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Introduction

We consider the framework of generalized metric spaces (S, ) where S is a non-empty set
and

o:8%x8—[0,+00]

is a map such that o(x,z) = 0. Briefly, o is called a generalized distance. Therefore
in general, o satisfies neither symmetry nor the triangle inequality, yet it expresses the
intuitive idea of a “distance”, i.e. the estimate of the “gauge” between two points.

General metric spaces were studied by Menger, Bouligand, Busemann, Pauc, Cara-
théodory, Blumenthal and recently by Alexandrov and Gromov ([18], [4], [5], [19], [1],
15)).

By using the weak metric structure it is possible to give a notion of convergence. If
o satisfies the separation property (o(z,y) =0 < x =y), i.e (S,0) is a semimetric space,
where the generalized distance is not necessarily symmetric, then it is possible to define
four topologies. Moreover if o is “continuous”, then (5, o) is a Hausdorff topological space.

Here a particular generalized distance o = o,. (r > 1) is considered, which is defined
on the set S of the Lebesgue measurable subsets of R™

1/r
o-(A,B) = (r/ [dist(x,@B)]T_lda:) , r>1
AAB

(where AAB is the symmetric difference of A and B). Observe that oy is the Nikodym
distance.

* This work is partially supported by the national research projects of the MURST and
CNR (Italy).
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The map o, introduced by E. De Giorgi ([13]) as a generalization of o5 and considered
by Almgren-Taylor-Wang ([2]), is used in order to study the generalized minimizing motions
(e.g. following the mean curvature) ([14],[20])

Other examples come from the study of the Lipschitz manifolds, which has suggested
us the generalizations presented in [9].

We shall give a suitable notion of asymptotically equal generalized distances and study
some of its properties. If ¢ is asymptotically equal to p and they induce a topology, then
the two topologies coincide.

As in [9], if v : [a,b] — S is a (parameterized) curve of S, it is possible to define
three functionals &, (o, p) for h = 1,2,3 and p > 1, called p-energy of the curve 7, which
generalize the usual concept. In this paper we prove that, if the generalized distances o
and p are asymptotically equal, then, for h = 2, 3,

En(o,p)(7) = Enlo,p)(v)  Vp=>1

when v has a finite energy for some py > 1. The statement is true for every continuous
curve 7 if (S, 0) is a topological space.

The results (some of which are in [10]) answer a question proposed in a talk by E. De
Giorgi, who in valuable discussions has drawn our attention to the problems of interactions
among topology, differential geometry and calculus of variations.

1. Topology induced by a generalized distance

1.1. Let S be a set and
o:8%x8—[0,4+00]

a map such that o(x,y) = 0 if, and only if, z = y. In Blumenthal’s language [3], (.5, 0)
is a semimetric space, where the generalized distance is not necessarily symmetric. For
simplicity of writing we put

o(z,y) = zy.

All that was said in [3](Ch.1, §6) for a semimetric space (with a symmetric distance) can
be easily adapted to the space (S,0) with a not symmetric distance. We give the basic
concepts.

1.2. An element = € S is called an L-limit (left-limit) of a sequence (xj) of elements of S
(briefly 3, —>z or x;—p) if, and only if,

limzix = 0,
k

(zrz) being a sequence of non-negative real numbers. Observe that the limit may not be
unique.

1.3. Let E be a subset of S. An element x € S is called an L-accumulation point of E
provided that, for each positive number ¢, there is a point ¥y € F such that 0 < yz < .
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The subset E is L-closed if it contains each one of its accumulation points. E is L-open
provided its complement C(F) is L-closed. The family of all L-open sets, defined above,
is closed under arbitrary unions and finite intersections; therefore, it forms a topology,
named 77, (o) or briefly Tr.

1.4. Let x,y be elements of S. If for any sequence (yi) of elements of S,

(Ye) 12y = (k) — yz,

then the distance function o is said to be L-continuous at y, x; it is continuous in S provided
it is continuous at each pair of points of S.

