Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 37 (1996), No. 2, 329-336.

On the Generalized Stereographic Projection

Baki Karlıǧa

Department of Mathematics, Arts and Sciences Faculty, Gazi University, 06500, Teknikokullar Ankara, Turkey

1. Introduction

Stereographic projection, originally, was discovered by Hipparch. When Claudius Ptolemy was describing the instrument for measuring coordinates of stars on the celestial sphere, so called astrolabe, it was utilized. In 1613, the astrolabe projection was called stereographic projection by d’Aguillon in [1]. Stereographic projection was applied to geographic maps and surfaces by Lambert([2]), Euler ([3], [4]), Lagrange ([5]), Gauss ([6]). The conformal disc model for hyperbolic space is obtained by using stereographic projection by Killing ([7], [8]) and Poincare ([9]). From this study, we may obtain the model of hyperbolic space in special case of ν = 1. In addition to, it is well-known that stereographic projection is necessary to determine the inversion of sphere. Inversion of sphere was found by L. J. Magnus in 1831. It is also studied in detail by F. Vieta, R. Simson, J. Steiner, Kelvin. Stereographic projection has played a very important role in Weiner ([10]), Akutagawa and Nishikawa ([11]), Magid ([12]), Kobayashi ([13]).

The main aim of this paper is to give a possible generalization for stereographic projection of n-dimensional pseudosphere with ν-index, inversion of (n − 1)-dimensional pseudosphere with ν-index and to obtain some geometrical results. We see that stereographic projection in [10], [11], [12], [13] is a special case of ν = 1, 2 in our generalized stereographic projection. The basic definitions and background material required here may be found in O’Neill ([14]), Kreyszing ([15]), Schwerdtfeger ([16]), Smart ([17]), Reynolds ([18]).

2. The Generalized Stereographic Projection

The sets S^n_ν (r) = {x ∈ R_ν^{n+1} | ⟨x, x⟩ = r^2} and H^n_ν (r) = {x ∈ R_{ν+1}^{n+1} | ⟨x, x⟩ = −r^2} 0138-4821/93 $ 2.50 cfl 1996 Heldermann Verlag, Berlin

330 B. Karlıǧa: On the Generalized Stereographic Projection

are called n-dimensional pseudosphere, pseudohyperbolic space of ν-index and radius r, respectively [14].

Now, by using the following figure we shall try to define a map which is important to understand rest of the paper in special case ν = 1. Of course it is true for the other cases.

For the general case, it can be easily seen that p = (0, . . . , 0, r) ∈ S_ν^n(r)Λ = {x ∈ S_ν^n(r) | x_{n+1} = r}, x ∈ S_ν^n(r) \ Λ, x = σ(x) ∈ {x ∈ R_ν^{n+1} | x_{n+1} = 0}. Thus we can write^→ox=^→op +^→px,^→ox=^→op +λ^→px . From the last equality we obtain that λ =^r_{r−xn}+1 and x_i =^{rxi}_{r−xn}+1 , 1 ≤ i ≤ n. Consequently, we can give a map σ : S_ν^n(r) \ Λ −→ R_ν^n \ H_{ν−1}^{n−1}(r) defined by σ(x) = r r − x_{n+1} (x_1, . . . , x_n). Theorem 2.1 The map σ is one to one and onto. Proof. Let x, y ∈ S_ν^n(r) \ Λ. If σ(x) = σ(y) then r r − x_{n+1} (x_1, . . . , x_n) = r r − y_{n+1} (y_1, . . . , y_n)

B. Karlıǧa: On the Generalized Stereographic Projection 331 and so x_i = r − x_{n+1} r − y_{n+1} y_i, (1 ≤ i ≤ n). (1) Since x ∈ S_ν^n(r) \ Λ, we have ⟨x, x⟩ = − ν∑ i=1 x_i^2 + n∑ i=ν+1 x_i^2 + x_{n+1}^2 = r^2

By (1), we have r − x_{n+1} (r − y_{n+1})^2 (− ν∑ i=1 y_i^2 + n∑ i=ν+1 y_i^2) = r + x_{n+1}. (2)

On the other hand, for y ∈ S_ν^n(r) \ Λ, we write < y, y >= r^2 and − ν∑ i=1 y_i^2 + n∑ i=ν+1 y_i^2 = r^2 − y_{n+1}^2. (3)

If we substitute (3) in (2), we see that x_{n+1} = y_{n+1} and by (1) x_i = y_i, 1 ≤ i ≤ n + 1. This implies that σ is one to one. It is routine to check that σ is onto. This completes the proof. 2 Theorem 2.2 The map σ is a conformal map.

