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Abstract. We construct star-products on the co-adjoint orbit of the Lie group
Aff(C) of affine transformations of the complex line and apply them to obtain the
irreducible unitary representations of this group. These results show the effective-
ness of the Fedosov quantization even for groups which are neither nilpotent nor
exponential. Together with the result for the group Aff(R) (see [5]), we thus have
a description of quantum MD co-adjoint orbits.

1. Introduction

The notion of x-products was a few years ago introduced and played a fundamental role in
the basic problem of quantization, see e.g. references [1, 2, 6, 7, ... |, as a new approach
to quantization on arbitrary symplectic manifolds. In [5] we have constructed star-products
on upper half-plane, obtained the operator {5, Z € aff (R) = Lie Aff(R) and proved that the
representation

~

o
exp(lz) = exp(a% +i0e®)
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of the group Affy(R) coincides with the representation T, obtained from the orbit method
or Mackey small subgroup method. One of the advantages of this group, with which the com-
putation is rather accessible is the fact that its connected component Affy(R) is exponential.
We could use therefore the canonical coordinates for Kirillov form on the orbits. It is natural
to consider the same problem for the group Aff(C). We can expect that the calculations and
final expressions could be similar to the corresponding ones in real line case, but this group
Aff(C) is no more the exponential, i.e. the exponential map

—_~—

exp : aff(C) — Aff(C)

is no longer a global diffeomorphism and the general theory of D. Arnal and J. Cortet (see
[1], [2]) could not be directly applicable. We overcame these difficulties by a rather different
way which could give new ideas for more general non-exponential groups: To overcome the
main difficulty in applying the deformation quantization to this group, we replace the global
diffeomorphism in Arnal-Cortet’s setting by a local diffeomorphism. With this replacement,
we need to pay attention on the complexity of the symplectic Kirillov form in new coordinates.
We then computed the inverse image of the Kirillov form on appropriate local charts. The
question raised here is how to choose a good local chart in order to make the calculation as
simple as possible. The calculation we propose is realized by using complex analysis on very
simple complex domain.

Our main result consists of an explicit star-product formula (Proposition 3.5) on the
local charts. This means that the functional algebras on co-adjoint orbits admit a suitable
deformation, or in other words, we obtained the quantum co-adjoint orbits of this group as
exact models of new quantum objects, called “quantum punctured complex planes” (C?\ L),,.
Then, by using the Fedosov deformation quantization, it is not hard to obtain the list of all
irreducible unitary representations (Theorem 4.2) of the group Aff(C), although the compu-
tation in this case, using the Mackey small subgroup method or the modern orbit method,
is rather delicate. The infinitesimal generators of those exact models of infinite dimensional
irreducible unitary representations, nevertheless, are given by rather simple formulae. We
introduce some preliminary result in §2. The operators {4 which define the representation of
the Lie algebra aff(C) are found in §3. In particular, we obtain the unitary representations

—~——

of the Lie group Aff(C), the universal covering group of the Aff(C), in Theorem 4.3 of §4.

2. Preliminary results

Recall that the Lie algebra g = aff(C) of affine transformations of the complex line is described
as follows (see [4]). It is well-known that the group Aff(C) is a real 4-dimensional Lie group
which is isomorph to the group of matrices:

AH(C)2{(8 [i>|a,b€C,a7é0}

The most easy method is to consider X,Y as complex generators, X = X;+iXsand Y =Y+
iYs. Then from the relation [X,Y] =Y, we get [ X1, V1] — [ X, Ya] +i([X1Ya] + [ X2, Y1]) = Vi +
iY5. This means that the Lie algebra aff(C) is a real 4-dimensional Lie algebra, having four
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generators with the only nonzero Lie brackets: [Xi, Y]] —[Xs, Ya] = Y7; [Xo, V1] +[X1, Y2 = Y,
and we can choose another basis denoted again by the same letters such that:

(X1, V1] = Y15 [ X0, Yo = Yo; [Xo, Vi) = Vo1 [ X, Yo = Y4
Remark 2.1. The exponential map
exp: C — C*:= C\{0}

given by z +> e* is just the covering map and therefore the universal covering of C*: C*~C.
As a consequence one deduces that

—_—~—

Aff(C) Z2Cx C=A{(z,w)|z,w e C}
with the following multiplication law:

(z,w)(2,w') = (2 4+ 2/, w + e*w’)

—~———

Remark 2.2. The co-adjoint orbit of Aff(C) in g* passing through F' € g* is denoted by

—_—

0 := K(Aff(C))F = {K(g)F|g € Aff(C)}.