1.5. If z € S and ¢ is a positive number, the subset
Br(z;e) ={y € S;yz < e}

is called the L-spherical neighborhood of x with radius €. Observe that a spherical neigh-
borhood need not be open, nevertheless if ¢ is an L-continuous distance function, then, for
all z € S and € > 0, the sets B (x;¢) are L-open and they form a base for the topology

Tr(0).

1.6. All that was said can be repeated interchanging the roles of left and right.
An element z € S is called an R-limit of a sequence (x) of elements of S if, and only if,

liin zxy = 0.

An element x € S is called an R-accumulation point of E provided that for every positive
number e, there is a point y € E such that 0 < zy < €. The family of all R-open sets
forms a topology on S, named Tg. If o is R-continuous in z,y, then the sets

Br(z;e) = {y € S;zy < ¢}
are R-open.

1.7. Example. Let S =R and

T <y,

y_:Ea
o(z,y) = {0, o

The map o is not symmetric, but satisfies the triangle inequality; moreover it is R-
continuous. The spherical neighborhoods are the sets Bgr(z;e) = (—oo,x + €], which
generate on R the topology of upper semicontinuity. Analogously, By (z;e) = [x — &, +00)
generate on R the topology of lower semicontinuity.

1.8. An element x € S is called a w-limit (weak-limit) of a sequence (zy) of elements of S
if, and only if,
min{lilgn TR, lién zxi} = 0.
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An element x € S is called a w-accumulation point of E provided that, for every positive
number ¢, there is a point y € E such that 0 < min{yz, zy} < . The family of all w-open
sets forms the topology T, .

1.9. Analogously, an element x € S is called an s-limit (strong-limit) of a sequence (xy)
of elements of S if, and only if,

max{liin TR, liin zx} = 0.

An element x € S is called an s-accumulation point of E provided that, for every positive
number ¢, there is a point y € E such that 0 < max{yx,zy} < e. The family of all s-open
sets forms the topology 7.

The topology T, is the weakest of the four topologies, while 7, is the strongest. In
general the four topologies may be distinct even if ¢ is continuous (with respect to 7T, and
hence with respect to the others).

We summarize the results in the following theorem, which was previously known if
the distance function is symmetric:

1.10. Theorem. On a semimetric space (S,c), where o is a generalized (not necessarily)
symmetric distance, the topologies T, (h = L, R,w,s) can be defined. If o is continuous
with respect to Ty, then (S, Tn) is a Hausdorff space and the balls By, (x;€) form a base for
the neighborhoods. Moreover, if o is continuous with respect to the weak topology T, then
S is Hausdorff also with respect to the other topologies T, (h = L, R, s).

Examples

1.11. Let S =R and
_ y—x, Yy Z z,
olan={Y 2

The w-topology is the Euclidean one, the s-topology is the discrete one, the spherical
neighborhoods of 77, and Tg are respectively

Bi(z;e) = [z,x +¢€), Bgr(z;e) = (z —e¢,z].

Because o(zg,x) — 0 if, and only if, o(x,z;) — 0, the four topologies are continuous.

The following examples have suggested us to consider general metric spaces (][9], [19]).

1.12. If (M, F) (resp. (M,g)) is a Finsler (smooth) manifold (resp. a Riemann manifold),
the function o : M x M — R™* defined in a chart (U, ®) by

1/2

GEm=FE&n—& or  &E&En) =D gnr(©0m—&)m—&)|
hok
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induces on M the generalized distance o(z,y) = 7(®(x),®(y)), which satisfies neither
symmetry nor the triangle inequality. Thus (M, o) becomes a general metric space, hence
a topological space, because ¢ is continuous (nay smooth); moreover the previous topologies
coincide.

1.13. The spaces (S, 7Ty) in general are not metric, however the following statement holds:

1.14. Theorem. Let o and p be two generalized distances on S. A necessary and sufficient
condition in order that, for h = L, R,w, s, the topology Ty (o) coincides with T (p) is that

il]'kﬁ)l[l <~ l’kﬁx

Proof. We prove the theorem for h = L; in the other cases we can proceed in an analogous
manner.

Let p(zk,z) — 0 be with x; # z and limsupy, o(zk, ) = a > 0, then it is possible to
extract a subsequence of (zy), denoted (y,), such that

o(Yn,z) > 0, limo(y,,z) = a, (lim p(y,,z) = 0).

