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Buffon’s problem for an arbitrary convex body K and a lattice of parallelograms in the
Euclidean space E, has been investigated in [1]. In [5] this problem is considered for two
different types of lattices in the space E5 namely, for those lattices whose fundamental cell
is a triangle or a regular hexagon. Buffon’s Needle Problem for a lattice of right-angled
parallelepipeds in the n-dimensional Euclidean space was solved in [9]. In her dissertation,
E. Bosetto has answered the corresponding questions for other types of lattices in the 3-
dimensional space and for test bodies like the needle or the sphere. In [7] Buffon’s problem
is solved for a lattice of right-angled parallelepipeds in the 3-dimensional space (which will
be denoted here by R) and an arbitrary convex body of revolution. In the present paper we
prove results of this type for arbitrary convex bodies of revolution and four types of lattices
in Ej3, considered also by E. Bosetto.
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Let K be an arbitrary convex body of revolution with centroid S and oriented axis of rotation
d. Clearly, the axis d is determined by the angle # between d and the z-axis and by the
angle ¢ between the projection of d on the xy-plane and the z-axis and we express this
by writing d = d(6, ). If for a given d = d(6, ), the body K is tangent to the zy-plane
such that the centroid S lies in the upper half-space, we denote by p(6, ) the distance
from S to the xy-plane. Then the length of the projection of K on the z-axis is given by
L6, ) = p(0,¢) + p(r — 0,¢). Note that p(6, ¢) does actually depend only on the angle 6
and moreover, since K is a body of revolution about the axis d the value p(f, ¢) is invariant
to any rotation about this axis, say by an ¢). Now let F be a fundamental cell of the lattice
R and assume that the two 3-dimensional random variables defined by the coordinates of S
and by the triple (0, ¢, 1) are uniformly distributed in the cell F and in [0, 7| x [0, 27] x [0, 27]
respectively. We are interested in the probability pk z that the body K intersects the lattice
R. Furthermore, we will assume, as it is done in all papers cited here, that the body K is
small with respect to the lattice R. In order to recall briefly this concept, consider for fixed
(0,¢) € [0,7] x [0,27] the set of all points P € F for which the body K with centroid P
and rotation axis d = d(f,¢) does not intersect the boundary 0F and let F(6, ) be the
closure of this open subset of F. We say that the body K is small with respect to R, if the
polyhedrons sides of F (6, ¢) and F are then clearly pairwise parallel.

Denote by M £ the set of all test bodies K whose centroid S lies in F and by Nx the set
of bodies K that are completely contained in F. Of course, we can identify these sets with
subsets of R® and if x4 denotes the Lebesgue measure then the probability is given by

1(Nr)
1 —1-
@ PR (M)
Using the cinematic measure (see [6])
(2) dK =dz ANdy NdzNdQ N dy

where z,y, z are the coordinates of S, d) = sin 8df N dy and v is an angle of rotation about
d we can compute

3) (M / d / dp / in 06 / / / dwdydz = 872 Vol (F) ,

(z,y,2)EF}
or  2r
(4) pNF) = / (/ (/Slﬂ@( /// dxdydz) d@) dgp) dvp
0 {(z,y,2)EF(0,0)}
or
27r/ (/ Vol F(6, ) - sin@d@)dgp,
which leads to 0
o

(1) pkr=1-— m / ( / Vol F(8,¢) - sinede) dy

0 0
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The above reasoning is valid for all lattices R provided K is small with respect to the lattice.
Our purpose here is “only” to show that for four different types of lattices that we denote as
in [3] by R, R3, R4, Rs5, the volume of F (0, ) can be expressed in terms of the well known
support- and width-function (p and L) associated to the body K and to compute some of
the integrals involved.

1. The lattice R»

The fundamental cell F; of the lattice R is the parallelepiped spanned by the vectors a, b, c,
where ¢ = (0,0, ¢) is perpendicular on a = (asina, acosa, 0) and b = (0,b,0). We can
assume without loss that the angle a between a and b belongs to |0, 7| . One checks that
K is small with respect to R if and only if its diameter is less than min(asin«, bsina, c).
Recall that given d = d(6, ), L(6, ) denotes the length of the orthogonal projection of K

onto the z-axis. In order to simplify the expression for Vol F»(6, ) we use the functions
01, p1 and Oy, s defined as follows:

01(0, ) := arccos(sin cos @), p1(0,p) := arctan (%) )

05(0, ) := arccos (sin@sin (gp +a— %)), ©2(0, ) := arctan (tan Osin(p + «)) .