Then, (see [4]):
1. Each point (, 0,0, ) is O-dimensional co-adjoint orbit €(a,0.0,s)-

2. The open set % +~* # 0 is the single 4-dimensional co-adjoint orbit Q = Qg2,.2 4.
We shall use €2 in the form Q2 = C x C*.

Remark 2.3. Set
Hy ={w=q +igs € C| —00 < q1 < +o00; 2k < qo < 2kmw +27}; k=0,%1,...

L={pe¥cC|0<p< +oo; ¢ =0}

and C, = C\L is a univalent sheet of the Riemann surface of the multi-valued complex
analytic function Ln(w), (k = 0,=£1,...). Then there is a natural diffeomorphism
w € Hy — e* € Cy, with each £ =0,+1,.... Now consider the map:

CxC—0O0=CxC"

(z,w) — (z,€e"),

with a fixed k € Z. We have a local diffeomorphism
@k:CXHkHCXCk

(z,w) — (z,€").

This diffeomorphism ¢; will be needed in the sequel.
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On C x Hj we have the natural symplectic form

wo:%[dz/\dw—l—dz/\dw], (1)
induced from C2. Put z = p; +ips, w = q1 + iqe and (x!, 22, 23, 2%) = (p1, q1, P2, ¢2) € RY,

then
Wo = dp1 N dgy — dpa N dga.

The corresponding symplectic matrix of w, is

0 -1 0 0 0 10 0
1 0 0 0 -1 100 0
/\_0001and/\_000—1
0 0 -1 0 0 01 0

We have therefore the Poisson brackets of functions as follows. With each f, g € C*(Q),
4 O0f 99 _0f 99 0f 9y 9f b9 0f by

0x' 0z~ Op1dqr OqiOpi OpsOgs  Dga Ops
0f 0g  0f dg N of 0g Of 09]

) ) Pt A et A W' it A Mt 4

Loz ow  Owdz 9zow  Owoz

{figt=A

Proposition 2.4. Fizing the local diffeomorphism (k € Z), we have:

1. For any element A € aff(C), the corresponding Hamiltonian function A in local coor-
dinates (z,w) of the orbit Q is of the form

_ 1 _
Ao pi(z,w) = Slaz + fe” +az + [e”]

2. In local coordinates (z,w) of the orbit 0, the Kirillov form Q) is just the standard form

(1).

Proof. 1. Each element F' € Q C (Aff(C))* is of the form
F=:X"+e"Y" = <Zw O>
e’ 0

in local Darboux coordinates (z,w). From this it follows that

A(F) = (F, A) = Rtr(F.A) =

B az Pz 1 w . — S
= Rtr (aew ﬁew> = 2[az + pe” + az + Be”]
2. Using the definition of the Poisson brackets{, }, associated to a symplectic form w, we
have
of

{‘Zaf}:aa_w_ﬂew

of
0z

wil 507

~fe oz | ow (2)
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Let us from now on denote by {4 the Hamiltonian vector field (symplectic gradient) corre-
sponding to the Hamiltonian function A, A € aff(C). Now we consider two vector fields:

8 0 0 0 0
o=« —51 ——516 +Oé1a_, &g = aw—ﬂ ——ﬁge —i—ozgaw
where A = (061 501) ; B= (%2 %) € aff(C). It is easy to check that
0 0 0 0 0 0 0 0
_ 2w 7 o 7 — LA S ) —
§4® & = PiPae E ® Ey + Qs ® = W + B1Bse 0z ® 0z + a1y TR e ® 8w+
0 0 0 0 =0 0
+(afe - a2ﬁl)ew& w0 + (0B — a3 f)e” 9% ® P + (a1 2 — az3r)e” 9z (9_w+
0 0 S — 0 0 0 0
+<a_1ﬁ2 - @ﬁl)ewa ® % + (5152 - ﬁlﬁZ)ew—i_wa ® } + (01101_2 — 04_1042)% X %

Thus,
(W, 84 ®&p) = %[(alﬂQ — )€ + (a1fBs — azB1)e” | = Rtr(F.[A, B]) = (F,[A, B)).