If C' denotes the closure of the set {y,;n € N} with respect to T5(c), then C is not
closed with respect to T(p), provided x ¢ C. The statement of the theorem is obtained
by interchanging the roles of ¢ and p. ([l

It follows easily that

1.15. Theorem. Let o and p be two generalized distances on S. A sufficient condition
in order that, for h = L, R,w, s, the topology Tn(c) coincides with Tp(p) is that

lim sup m < +o00, limsup M < +0o0.
P, oz, x arspz O Tk, T)

Analogous conditions, mutatis mutandis, hold for the topologies Tr, Tw, Ts-

1.16. Two generalized distances o and p are called equivalent if

o(xk,
Lk p,wexv Yk p,w;y = hmsup M < 400
ko P(Tks Yk)
and
X
Teowl; Yeowl = lim sup w < +00.

k U(fﬂk,yk)

Naturally the previous conditions are satisfied if two real numbers a, b exist such that

ao(z,y) < p(z,y) < bo(z,y) Vz,y €S
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which is the usual condition in metric spaces.

From Theorem 1.15 we have

1.17. Theorem. If o and p are equivalent, then Tp(o) = Tn(p) for h = L, R,w, s.

2. A remarkable example

2.1. Let S be the set of the Lebesgue measurable subsets of R™ and, for all A, B € S,
define

or(A,B) = (r /AAB[dist(x,aB)]r_ldx> v (r>1)

(where AAB is the symmetric difference of A and B).

Clearly, (5’, o) is a general metric space. When we identify two sets A and B such
that |AAB| = 0, then o is the Nikodym distance, while o, (r > 1) is not a distance in the
usual sense, namely o,.(4, B) # o.(B, A).

In order to avoid pathological behavior, it is convenient to restrict S to more mean-

ingful subsets,
S={X CcR";, X convex and bounded}

or

K ={X CcR"; X a convex body}.

Now, for all A, B € S, with the above identification,
0.(A,B)=0= A= B.
In [21] the following statements are proved:

2.2. Theorem. Let A,B € S with |A| # 0, |B| # 0. If (Ax), (Bx) are sequences in S
and (Ax) — A, (Bx) — B in the topology of o1, then

o.(Ag, By) — o.(A, B).
2.3. Theorem. Let (Ax) be a sequence in S and A € S. Then
O'T(Ak,A) —-0& O'l(Ak,A) — 0,

hence

Gr(Ak,A) —-0< O'T(A, Ak) — 0.

Hence the generalized distance o, is continuous and the four topologies 7, (o,) are equal.
Moreover, by Theorem 2.3, these topologies coincide with the one induced by o1, i.e. the
Nikodym topology, which is the topology induced also by the Hausdorff distance ([16]).
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3. Asymptotically equal distances

3.1. Let 0 and p be two generalized distances. We say that o is asymptotically equal to o
at x € S if, and only if,

. O\Tk, Yk
Th—5T, Yp—>T = hmw =1.

ko o(Tk, Yk)
If o is asymptotically equal to ¢ at all points x € S, then we write 0 ~ p. In general o ~ p
does not imply ¢ ~ o, as is shown by the following example.

3.2. Example. Let S =R and

o(r,y) = |sino(z,y)|,

where o might be a distance in the usual sense, in particular o(x,y) = |x —y|. Now o ~ o,
but if Z,y € S are two points s.t. o(Z,y) = mnm (m € N\ {0}) then o(Z,y) = 0, hence p is
not asymptotically equal to o.

We remark that, for example, the o-closure of (zj), where x, = 1/k is {zy;k €
N} U {0}, while the p-closure is {z;x = mm, m € N}. O

Observe that if o ~ g and a real number a > 0 exists such that

ao(z,y) < o(z,y),

then o ~ 0.

3.3. Theorem. Let g,p be two generalized distances on the set S. If o ~ p and p ~ o,
then o and p induce the same topology on S.

