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Abstract. We consider and classify those five dimensional hypersurfaces with
affine normal parallel cubic form. The problem is firstly reduced to the classification
of a certain class of solutions to the equation of Monge-Ampere type det (0, f) =
+1. Then, it is used the so-called “method of algorithmic sequence of coordinate
changes”, in order to achieve the latter.
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1. Introduction

The problem of classifying hypersurfaces with affine normal parallel cubic form, which are
not hyperquadrics, was first considered, and solved for dimension n = 2, by Nomizu and
Pinkall in [5]. See also the book by Nomizu and Sasaki, [6], where a different method of proof
is presented. We summarize their result as follows:

Theorem A. Let X : M? — E? be a nondegenerate surface with parallel cubic form, VC = 0,
which is not a quadric, i.e., C does not vanish identically on M. Then X (M) is affinely
congruent to the Cayley Surface, i.e., expressible as the graph function ts = tity + 3.
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The next known result on the topic is the article by L. Vrancken (for dimension n = 3),
exposed in [7], and stated here as:

Theorem B. Let X : M? — E* be a nondegenerate hypersurface with parallel cubic form,
VC = 0, which is not a hyperquadric, C does not vanish identically on the hypersurface.
Then X (M) is affinely congruent to one of the following graph immersions

a) ty = tity + 12 + 3.
b) ty = tits + tits + 13

In a previous article [4] we introduced a new method of approaching the solution to the
problem, different to the ones previously used by the other mentioned authors. We called
it “algorithmic sequence of coordinate changes” and it consists, basically, in referring the
hypersurface to a suitable linear coordinate system of the ambient space, and then making
algorithmic adjustments into the Hessian matrix so that this can be integrated, fairly easily, to
obtain the graph function representing the hypersurface. With this approach the classification
depends strongly on two integer constants, that we labeled k and r, with 1 < k < n/2,
1 <r <n—1, where n = dimension of the immersed manifold. Moreover, in that article we
presented new proofs of the previously stated results and, then, extended the classification
to dimension n = 4, by proving:

Theorem C. Let X : M* — E® be a nondegenerate hypersurface with parallel cubic form,
VC = 0, which is not a hyperquadric, C' does not vanish identically on the hypersurface.
Then X (M) is affinely congruent to one of the following graph immersions:

a) Fork=r=1: ty=tity+13+12+ 13

b) Fork=1,r =2: t5=tity+tits +12+1t2.

c) The case where k =1, r = 3 is not possible, i.e., it does not exist any non degenerate
hypersurface immersion with the required geometrical properties in the case where k = 1,
r=3.

d) Fork=2,r=1: t5=tity+ 13+ tsty.

e) For k =r =2 we have the following subcases:

611) t5 = tltz + %ti’ + gt%tg + %tltg + t3t4 + %ltg
er2) b5 = tity + Stitd + B5tatd + taty + 213,

f) Fork=2,7r=3: t5="tyly+ Stat] + tsts + Stits + St1t3 + 413 + £t3.

In each of cases e) and f) the constants must be related among them in order to fulfill the

condition that the maximal rank of the complementary matrix equals respectively 2 and 3,
r.e., 1 =2,3.

It is the object of this paper to further extend the classification to the case of dimension
n = 5, by proving the following:

Main Theorem. Let X : M° — E°® be a nondegenerate hypersurface with parallel cubic
form, VC' = 0, which is not a hyperquadric, C' does not vanish identically on the hypersurface.
Then X (M) is affinely congruent to one of the following graph immersions:
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a) Fork=r=1: te=tils+ +15 + 3(t3 + ¢ + t2).
b) Fork=1,r=2: tg=tits+tits+ 3(t3 + 5 + t2).
c) The case where k =1, r = 3 is not possible, i.e., it does not exist any non degenerate

hypersurface immersion with the required geometrical properties in the case where k =1,
r=3.
d) The same situation happens with the case where k = 1, r = 4, i.e., it does not exist any

non degenerate hypersurface immersion with the required geometrical properties in the
case where k =1, r = 4.