Thus the proposition is proved. 0

3. Computation of operators Eff)

Proposition 3.1. With A, B € aff(C), the Moyal x-product satisfies the relation:

—_—

iAxiB —iBxiA = i[A, B]. (3)

Proof. Consider two arbitrary elements A = a1 X + 41Y; B = asX + 5Y. Then the
corresponding Hamiltonian functions are:

— 1 _
A= 5[0‘12 + 6ie¥ + a1z + f1e"]; B = 5[042;2 + Bae" + aaz + [ae”].

It is easy, then, to see that:

P°(A,B) = A.B
-~ ~~ 0AOB 0AOB O0AOB 0OAOB
1 _ _ _
P(A’B)_{A'B}_2[828w 8w82+828w 8w82]

% [(01152 — ayf)e” + (arf — a_zﬁ)ew}

and P"(A,B) =0, Vr > 2.
Thus,
- o~ o~ o~ 1 o~ -~
idxiB —iBxid = [Pl(z'A, iB) — P\(iB, z'A)] —

]

[(04152 — abh)e” + (@ — a_ﬁ)eﬂ

MI@
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on one hand. On the other hand, because of [A, B] = (10 — a21)Y we have

—_—~—

. . 1 P
i[A, B] = i(F,[A, B]) = ) (12 — anfr)e” + (a1 fa — 231 )e ]
The proposition is hence proved. 0

For each A € aff(C), the corresponding Hamiltonian function is

1 -
A= 5[&24—66”4—@4—66“’]

and we can consider the operator Kff) acting on the dense subspace of smooth functions
L2(R? x (R?)*,dp,dqidpadgs/(27)?)> by left «-multiplication by iA4, i.e. Eff)(f) = iAx f.
Because of the relation in Proposition 3.1, we have

Corollary 3.2.

k) (k (k
() =0 0t — 6 0 ) = [0, ] (4)

From this it is easy to see that the correspondence A € aff(C) — Kff) — iA x . is
representation of the Lie algebra aff(C) on the space C™(Q)[[£]] of formal power series, see

2
[7] for more detail.

Now, let us denote F,(f) the partial Fourier transform of the function f from the variable
z = p1 + 1py to the variable £ = & + &y, i.e.

FEw) = 5= [[ e w)dpdpe

Let us denote by
FANw) =5 [ ™ wpdeds,

the inverse Fourier transform.

Lemma 3.3. Putting g = g(z w) = F7Hf)(z,w) we obtain:

1. 0.9 = %fg ;0rg = (38) 9,7 =2,3,.

2. Oz9 = Li&g ;059 = (L&) 9,7“:2,3,---

3. F.(zg) = 2i0:F.(g9) = 2i0¢f ; F.(zg) = 2i0: F.(g) = 2i0; f

4. 0ug = 0u(FHS)) = F. 7' (0uf); Owg = 0u(F1(f) = F. 7' (0af)

z

Proof. As 0, = $(8,, —i0y,); 0z = 3(0p, + 10,,) we obtain 1. and 2.
3. We have F,(zg) =

1 . 1 .
— _W// 6—1(P1§1+102§2)plg(z,w)dpldp2 +i% // e—l(Pl&l-‘-17252)272‘9(2,w)dpldp2 —

= iaﬁfz(g) + i26§2}—2(9) = (iaﬁl - 862)}—2(9) = 22'82.7-;(9) = 2Z8§f
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and F,(Zg) =
1 : 1 .
=5 // 6—z(p1§1+p2§2)p19(2,w)dp1dp2 - z% // e—%(p1€1+p2€2)p29(z’w)dpldpQ = 20 f.

4. The proof is straightforward. The Lemma 3.3 is therefore proved. O

We also need another lemma which will be used in the sequel.

Lemma 3.4. With g = F, *(f)(z,w), we have:
1. F.(P°(4, g)) = i(ads + @) f + 1Be” f + L Be” f.
2. F.(PY(A,g)) = a0uf + aduf — Be®(i€) f — Bev (LE)F.
3. F.(P'(A,g)) = (—1)" 2" [Be”(56)" + Be“ (€)1 f  Vr>2.