Proof. By the definition of σ, it is easy to show that for x ∈ R_ν^n \ H_{ν−1}^{n−1}(r)

σ^{−1}(x) = r r^2 + ⟨x, x⟩ (2rx_1, . . . , 2rx_n, ⟨x, x⟩ − r^2). Thus, ∂σ_ℓ^{−1} ∂x_k = { (2r^2(r^2 + ⟨x, x⟩) − 4ε_kx_k^2r^2)/(r^2 + ⟨x, x⟩)^2 k = ℓ (−4ε_kx_kx_ℓr^2)/(r^2 + ⟨x, x⟩)^2 k ≠ ℓ (4) and ∂σ_{n+1}^{−1} ∂x_k = 4ε_kx_kr^3 (r^2 + ⟨x, x⟩)^2

, (5)

where ε_i = ⟨e_i, e_i⟩, ∑n i=1 ε_kx_i^2 = ⟨x, x⟩, 1 ≤ k, ℓ ≤ n and {e_1, . . . , e_n} is the standard frame of R_ν^n. Let x ∈ R_ν^n \ H_{ν−1}^{n−1}(r) and V_x be a tangent vector of T_xR_ν^n. For the standard frame {e_1, . . . , e_{n+1}} of R_ν^{n+1}, we have

σ^{−1}_∗ (V_x) = n+1∑ ℓ=1 ε_ℓV_x[σ^{−1}_ℓ ]e_ℓ. (6)

From (4) and (5), we obtain

V_x[σ^{−1}_ℓ ] =

−4r^2x_ℓ( ∑n k=1 x_kV_k(x)) (r^2 + ⟨x, x⟩)^2 + 2r^2ε_ℓV_ℓ(x) (r^2 + ⟨x, x⟩) (7)

332 B. Karlıǧa: On the Generalized Stereographic Projection and V_x[σ^{−1}_{n+1}] =

4r^3( ∑n k=1 x_kV_k(x)) (r^2 + ⟨x, x⟩)^2

. (8) Substituting (7), (8) in (6), we have

σ_∗^{−1}(V_x) = n∑ ℓ=1 ε_ℓ [ −4r^2x_ℓ( ∑n k=1 x_kV_k(x)) (r^2 + ⟨x, x⟩)^2 + 2r^2ε_ℓV_ℓ(x) (r^2 + ⟨x, x⟩) ] e_ℓ + ε_{n+1}

[ 4r^3( ∑n k=1 x_kV_k(x)) (r^2 + ⟨x, x⟩)^2 ] e_{n+1}. (9) Taking into account the fact that ε_ℓ = ε_ℓ for 1 ≤ ℓ ≤ n, by (9), we obtain

σ_∗^{−1}(V_x) =

[−4r^2( ∑n k=1 x_kV_k(x)) (r^2 + ⟨x, x⟩)^2 ] n∑ ℓ=1 ε_ℓx_ℓe_ℓ+

+ 2r^2 (r^2 + ⟨x, x⟩) n∑ ℓ=1 V_ℓ(x)e_ℓ + ε_{n+1}

[ 4r^3( ∑n k=1 x_kV_k(x)) (r^2 + ⟨x, x⟩)^2 ] e_{n+1}. (10) If we apply the same arguments to W_x ∈ T_xR_ν^n, we see that σ_∗^{−1}(W_x) =

[−4r^2( ∑n k=1 x_kW_k(x)) (r^2 + ⟨x, x⟩)^2 ] n∑ ℓ=1 ε_ℓx_ℓe_ℓ+

+ 2r^2 (r^2 + ⟨x, x⟩) n∑ ℓ=1 W_ℓ(x)e_ℓ + ε_{n+1}

[ 4r^3( ∑n k=1 x_kW_k(x)) (r^2 + ⟨x, x⟩)^2 ] e_{n+1}. (11) Using (10) and (11) we have ⟨σ_∗^{−1}(V_x), σ_∗^{−1}(W_x)⟩ =