Thus, for d = d(0, ), the length of the orthogonal projection of K onto the z-axis is given
by L(61(6, ), ¢1(0,¥)) and also, the distance between the two planes that are parallel to the
plane spanned by the vectors a and ¢ and tangent to K equals L(65(0, ), ¢2(0,¢)). This
implies

1

sin «

Vol F(0, )= <a sina—L(@l(H, ©), e1(0, gp))) ((b -
: (C — L(0, w))
= abcsina — absina L6, ¢) — be L(61(0, ©), p1(0, gp))

L(92(0,<p), @2(9790))>

— ca L(92(97§0); @2(9,30)) +a L(92(9790)7 902(9790)) L0, ¢)

+ b L(6, p) L(01(9,90)7 901(0,<p)) + L(91(9790), wl(H,sO))L(%(H,sO), 902(9,<P)>
1

sin «

sin «

From this we obtain
2 2T

2w 2
e [ [1(006:9) 1(0,9)) sinbdtido—ca [ [L(6:(6.), 2(6.)) sintasay
0 0 0 0
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/L 91(9 ), o1(6, )) (92(9 ©), (0, ))sm@dﬁdgp,
)

(52) PR, = 47msma//L((91(0,cp), ©1(0, go)) sin 0dOdp

0

— . 1
+ 47Tbsina//L(92(9’ ), 902(9,4,0)) sm0d¢9d<,0+4—7m//L , ) sin 0dfdp
00

0
2r

1 .
" dnbesina / / L(02(6.¢), 2(0.9)) L(0.¢) sin Ol
0 0

2T
1 .
B M//L(glwa ), 901(9790)>L(92(9780), 802(9,<p)> sin 0dfdp
00

2

1 .
B m / / L(e’ (P>L(91 (07 90)7 901(9, QD)) Sin Hded(p
0 0

2r ™
T S / / LO.Q)L(0:(6.0). £1(0,0))L(6:(60.9), a(0.0)) sin0dbdp
47rabcsm «
00
Thus, we have proved:

Theorem 1. The probability pk r, is given by the equality (52).

Remarks. 1) For a = ; one obtains (for the lattice R;) the equality (1) in [7], since in this

case the expression involved is symmetric in a,b and c.

2) If K has constant width then the above result becomes

( 1 1 +1) ( 1 . 1 1 )2 1 18
asina  bsina ¢ absin?a  besina casina abcsin® o
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In the case of sphere this expression is exactly the right-hand side of the formula (1.21) in
3]

3) If K is a needle of length [ < min(asina,bsinc,c), we have L(6, ) = [|cosf|, which
implies L(05(0, ), ¢2(0,9)) = l|sinfcos(p + a)| and L(61(6,¢), v1(0,¢)) = 1| sinf cos ¢|
and the computations give the same result as in formula (1.13) in [3], i.e..

absina+ac+bcl 5 a+b+[1+ (5 —a)cot afc l2+1+(§—a)cotoz 3

PKR, = : - : :
2 2abc sin « 3mabesin a 4mabesin o

2. The lattice R3

The fundamental cell F3 of the lattice R3 is the parallelepiped spanned by the vectors a =
(asina,acosa,0), b= (0,b,0) and ¢ (with ||c|| = ¢). Let o, 5 and ~ the angles between a
and b, b and ¢ and c and a respectively. We can assume without loss that all three angles
belong to the interval }0, g] We denote also by E;, E; and E3 the planes spanned by b
and c, c and a and a and b respectively. Of course, Ej is the xy-plane. Further, if §;; with
0<&; < T is the angle between E; and F; then d; = asin;zsina = asin§asiny , dy =
bsinéosin S = bsinéygsina and d3 = csinéyzsiny = csinéjgsin f are the heights of the
parallelepiped. Note that (a,,7) is uniquely determined by 12, 23, &13 and viceversa.
Thus, we can write R3 as a union of lattices of parallel equidistant planes denoted by £, £2
and &3 such that the distance between the planes of £ equals d;. The normal vector to Es
is ng = (0,0,1). As we did before, we denote by 6 and ¢ the angles between d and nj and
between (1,0,0) and the projection of d on Fj.
1

! | Il
The vector n; = (sin&3,0, —cos&3) is orthogonal to F; and (b,cy,n;) is a (positively
oriented) triple of orthonormal vectors. Let 6; and ¢; be the angles formed by d and n; and
the projection of d on F; and b. We have

Let ¢’ be the orthogonal projection of ¢ on the zz-plane and ¢; = ¢’ =(cos&13,0,8in&;3).