Proof. 1. Applying Lemma 3.3 we obtain P°(A,g) = A.g = Lazg + Bevg + azg + Be”g).
Thus,

FAPY(A,9)) = 3[0F-(29) + Be“F.(g) + GF.(20) + Be"F.(g)] =

%[Ziaag}}(g) + 2ia0:F.(g) + Be“ F.(g) + Be" F.(g)] = i(a0g +ade)f + %66“’f - %Be“’f.

2. (PY(A, g)) = A20,, A0, g + N0, ADy, g + N10,, ADy,g + N30, AD,g =
= Q0yg + adyg — Be"0s9 — Be“D.g.
This implies that: F,(P(A, g)) =
= a0y F.(9) + ad,F.(g) — Be"0:F.(g) — BeV0.F.(g) =
_ 1 71—
= 00pf + @y f — ﬁe“’(gs)f - 5ew(§§)f-
3. P2(A, g) = A2 A2 8,4, Ay, g + A2 A 0,0 ABy pyg + A3 A2 D0 ADppg +
~ 1. _ _ _
+ A% /\438quzAap2p29 = 3 [(ﬁe“’ + Be¥ — Be¥ + Be¥ + fe¥ — fe? 4+ fe’ + ﬁe"“”)@%g +
+ (Be” + Bev + Be — Be” — Be” + Bev + Bev + Be”)02g] = 2Be”02g + 2Be"02g.
This implies also that:
_ _ — i
F.(P*(A,9)) = 26" F.(02g) + 28e“ F.(0%g) = 2ﬁe“’(§§)2f + 2[36“’(56)21”-

By analogy, B o
P3(A, g) = (—1)*[4Be"02g + 43" D3],

FPY(A,g)) = (-1 2B (GEP°F + B (D]
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and with r > 4 _
PT(A,g) = (—1)".2"[Be"0Lg + Be“ g ]
FAP(Ag)) = (-1 2 B () + e BV
Lemma 3.4 is therefore proved. Il
Proposition 3.5. For each A = g g
function f € C°(C x Hy), we have: Egc)f =F,0 Eff) o FINf) =

) € aff(C) and for each compactly supported C*-

1 i 1 omole
= [a(50, — O2)f +5(§5w —0e)f + 5(5 “28 4 Be” 20 f]. (5)
Proof. Applying Lemma 3.4, we have:

() = FoliAx FA) = i3 o) - (PA F(P) =

rit92
e _ 1w1_ﬁ711_ i
= @{[2(0132+ alk)f + S 0e’f + 5 e fl+ ﬁ(;i)[a%f + ady, f — e (§€)f—
. T -
e (LB + 5y (G 2B (SEV T + 5 (5) ]+ +
1 —1 s ;T
+—(2—Z.)”2’"‘1[ﬁew(%§) f+Be (O fl+-.
= (0~ 80)f + 5 (@0 + adu)f +i{ [ 06" + SPe” — B (56) — e ()] 7+
1 1 _2 -1 .2 11 —
o[BG 48O [F o4 5 [BeR(S) 405D [+ )
1 1 15 f— —
= |50 = 99) + @505 — 0) + §ﬁe e 4 %56%—56] f
= [al500 — 9) + (50 - 3) + 5 (B~ H + Bem¥9)| 1
The proposition is therefore proved. |
Remark 3.6. Set u=w — %Z;v %E we obtain
1 (f) = a—f Fa0 LG B e (6)
9 _d
o) =0+ + o (ﬁe + Be"),

which provides a (local) representation of the Lie algebra aff(C).
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—_—

4. The irreducible representations of Aff(C)

Since fﬁc) is a representation of the Lie algebra aff(C), we have:

5 0 o i _
exp({P) = exp(a% taa-+ §(ﬁe“ + Be"))

is just the corresponding representation of the corresponding connected and simply con-

nected Lie group Aff(C). Let us first recall the well-known list of all the irreducible unitary
representations of the group of affine transformations of the complex line, see [4] for more
details.

~——

Theorem 4.1. Up to unitary equivalence, every irreducible unitary representation of Aff(C)
is unitarily equivalent to one of the following one-to-another nonequivalent irreducible unitary
representations:

1. The unitary characters of the group, i.e. the one-dimensional unitary representation
Uy, A € C, acting in C following the formula

— —_—

Un(z,w) = ™ V(2 w) € Aff(C),\ € C.

