensional with respect to the same topology, those parabolic curves are homeomorphic to R. In particular, the describing functions of those circles are continuous on their domains of definition. Thus all assumptions of Proposition 2 are satisfied. Hence we have a 2-dimensional Laguerre plane.

In the case of a Minkowski plane, circles not passing through p induce hyperbolic curves in the derived 2-dimensional affine plane at p. Since derived affine planes at points parallel to p are 2-dimensional with respect to the same topology and because two such derived planes have a point set R \ {a} × R for some a ∈ R with the same topology in common, those curves are homeomorphic to R^∗ = R \ {0}. In particular, the describing functions of those circles are continuous on their domains of definition. Thus all assumptions of Proposition 3 are satisfied. Hence we have a 2-dimensional Minkowski plane.

Example: Let f : R → R be a function whose graph in the real Desarguesian affine plane R^2 plus the ideal point of the verticals is an oval c_f in the real Desarguesian projective plane. Let us assume that f is not continuous, that is, the corresponding oval c_f of the 2-dimensional real Desarguesian projective plane is not topological. (Such ovals exist by [17].) In the planar description, as given in section 3, of the ovoidal Laguerre plane over c_f , that is, the geometry of non-trivial plane sections of a cone over this oval (with its vertex

B. Polster, G.F. Steinke: Criteria for Two-Dimensional Circle Planes 189

removed), circles are of the form {(x, af(x) + bx + c) | x ∈ R} ∪ {(∞, a)} for a, b, c ∈ R. In the Euclidean topology of R^2 only the derived affine plane at (∞, 0) is 2-dimensional. The derived affine plane at (∞, a), a ≠ 0 is not topological with respect to the given topology of R^2, although one can find topologies such that these derived planes become 2-dimensional.

It is not known whether results similar to Propositions 2-5 hold in the case of 4- dimensional circle planes (see [5] for general information about such planes).

One more remark that should not be left unsaid is the following

Proposition 6. An incidence structure I with point set R^2 that “looks like” the restriction of a 2-dimensional Möbius, Laguerre or Minkowski plane to the complement of a point, a parallel class, two parallel classes, respectively, can be extended to one of the respective 2-dimensional circle planes in at most one way.

Here “looks like” means that I is given in the form of the incidence structures M_{F,K} , L_F , M_F as introduced in section 2, 3, 4, respectively, with the difference that the point set is always R^2, the elements of F are continuous functions R → R in the case of the Möbius and Laguerre planes and, in the case of Minkowski planes, continuous bijections R \ {a} → R \ {b}, a, b ∈ R. Proof: In the case of the Möbius and Minkowski planes Proposition 6 is clearly true. In the case of Laguerre planes it makes more sense to speak of a line set of I rather than a circle set. We have to show that if I is extendable to a Laguerre plane, we are able to reconstruct the derived affine planes at the points on the parallel class that has to be added by just looking at the lines in I. If two lines in I intersect in exactly one point we will say that they intersect transversally if points of one of the lines are contained in both components of the other line in R^2. Using Lemma 1, we can show that the set A_l of all lines in I that intersect a given line l transversally, plus all those lines that intersect all lines in A_l transversally in exactly one point, plus the verticals have to be contained in any derived affine plane containing l of any 2-dimensional Laguerre plane that extends I. On the other hand, all these lines already form the line set of an affine plane.

Now, every single one of the derived affine planes we just reconstructed corresponds to a point on the parallel class that is to be added. We just have to make sure that the ordering on these points can also be reconstructed. But this follows from the fact that any pencil of lines in I that all touch in a point, i.e., the lines do not intersect transversally, contains exactly one representative line from any of the derived planes under discussion. So, the ordering on the points of the missing parallel class can also be reconstructed by just having a look at one of these pencils.

For finite Laguerre planes the corresponding result is not true. For example, let F be a finite field of order 2^n, n ≥ 3. Then the incidence structure with point set F2 and lines L(a, b, c) := {(x, ax^2 + bx + c)|x ∈ F} a, b, c ∈ F can be extended in two different ways by a copy of F to (non-isomorphic) Laguerre planes. If (a), a ∈ F denote the elements of this copy the two essentially different extensions of a line are L(a, b, c) ∪ {(a)} and L(a, b, c)∪{(b)}. If we extend in the first way, the resulting Laguerre plane is the Miquelian Laguerre plane, if we extend in the second way, the resulting Laguerre plane will be an ovoidal non-Miquelian Laguerre plane.