4r^4 (r^2 + ⟨x, x⟩)^2 ⟨V_x, W_x⟩. (12) This implies that σ is a conformal map. 2 Corollary 2.3 If ν = 0, σ reduces to usual stereographic projection of S^n(r). Proof. Since S_0^n(r) = S^n(r), Λ = {(0, . . . , 0, r)} and H^{n−1}_{−1} (r) = ∅, we show that σ : S^n(r) \ {(0, . . . , 0, r)} −→ R_0^n = E^n σ(x) = r r − x_{n+1} (x_1, . . . , x_n), σ^{−1}(x) = r r^2 + ‖ x ‖^2

(2rx_1, . . . , 2rx_n, ‖ x ‖^2 − r^2). 2

Consequently, we may give the following definition. Definition 2.4 The map σ : S_ν^n(r) \ Λ −→ R_ν^n \ H_{ν−1}^{n−1}(r) is called the generalized stereographic projection of S_ν^n(r), 0 ≤ ν ≤ n.

B. Karlıǧa: On the Generalized Stereographic Projection 333 Corollary 2.5 For ν = n, the form of σ is σ : S_n^n(r) \ {(0, 0, . . . , r)} −→ R_n^n \ S^{n−1}(r). Corollary 2.6 The following statements are valid for the generalized stereographic projection: (i) x_{n+1} > r iff σ(x) ∈ {x ∈ R_ν^n | ⟨x, x⟩ < −r^2}, x ∈ S_ν^n(r) \ Λ, (ii) x_{n+1} < r iff σ(x) ∈ {x ∈ R_ν^n | ⟨x, x⟩ > −r^2}, x ∈ S_ν^n(r) \ Λ. Proof. (i) If x_{n+1} > r, r(⟨x, x⟩ − r^2)/(⟨x, x⟩ + r^2) > r, −2r/(⟨x, x⟩ + r^2) > 0, and so ⟨x, x⟩ + r^2 < 0. It follows that ⟨σ(x), σ(x)⟩ < −r^2. Conversely, if ⟨σ(x), σ(x)⟩ < −r^2, then

x_{n+1} = r (⟨σ(x), σ(x)⟩ − r^2) ⟨σ(x), σ(x)⟩ + r^2 > r. (ii) Similarly, if x_{n+1} < r, we find ⟨σ(x), σ(x)⟩ > −r^2. Conversely, if ⟨σ(x), σ(x)⟩ > −r^2, then

x_{n+1} = r (⟨σ(x), σ(x)⟩ − r^2) ⟨σ(x), σ(x)⟩ + r^2 < r. 2 Corollary 2.7 Let ν = n, x ∈ S_n^n(r) \ {(0, 0, . . . , r)} and B be the open ball {x ∈ R^n | ‖ x ‖< r}. Then (i) x_{n+1} > r iff σ(x) ∈ R^n \ B, (ii) x_{n+1} < r iff σ(x) ∈ B.

Proof. It follows from Corallary 2.5 and Corollary 2.6. 2

Corollary 2.8 Let x be any element of S_ν^n(r). Then x_{n+1} = −r iff σ(x) is a null point of R_ν^n \ H_{ν−1}^{n−1}(r). Proof. If x ∈ R_ν^n \ Λ and x_{n+1} = −r, then we have ⟨x, x⟩ = r^2, − ν∑ i=1 x_i^2 + n∑ i=ν+1 x^2_i = 0. (13)

By definition of σ, σ(x) = (x_1, x_2, . . . , x_n)/2 and it follows from (13) that ⟨σ(x), σ(x)⟩ = 0. Thus σ(x) is a null point of R_ν^n \ H_{ν−1}^{n−1}(r).