0, = 6,(0,p) = arccos(sin &3 sin 6 cos ¢ — cos €13 cos b)) |
sin {13 cot0>

sin ¢

01 = @1(0,¢) = arctan(cos £13cot p +

x sin €93 cos a—y sin a3 sin a+ 2 cos €23 = 0 is an equation for the plane F5. The corresponding
normal vector is ny = (sin &a3 cos a, — sin o3 sin v, cos £»3). The vectors ¢y = (— cos &3 cos
cos &3 sin a, sin &o3), a and n, form a positively oriented triple of orthogonal vectors. If we
consider the angles 6, and ¢, between d and n, and between the projection of d on E, and
cy we have

0y = 05(0, p) = arccos(— sin a3 sin 6 cos(p + ) — cos €a3 cos b)) |

o - sin 0 sin(a+p)
P2 = P2 (07 SO) = arctan (sin £a3 cos 0—sin O cos €23 cos(a+p) )

The parallelepiped F3 has the volume
Vol F3 = absina - d3 = abcsin arsin y sin €o3

— _di_ da N - di1dads
siné13  sinasinéag 3 sin€13sin&azsina °
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Now when K is small with respect to Rg3, that is, when the diameter sup L(6, ) of K is
(0.¢)
smaller than min(dy, ds,ds), then F3(0,¢) is at its turn a parallelepiped whose faces and

sides are parallel to the corresponding faces and sides of Fs for all values (6, ¢) € [0, 7| x[0, 27].
The heights of F3(0, ¢) are given by

d1<9> 90) =d; — L(91, 901)7 d2(9,<,0) =dy — L(ez’%); d3(9790) =d3 — L((MO) .
dl (97 @)d2(97 Sp)d3(97 SO>

sin &13 sin €93 sin «

Then Vol F3(0, ¢) =

and from (1") we get

2w

Pkrs =1 — s Ofof\/ol F3(0, o) sin 0dodyp

0} 1— L(%;‘Pl) _ L(9;;<P2) _ L(g;P) + L(61, w;l)d2(92 ,2) +

L(02,p2)L(0,0) | L(0,0)L(01,1) _ L(0,0)L(01,1)L(02,92) | s
e e T e }sm@d&dgp.

We have proved

Theorem 2. If K is small with respect to R, the probability pk r, s given by

2r ™

(53) PKRs = [d // (01, 1 Sln9d9d<p+—// (05, o) sin BdOdp
1

2 2r 7w

+ di//L(H, ,sin fdfdp — —- 7 // (01, 1) L(0s, o) sin 0dldp
3 1
00

2w
1
_ //L(QQ;%)L ©) sin 8dfdp — // L(0y, 01) sin 0d0dy
dads d3
0 0
2r
d1d2d3 // 017 gpl)L<027 @2) sin (9d0dg0:| .
Remarks 1) The result is a generalization of Theorem 1 which is obtained for &3 = £33 =
, B=v=3%
3

2) If K has constant width & < min (dy,ds,d3) we obtain the special case

111 1 1 3
_ ko I .
PK Ry (dl tg T d3) (d1d2 * dds dgdl) didyds

3) For a needle of length [ < min (dy, ds, d3) one can find more detailed computations in [2].
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3. The lattice R4

The fundamental cell F; of the lattice R, is a right-angled prism whose base B, is a right-
angled triangle with catheti a and b. If ¢ is the height of the prism, then we can assume that
the vertices of F, are (0,0,0) , (a,0,0), (0,b,0), (0,0,¢), (a,0,c) and (0,b,c). We denote

b
:= arctan — and h := a—‘ The body K is small with respect to Ry if

a va? + b?
Diam (K) < min (

3ab )
2(a+b+Va® +b?)

(see [6]). In this case the set F4(0, ) is also a right-angled prism with height ¢ — L(0, ¢),
and whose base By(0, ¢) is a right-angled triangle. We denote by p;,p2 and ps the lengths

p(‘91<97 Qp)a Y1 (97 @)) ) p<92(67 90)7 @Z(Qa 90)) and p<93(07 90)7 903(9a 90>> . Let 91’ ¥1, 927 ¥2; 03
and 3 be the functions defined by

01(0, p) := arccos(sin @ cos @), v1(0,p) := arctan(c‘?t—a) :

sin ¢

(0, p) := arccos(sin fsin ), ¢2(0, ) := arctan(tan € cos ) ,
05(60, p) := arccos(—sinOsin(p + 7)), ¢3(0, ) := arccot(—tan € cos(¢ + 7)) .

z

By a simple geometric argument (see e.g. [2]) is follows that

Area By(0,¢) _ (1 P P p3)2
Area B, '
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Using also the fact that L(0, ¢) = L we obtain

Vol\/?(jiw):(l P12 p3)2( L)‘

We now prove

Theorem 3. The probability pk z, s given by

2t

L
(54) pKR4:_ // p1+—+—+2)sin9d9dg0

1 L L L
1 / / p1p2 pzp3 L P ol pab p;; ) sin §dfdyp
C

21 ha ac be
1 2
- = / / )sm@d@dg@
0
1 F 7 L L L
p1p2 p2p3 bsp1 .
+ 27 / / abc bhe * hac )sm fdbdp