2. The infinite dimensional irreducible representations Ty, 0 € S', acting on the Hilbert
space L*(R x SY) following the formula:

S(z + 2)

™

[Tg(z, w) f] () = exp (i(%(wx) + 210 ])) flz®2), (7)

where (z,w) € A?f(E), z € R x S!=C\{0}; f € L*(R x S!);
S(z + 2)

r®z =R+ 2) + 2mi{ 5
7r

1.

In this section we will prove the following important theorem which is of interest for us both
in theory and practice.

—_—

Theorem 4.2. The representation exp(ggg)) of the group Aff(C) is the irreducible unitary
representation Ty of the group Aff(C) associated to ) by the orbit method, i.e.

exp({) f(x) = [Ty(exp A) f](x),

where f € L*(R x S'); A = (g g) € aff(C);0 € SY; &k =0,41,...

Proof. Putting z = e € C\{0} = R x S! and recall that

(g ll’) — exp(A) = exp (‘g g)
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we can rewrite (7) as following:

Ty (exp A)fl(e) = exp (i0R(E— ") + 200125 ])) e,
where o~
uda=Ru+a)+ 2#2{%} =u+a— 2#i[$].

Therefore, for the one-parameter subgroup exptA, ¢t € R, we have the action formula:

ta geu—i-ta

et + o[~ _—])) F(e).

[Ty(exptA)f](e") = exp (z‘(éR

By a direct computation:

0
a([Te(eXp tA)fl(e")) = 8)
8815 (eXp(l (6 Lgen + eta__ 13&) + 27r9¢[(\ ;:a])) + f(eutto—2mil 2Ty
+€Xp(%( i ﬁ _|_ /86 ) + 2ﬁei[%62u;ta])%f(eu+ta 27rz["(“7+m)])
= %(ﬁeuHa + Be™ ) [Ty(exp tA)f} (") + exp (i(?R(em — 1561‘) + 27r0i[(\ ;;ta])aeu@ta%
on one hand. On the other hand, we have:
I3 (To(exptA)f](e") = ©)
0 ) . o
= o ([Tofexp tA)f)(e")) + @ (TolexptA)f)(e) + 5(5e" + Fen) [To(exptA)f)(e)] =
= a%(em — 1/36u) exp (2(5}?( - 156”) + 2#9[%6u+m]))f(eueata)+
to Cx U+t o
+aexp(i<%< ety 4 2m0 20 ) )erere Sl
%(e ﬁe )GXp(Z(%( - 156“’) + 27.‘.9[(\ u+ta]>)f(eu$ta)+
%(B w + ﬁe“)[Te(eXp tA)f](eu) — %(ﬂeu+ta + Beﬂ—l-ta) [Tg(exp tA)f](e")+
to Cyputta o
—{—exp(i(%( 158”) n 27T9[\$€27T ]))aeuGBata_i

(8) and (9) imply that

%[Tg(exp tA) fl(x) = 0 ([Ty(exptA) fl(z))  Vz e R xS



Do Ngoc Diep, Nguyen Viet Hai: Quantum Co-Adjoint Orbits ... 429

Furthermore,

Jet

Ty(exp tA)f)(")]imo = exp(2mil 5 10)f (e >715) = f(e).

This means that: exp(f%ﬂ)) f(z) and [Tp(exptA)f](z) together are the solution of the Cauchy
problem

A

%u(t,x) = Eff)u(t,x);
u(0,2) = id.

The operator Ef) is sufficiently well-behaved, so that the Cauchy problem has a unique
solution. From this uniqueness we deduce that

exp(@ff))f(x) = [Ty(exptA)fl(x) Vo € R x S'.
The theorem is hence proved. O

Remark 4.3. We say that a real Lie algebra g is in the class MD iff every K-orbit is of
dimension 0 or dim g. Furthermore, it was proven in [4, Theorem 4.4] that, up to isomorphism,
every Lie algebra of class MD is one of the following:

1. commutative Lie algebras,
2. the Lie algebra aff(R) of affine transformations of the real line,
3. the Lie algebra of affine transformations of the complex line.

Thus, by calculation for the group of affine transformations of the real line Aff(R)) in [5]
and here for the group of affine transformations of the complex line Aff(C) we obtained a
description of the quantum MD co-adjoint orbits.
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