190 B. Polster, G.F. Steinke: Criteria for Two-Dimensional Circle Planes

References [1] R. Artzy, H. Groh: Laguerre and Minkowski planes produced by dilatations, J. Geom.

26 (1986), 1–20.

[2] T. Buchanan, H. Hähl, R. Löwen: Topologische Ovale, Geom. Dedicata 9 (1980), 401–424.

[3] S. Castro, B. Wernicke: Über topologische Minkowski-Ebenen und topologische affine Ebenen, Beitr. Alg. Geom. 30 (1990), 61–68.

[4] G. Ewald: Aus konvexen Kurven bestehende Möbiusebenen, Abh. Math. Sem. Univ.

Hamburg 30 (1967), 179–187.

[5] Förtsch, A.: Kollineationsgruppen endlich-dimensionaler topologischer Benz-Ebenen, Dissertation, Erlangen-Nürnberg (1982).

[6] H. Groh: Topologische Laguerreebenen I, Abh. Math. Sem. Univ. Hamburg 32 (1968), 216–231.

[7] H. Groh: Topologische Laguerreebenen II, Abh. Math. Sem. Univ. Hamburg 34 (1970), 11–21.

[8] H. Groh: Ovals and non-ovoidal Laguerre planes, J. Reine Angew. Math. 267 (1974), 50 – 66.

[9] H. Groh: Flat Moebius and Laguerre planes, Abh. Math. Sem. Univ. Hamburg 40 (1974), 64–76.

[10] E. Hartmann: Moulton-Laguerre-Ebenen, Arch. Math. 27 (1976), 424–435. [11] E. Hartmann: Eine Klasse nicht einbettbarer Laguerre-Ebenen, J. Geom. 13 (1979), 49–67.

[12] E. Hartmann: Beispiele nicht einbettbarer reeller Minkowski-Ebenen, Geom. Dedicata 10 (1981), 155–159.

[13] R. Kleinewillinghöfer: Eine Klassifikation der Laguerre-Ebenen, Dissertation, Darmstadt (1979).

[14] N. Knarr, C. Weigand: Ein Kriterium für topologische Ternärkörper, Arch. Math.

46 (1986), 368–370.

[15] R. Löwen, U. Pfüller: Two-dimensional Laguerre planes over convex functions, Geom.

Dedicata 23 (1987), 73–85.

[16] R. Löwen, U. Pfüller: Two-dimensional Laguerre planes with large automorphism groups, Geom. Dedicata 23 (1987), 87–96.

[17] S. Mazurkiewicz: Sur un ensemble plan qui a avec chaque droite deux et seulement deux points communs, (Polish) C. R. Soc. Sci. Varsovie Classe III 4 (1914), 382– 384. French translation in: Travaux de topologie et ses applications, PWN- Éditions Scientifiques de Pologne, Warszawa, 1969, 46–47.

[18] B. Polster: Integrating and differentiating two-dimensional incidence structures, (to appear in Arch. Math.).

[19] H. Salzmann: Topological planes, Adv. Math. 2 (1967), 1–60.

B. Polster, G.F. Steinke: Criteria for Two-Dimensional Circle Planes 191

[20] H.-J. Samaga: Über Sätze vom Miquelschen Typ, Habilitationsschrift, Universität Hamburg (1992).

[21] A. Schenkel: Topologische Minkowski-Ebenen, Dissertation, Universität Erlangen- Nürnberg (1980).

[22] G. F. Steinke: Some Minkowski planes with 3-dimensional automorphism group, J.

Geom. 25 (1985), 88–100.

[23] G. F. Steinke: Semiclassical topological Möbius planes, Resultate Math. 9 (1986), 166–188.

[24] G. F. Steinke: Semiclassical topological flat Laguerre planes obtained by pasting along a circle, Result. Math. 12 (1987), 207–221.

[25] G. F. Steinke: Semiclassical topological flat Laguerre planes obtained by pasting along two parallel classes, J. Geom. 32 (1988), 133–156.

[26] K. Strambach: Sphärische Kreisebenen, Math. Z. 113 (1970), 266–292. [27] D. Wölk: Topologische Möbiusebenen, Math. Z. 93 (1966), 311–333.

Received: April 20, 1994.