(=]

1 piL p2L p3L )
+ - // + 257 sin0dodeo

Proof. We have

2 L L
a-B-2-RY0-H-1-a(B B R e )

a b h c b h 2c
pip2  paps  pspi pil peL psLN\  p?  pi o Pl
! )+
U T oh T he T ae T oe The) T2 T e

_2(p1p2L+p2p3L psplL) _ (p%L p§L+p§L)
abc bhc hac b%2c  h2c

and from (1’) we obtain (54) .
Remarks. 1) In the case when K is a needle of length | < min (h,¢) one can deduce from

(54), after some tedious calculations, the result of Theorem 1.3.3 in [3].
ab

2 a+b+ Va2 + b2

2) In the case when K is a sphere of radius r < min ( ) one obtains the

probability

11 1 1 11 1 111
b b o 1)
L A e O A Al T T he

(1+1 1) +4(1+1+1)+2(1+1+1)3
—(= r —_ F — 4+ —r —t — 4+ —r
a? b2 h? abc  bhc  hac a? b%2c  h2c ’
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which can be shown to be equivalent to the formula (1.23) in [3].

4. The lattice R5

The fundamental cell F5 of the lattice Ry is a right-angled prism whose base 75 is a right-
angled trapezoid, as it is shown in the figure below.
z

/b////” atgy Yy
r‘)/
a Rs
x/
b atgy
=
-~ Y
~
~
-
~

a
s

The convex body K is small with respect to Rs if it satisfies the inequality Diam(K) <
min(a — b cot 7,b,c). In this case F5(0, ) is again a right-angled prism having the height
c¢—L(0, ) (or in short form ¢ — L) and the trapezoid T5(0, ¢) as a base. Using the notations
from the previous section, we have again that the prism is completely determined by the

distances p1,p2, ps and ph = p(m — Oa, p2) :

b
————————==
-~
h , a—bctgy -~
Pa _-
D2 73(97QD) //
//
a Ps3
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If we denote L := L(0, ) and Ly := ps + p, we can write

b p2 — P P3
Area T5(0,¢) = (b — po —p’2)<a — §C0t’)/—p1 - 2 coty — sinfy) =
b b 1
Area T5 — b( sip1137> + §(p2 — py) coty — (a — §cot7)L2 +5 (p3 — p) cot
+L2( .pg ) )
sin 7y
Vol F5(0,¢) = (¢ — L) Area T5(0,¢) = Vol F5 — bc(pl + Sff/y)
1
be b c
—1—5(]9’2 — pa) coty — (a -5 cot 7) cLy + 5(]93 — p) cot vy
b b
—(a——cot'y)bL+b(p1+ .p3 )L——( pg)Lcot7+cL2< )
2 sin 7y 2 sin 7y
—i—(a—écot )LL —1(p2—p'2)Lcot — LL <p 4 s )
g OV DR 7 2\ gingy/

Using now (1) and the equalities

2T o T
[ [pisin@dfde = [ [pysinfdody , i=1,2,
00 00
2w 2
[ [piLsin@dfde = [ [piLsinfdédp , i=1,2
00 00

we obtain a proof of the following result.

Theorem 4. The probability pk r, that a uniformly distributed convex body of revolution K,
which s small with respect to Rs, hits Ry s

27 27
1 1 P3 ) 1 .
= —|—F - 0dod - L 0dod
(55) PKRs i [a — %Cot’y // (p1 + va) sin ©+ 2 // 5 sin @
0 0

2T
1
—l——//LsinQdegp // 1+— Lsm9d9dcp
c a——cot’y
0 0

2r 2r ™

1 p3 . 1 .
S rE e / / L2< SIM) sin 6dfdip — / / LLysin 8dfdy
0 0

27w
St | |
(a — % coty)be

00

Remarks. 1) In the case K is a sphere of radius r, the conditions for K to be small with
respect to R can be weakened; the upper bound a — b cot v can be replaced by the larger

Ps )sin 9d9dgﬂ:| )
sin y

2a — bceot
number —7, and the condition in the theorem becomes
1 +tan
— bceot
9 < min (2 LT 4 .
1 +tan 3
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From (55) we obtain

1+sin 2 2 1+ "1
— ___siny 2r 4 2r 9 _ 7 siny .2
PK Rs a—%cot'y T+ b + c (a—gcot’y)b r

1

1+ — 2
g i 24y

(a—% coty)c

141 3

sin v

(a—% coty)bc

The same result follows from the formula (1.24) from [3] after some manipulations.

2) If K is a needle of length | < min (a — b cot 7, b, c) then one can use (55) to deduce the
formula (1.18) in [3], however some integrals are to be computed for this purpose.
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