Proof. If = is an L-accumulation point of a set £ C S, then a sequence (zj), with
z € B\ {x}, exists such that o(zk,z) — 0. By definition, one has p(z,x) — 0 too (and
vice versa reversing the roles of o and p), also the L-accumulation points with respect to
the topology induced by o coincide with the L-accumulation points with respect to the
topology induced by p. Analogous conclusions hold in the other cases. U

Observe that ¢ and p may induce the same topology, without being asymptotically equal
(for example o1 and o,.).
The LIP case

3.4. Let (M, 0) be a LI P manifold, where ¢ is a distance locally equivalent to a Euclidean
one. If (U, ®) is a chart at the point z € M,{ = ®(x), v is a vector of V = &(U) C R", we
consider the “directional derivative” of § at the point &,

(&, v) = limsup (21, 2 1€+ tv)).

t—0t t
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For almost all £ € V there exists the limit and the function ¢(¢,-) is a norm that depends
on ¢ and which is locally equivalent to the Euclidean norm ([7]). Then

J(&: 77) = @(57 n— 5)

is a generalized distance on R", not continuous, which satisfies neither symmetry nor the
triangle inequality.

3.5. Theorem. Let (M,6) be a LIP manifold, where § is a distance locally equivalent to
a Fuclidean one. If d(§,m) = p(&,n — &) is the generalized distance induced on the chart,
then 0 is a.e. asymptotically equal to d, where

d(z,y) =d&m), x=3), y=2"(n).

Proof. If 6(®~1(€),®1(n)) = §(£,n), by (3.4) one has for £ # 7,

b _ bem  _ 9&E+In—&lmgy)

d&n)  eEn=8 & =gl €|

From every sequence (7)) such that n, — &, it is possible to extract a subsequence (denoted
again 7)) such that

U SN v, o] = 1.

176 — €|l

Then, for almost all £, one has § ~ d because

0&m) _ o 0Em) _e&v) _ | O

oo d(E, k) koo d(E,m) | 9(E,0)

3.6. Theorem. Let (M,§) be a LIP manifold, where § is a distance locally equivalent to
a Euclidean one. If p is a distance (on M ) asymptotically equal to &, then, for almost all §

o (&v) = ¢ (&,v)
where ° (resp. @) is the “directional derivative” of & (resp. p).

Proof. At the points where ¢° and ¢” exist and, by the definition of asymptoticity, the

relation
L S(@E), 27 (E + 1) : i
=0 t p(@-1(), 271 (E +tv))
holds, whence the conclusion. O

It follows in particular that

3.7. Theorem. Let M be a metric space with respect to two asymptotically equal distances
0 and p. Moreover let A be an open subset of R™ and f : A — M a LIP map. If
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E C f(A) is HY-measurable (where H is the Hausdorff measure induced by 6) then E is
M, -measurable and

H5(E) = H, (E).
It is sufficient to recall a representation theorem of type “area” ([17], [11,(3.7)]).

Because for the length of a curve v constructed from the distance o one has [6]

b
L(v;0) =/ ©7 (7, 9)dt
it follows that:

3.8. Theorem. Let M be a metric space with respect to two asymptotically equal distances
0 and p. If v is a curve of M, then

L(v;0) = L(7; p)-

3.9. Example. Let (M, g) be a LIP Riemannian manifold embedded in (R",d), where
d is the standard distance. If §9 is the intrinsic distance induced on M by g ([6],[7]), then
§9 ~ d a.e. on M. Namely by Theorem [7,(6.2)], for almost all y

69(z,y)

= 1.
ey d(z,y)

We recall that it is possible to have a LI P manifold (M, g) with ¢(&, ") a norm, that is not
derived from an inner product. Hence

3.10. Theorem. [7,(6.3)] Given a LIP Riemannian manifold (M, g), in general it is not
possible to find a number m € N such that (M, g) is isometric to a LIP submanifold of
(R™, nat).