Conversely let σ(x) be a null point of R_ν^n \ H_{ν−1}^{n−1}(r), then ⟨σ(x), σ(x)⟩ = 0 and it is not difficult to show that x_{n+1} = −r. 2

3. The Generalized Inversion

Let σ be the generalized stereographic projection, ϕ be a semi-Euclidean reflection of R_ν^{n+1} with respect to the plane x_{n+1} = 0 defined in [19] and Λ be the null cone of R_ν^n. The following theorem enables us to define inversion of S_ν^{n−1}(r).

334 B. Karlıǧa: On the Generalized Stereographic Projection Theorem 3.1 For 0 ≤ ν ≤ n − 1, let Ψ be the map Ψ = σ ∘ ϕ ∘ σ^{−1} : R_ν^n \ (H_{ν−1}^{n−1}(r) ∪ Λ) −→ R_ν^n \ (H_{ν−1}^{n−1}(r) ∪ Λ) defined by Ψ(x) = r^2x ⟨x, x⟩ . Then S^{n−1}_ν (r) is invariant under the mapping Ψ.

Proof. If x ∈ S_ν^{n−1}(r) then we have ⟨x, x⟩ = r^2 and by definition of Ψ, Ψ(x) = x. Thus ⟨Ψ(x), Ψ(x)⟩ = ⟨x, x⟩ = r^2, as required. 2 Now we give the following definition Definition 3.2 The map in Theorem 3.1 is called Generalized Inversion with respect to pseudosphere S_ν^{n−1}(r).

Corollary 3.3 If ν = 0, then the mapping Ψ coincides with the inversion in E^n with respect to sphere S^{n−1}(r).

Corollary 3.4 The spacelike and timelike points of R_ν^n \ (H_{ν−1}^{n−1}(r) ⋃ Λ) are invariant under the mapping Ψ.

Corollary 3.5 Ψ maps the sets {x ∈ R_ν^n | ⟨x, x⟩ < −r^2}, {x ∈ R_ν^n | −r^2 < ⟨x, x⟩ < 0} onto {x ∈ R_ν^n | ⟨x, x⟩ > −r^2} and {x ∈ R_ν^n | ⟨x, x⟩ < −r^2}, respectively. Proof. If ⟨x, x⟩ < −r^2, we obtain ⟨Ψ(x), Ψ(x)⟩ > −r^2. Since −r^2 < ⟨x, x⟩ < 0, we find ⟨Ψ(x), Ψ(x)⟩ < −r^2. 2 Corollary 3.6 Ψ maps the sets {x ∈ R_ν^n | 0 < ⟨x, x⟩ < r^2}, {x ∈ R_ν^n | r^2 < ⟨x, x⟩} onto {x ∈ R_ν^n | ⟨x, x⟩ > r^2}, {x ∈ R_ν^n | ⟨x, x⟩ < r^2}, respectively. Proof. This follows from Corollary 3.5. 2 Theorem 3.7 Let Ψ be the Generalized Inversion of S_ν^{n−1}(r). Then Ψ = Ψ^{−1}. Proof. Since ϕ = ϕ^{−1} and Ψ = σ ∘ ϕ ∘ σ^{−1}, we have Ψ = Ψ^{−1}. 2

4. The Generalized Stereographic Projection for Hyperbolic Spaces In this section we show that stereographic projection for hyperbolic spaces will be obtained by using anti-isometries defined in [14].

Lemma 4.1 The mapping μ : R_ν^{n+1} −→ R_{n−ν+1}^{n+1} given by μ(x_1, x_2, . . . , x_ν, x_{ν+1}, . . . , x_{n+1}) = (x_{ν+1}, . . . , x_{n+1}, x_1, . . . , x_ν) is an anti-isometry that carries each S_ν^n(r) anti-isometrically onto H_{n−ν}^n(r) and vice versa.

B. Karlıǧa: On the Generalized Stereographic Projection 335

Proof. It may be seen in [14] p. 110. 2

Theorem 4.2 Let σ, μ be as defined earlier and^∼μ^{−1} be the restriction of μ^{−1} on H_{n−ν}^n(r). Then the mapping σ ∘^∼μ^{−1} : H_{n−ν}^n(r) \ Λ −→ R_ν^n \ S_ν^{n−1}(r) defined by σ ∘^∼μ^{−1}(x) = r r − x_{n−ν+1} (x_{n−ν+2}, . . . , x_{n+1}, x_1, . . . , x_{n−ν} ) is a conformal mapping, where Λ = {x ∈ H_{n−ν}^n(r) | x_{n−ν+1} = r}.