4. p-Energy of a curve

4.1. Asin [9], if v : [a,b] — S is a (parameterized) curve of S, a < t' < ¢’ < b and
T=A{t =ty <t; <..<thy1 =1t"}is a decomposition of [t',t"], we define for p > 1,
p € R, the following functionals, called p-energies of the curve v,

n

E1(a,p)(; ', t") —Sup{za ti) z+1)) };

i—0 1+1 - t

3

Ex(o,p) (7t ") = ir%f{ 51(Uap)(’7;ti,ti+1)};
i=0

1"

Es(o,p)(v;t',t") = *//t (lim sup o(r(®), 7t + h))p)dt;

h—0 hP
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(where this latter integral is meant as a Lebesgue upper integral).

The functional & can be considered as the total p-variation of -, with respect to the
function o. If ¢ is a distance and p = 1 we have the usual concept of length of a curve, for
p = 2 we have the extension of the concept of energy to curves, that need not be smooth.

In the general case,
&1 2828

and there exist examples for which strict inequalities hold.

4.2. We say that ~ satisfies the finite energy condition for &, if some py > 1 exists such
that & (0, po)(7y) < +o0.

4.3. Theorem. [9] If o satisfies the triangle inequality (on y(I)), then

E1(o,p)(7) = &(o,p)(y) Yp>1.

Moreover if v satisfies the finite energy condition, then

E1(o,p)(7) = &a(o,p)(7) = E3(0,p)(v) = E(o,p)(v)  Vp>1.

If S is a LIP (topological) manifold M and o a distance § locally equivalent to the

Euclidean one, then
b

e@na) = [ plr i
where ¢ is the “derivative” of § (see (3.4)).
In particular, if S is a LIP Finslerian manifold of class C! and § = §% is the intrinsic
distance induced by a continuous norm F, then ¢ = F. We recall ([7]) that if F'is a generic
Finslerian structure, then in general ¢ # F, but o? = o

Examples
4.4. We consider Example 3.2, where S = R and
oz [a,b] N Q,
=15 inR-q

Then o(v(t),v(t + h)) = 0, mm, while p(y(t),y(t + h)) = 0. One easily sees that

&3(0,p)(7) = +o0, & (o p)(v) = 0.

It follows that one may have o ~ p but & (o, p)(v) # Es(0,p)(7).

4.5. Even if o0 ~ p and p ~ o, this does not imply that the energies are equal.
Indeed, let S = R and

o(@,y) =z —yl,  olz,y) =" “Vo(z,y),
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then o ~ p, 0 ~ o, but
E1(e,p)(7) = "7 (b —a) > (b—a) = E1(0,p)(7)-
5. The main theorems

If M is a LIP (topological) manifold with ¢ and p distances (locally equivalent to a
Euclidean one and) asymptotically equal, then, for every curve « of M,

Enlo,p)(7) =&n(pp)(v) R=1,2,3;p>1.

Now we shall study under what conditions the energies are equal in the case that the
generalized distances are asymptotically equal on a set M.

5.1. Theorem. Let o and p be generalized distances and o ~ p. If v is a curve of S such
that Es(o,1)(y) < 400, then E(p,1)(y) < +oo too and

&3(o,p)(7) = Es(p,p)(7)  Vp=1.

Proof. The condition &(o,1)(y) < 400 gives, for almost all ¢ € [a, b],

i sp ZO D1+ 1)

7 € R = lim o(y(t),7(t + h)) = 0.
h—0+ h h—0

Because o ~ p, for every sequence (h,) (with h,, > 0) convergent to 0,

i O+ BR)) hn,
n hn, p(y(t),(t + hn))

holds and hence, if we choose a sequence (which we again indicate (h,,)) such that

o(y(®),7(t + hn)) o(y(t),7(t + hn))

lim Zn = limsup 7% =Y(v(¢),
it follows that
£),v(t + hn , £),7(t + hn
lim sup 2 ),71( ) < i PO ZL( +ha) _ B ()

We choose (hy,) such that

PO+ hn)) _ o PO (E+ 2n)),
hn n hn ’

lim
n

then we obtain the opposite inequality, whence the conclusion. O
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5.2. Theorem. Let o and p be generalized distances and o ~ p. If v is a curve of S such
that E2(o,po)(y) < 400 for some pg > 1, then E(p,po)(y) < +oo too and