Proof. By Lemma 4.1 and Theorem 2.2,^∼μ^{−1} and σ are conformal mappings. Thus σ ∘^∼μ^{−1} is a conformal mapping. 2

Let be σ ∘^∼μ^{−1} = τ ,^∼ϕ a Semi-Euclidean Reflection with respect to x_{n−ν+1} = 0 and Ψ = τ ∘^∼ϕ ∘τ^{−1}. Then we see that

Ψ : R_ν^n \ (S_ν^{n−1}(r) ∪ Λ) −→ R_ν^n \ (S_ν^{n−1}(r) ∪ Λ) and Ψ(x) = −r^2x ⟨x, x⟩ . The maps τ, Ψ are called generalized stereographic projection of H_{n−ν}^n(r) and generalized inversion of H_{ν−1}^{n−1}(r). Thus, we can give an analogue of all theorems and corollaries in section 2 and section 3.

References

[1] d’Aguilon, F.: Opticorum libri 6. Moretus, Antverpiae 1613.

[2] Lambert, J. H.: Beyträge zum Gebrauche der Mathematik und deren Anwendung. Berlin 1772.

[3] Euler, L.: De repraesentatione superficiei sphaericae super plano. Acta Acad. Petrop. 1 (1777).

[4] Euler, L.: De projectione geographica superficiei sphaericae. Acta Acad. Petrop. 1 (1777). [5] Lagrange, J.-L.: Sur la construction des cartes géographiques. Œuvres, vol. 4, Gauthiers- Villars, Paris 1879, 637–692.

[6] Gauss, C. F.: Allgemeine Auflösung der Aufgabe die Theile einer gegebnen Fläche auf einer andern gegebenen Fläche so abzubilden daß die Abbildung dem Abgebildeten in den kleinsten Theilen ähnlich wird. 1822 (collected papers vol. 4).

[7] Killing, W.: Die nicht-euklidischen Raumformen in analytischer Behandlung. Teubner, Leipzig 1885.

[8] Killing, W.: Die Rechnung in den nicht-euklidischen Raumformen. J. Reine Angew.

Math. 89 (1880), 265–288.

336 B. Karlıǧa: On the Generalized Stereographic Projection

[9] Poincaré, H.: Sur les applications de la géométrie non euclidienne a la théorie des formes quadratiques. Comptes Rendus de l’Association Francaise pour l’Avancement des Sciences, 10^e session (1881), 132–138.

[10] Weiner, J. L.: The Gauss Map In Space of Constant Curvature. Proc. Amer. Math. Soc.

38 (1) (1973), 157–161.

[11] Akutagawa, K.; Nishikawa, S.: The Gauss Map and Spacelike Surfaces with Prescribed Mean Curvature in Minkowski 3-space. Tôhoku Math. J. 42 (1) (1990), 67–82.

[12] Magid, M. A.: Timelike Surfaces in Lorentz 3-spaces with prescribed Mean Curvature and Gauss Map. Hokkaido Math. J. 20 (3) (1991), 447–464.

[13] Kobayashi, O.: Maximal Surfaces in the 3-dimensional Minkowski space L^3. Tokyo J.

Math. 6 (2) (1983), 297–309.

[14] O’Neill, B.: Semi-Riemannian Geometry. Academic Press, 1983. [15] Kreyszig, E.: Differential Geometry. Dover Publ. Inc., New York, 1991. [16] Schwerdtfeger, H.: Geometry of Complex Numbers. Dover Publ. Inc., New York, 1979. [17] Smart, J. R.: Modern Geometries. Brooks/Cole Publishing Comp. – A division of Wadsworth, Inc., 1994.

[18] Reynolds, W. F.: Hyperbolic Geometry on a Hyperboloid. Amer. Math. Monthly 100 (5) (1993), 442-455.

[19] Karlıǧa B.; Halıcıoǧlu S.: Reflection Groups On Semi-Euclidean Spaces. Preprint, 1994.

Received January 9, 1995