E(o,p)(7) = E(p,p)(v)  Vp> 1

Proof. First we remark that & (o, po)(y) < 400, for some py > 1, implies for ¢t < 7

(5-3) lim o(y(t),7(7)) =0,

t,r—t*

i.e. the continuity of o(v(t),v(7)) at the point (¢*,¢*) of the diagonal; but in general the
continuity of o(y(t),y(7)), as a function of (¢,7) does not follow.

i) If £&1(o,po)(7y) < +oo for some pg > 1, then one proves that, Ve > 0 a d. exists such that

o(y(t), (7))
T(y(8),7(7))

Indeed, suppose ab absurdo that, ¥n the points t,, 7, € [a,b] exist s.t.

(1—¢)< < (1+¢), 0<7—1<0de.

1 J('Y(tm'Y(Tn))

(5.4) a<t,<1h<b T, —t, < —, —1| > e.
n

p(Y(tn), Y(Tn)) B

It is possible to choose subsequences, which we again call (t,),(7,), convergent to a
point t*. Then by (5.3) Vn one has v(t,)—>y(t*),v(7n)—5>7(t*), and by the assump-
tions lim, o(y(tn, v(1n))/p(v(tn), (7)) = 1, which contradicts (5.4).

Let T be a partition of [a,b] with width smaller than J.. Then

p PO ), Y(tn41))? o (¥(tn), (s 1))? _ p(V(En), 7 (En41))P

1-— 1 D
( 6) (tn—i—l - tn)p—l - (tn-l-l - tn)p_l o (tn—i—l - tn)p_l ( + E) ’
whence . .
(1- 5)ngl(l)ap)(7;ti,ti+1) < Z&(U,p)(%ti,tiﬂ) <
i=0 i=0
< (L+¢) Z Ev(p, p) (V3 tis i)
i=0
Since

int {3 8o Oittien) } = {3 o) it tisa) | = Ealon )3t 1)

by the arbitrariness of € the assertion of the theorem follows.

(ii) By the definition of & and because of the assumptions, a partition of [a, b] exists such
that 51(0‘,})0)(’7; tiati—H) < +00. Then by (1)

E2(0,00) (Vs tis tivr) = E2(p, po) (V3 i, tig1),
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from which the conclusion follows provided &; is an additive function. U

Remarks

5.5. The result of the Theorem 5.2 is not true for &£, as the Example 4.5 shows.

5.6. The condition (o, 1)(y) < +oo does not imply the equality (o, p)(vy) = E2(0,p)(7)
even for finite energies. For example, if

z, a<t<c,

W):{y, c<t<b,
and o(Z,y) # o(Z,y), we have

52(07 1)(7) = O-(ja y) 7& Q(a_jv Zj) = 52(@7 1)(7)'

5.7. For the equality in 5.2 the condition £3(0,1)(y) < +oo is essential, as Example 4.4
shows.

5.8. The conditions
Es(o,1)(y) < 400, Ex(o,po)(7y) < +o0, po > 1,

can be replaced by

lim o(y(tn),¥(t)) =0, lim o(y(t),7(tn)) = 0.

tp—t— ty,—tt

5.9. If & (o, p)(y) = oo for all p > 1, then the result of the Theorem 5.2 is true if

p(y(t),v(7))
o(v(t),v(7))

> c, Vt, T € [a,b].

For example, if for t,, — t,

limsup o(y(t),y(tn)) =1 > 0,

then
lim sup p(y(t),v(tn)) > ¢l > 0,

n
and hence

& (o, p)(7) = &2(p,p)(7) = +o0,  Vp> 1.

From the remark in 5.7 it follows that:

5.10. Theorem. Let S be a topological space and o a continuous map. If o ~ p, then,
for every continuous curve -,

En(o,p)(v) = Enlp,p)(v) VP2>1,h=23.
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Remarks

5.11. For h = 1, the theorem is not true as shown in Example 4.5.

5.12. The Nikodym distance oy and the generalized distance o, (introduced in Section 2)
induce the same topology, but o7 is not asymptoyically equal to o.., because &, (o1, p)(y) #

gh(o'rap)(fy) (See [9]7 §5)
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