e) Fork=2,r=1: to=tits+ gt} + tsty + 3t2.
f) For k =r = 2 we have the following subcases:
f1)  te =tits + gart} + Sastits + 1bstit] + tsta + £dstd + 512,
f2)  te = tita + Sastitd — boastat] + tats + L2,
g) For k =2, r =3 we have the following subcases:
g1) te = tits + gatat] + gbts + etits + dist3 + tsty + 312,
g2) le = tita + %alt? + %a3t%t3 + %G5t%t5 + cstitsts + i3ty + %f:ﬂf% + %f5t§t5 + %tg
gs3) te = tits + %ast%t:a + %a4t%t4 + %C3t1t§ + t3ty + éf:at% + %tg
h) For k = 2, r = 4: t6 = tltg + %Clt%bl + €1t1t3t5 + t3t4 + %6415%755 + %gltlt% + %9425% +
Thitlts + 1t2
2/11%1%3 T 505
In each of cases t), g) and h) the constants must be related among them in order to fulfill the

condition that the mazimal rank of the complementary matriz equals respectively 2, 3 and 4,
e, r=2, 3,4.

Remark. In previous papers we also referred to the cubic form C| alternatively, as the
second fundamental form 11,,, even though it is indeed a (0, 3)-tensor. The reason for this is
because this form, together with the first fundamental form I, (pseudo-Riemannian metric),
determine the geometry of the immersed manifold. In particular, the fundamental existence
and uniqueness theorems [1,2]. However, in the current work no question regarding those
matters arises. Thus, we refer presently to that (fundamental) geometrical object as just the
cubic form C.

2. Summary of auxiliary results

The following properties of the class under consideration were proved in [6]. They can also
be proved by a different method [1, 2, 3, 4]. We include their statement here for the sake of
completeness:

Proposition 2.1. Let X : M"™ — E™" be a nondegenerate hypersurface with parallel cubic
form, VC = 0, which is not a hyperquadric, C' # 0. Then the following properties hold:

1) X (M) is an improper affine hypersphere.
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2) X (M) is expressible in the form of Monge, i.e., a graph immersion and with respect to
a suitable affine system of coordinates the graph function f satisfies a Monge-Ampére
type equation det (f;;) = £1. Moreover, it is representable as a polynomial function of
degree exactly equal to three.

3) The following geometrical objects associated with X (M) are all vanishing: 111, = 0,
A
Ric=0,R=L=J=0.
4) The first fundamental form I, is indefinite.

It turns out, too, that the conditions expressed by property 2) in the above Proposition are
characterizing. In fact, we also proved, in [4], the following complementary result:

Proposition 2.2. Let X : M™ — E™"! be a nondegenerate hypersurface which is expressible
in the form of Monge, i.e., a graph immersion with respect to some affine system of coordi-
nates in the ambient space, such that the graph function f is a polynomial function of degree
ezactly equal to three and satisfies the Monge-Ampére type equation det (f;;) = £1. Then,
X (M) is an improper affine hypersphere with parallel cubic form, VC = 0, which is not a
hyperquadric, i.e., with C # 0.

We summarize next the method of algorithmic sequence of coordinate changes. To begin
with, we apply the characterizing properties described by Propositions 2.1 and 2.2. Thus,
by means of a translation, if necessary, we may assume that a linear system of coordinates
has been chosen in the ambient space in such a way that the origin of coordinates lies in
the hypersurface X (M), that the hyperplane on which X (M) is projectable is precisely
the tangent hyperplane Ty(X (M)) to X (M) at that point, and that the last coordinate
is chosen in the (constant) direction of the affine normal vector field e, ;. We denote by
(t1,t2,... ,tn,tn+1) such an affine system of the vector space E, and represent the immersed
hypersurface by equation

X(tl,tg,... ,tn) — (tl,tg,... ,tn,f(tl,tQ,... 7tn))7

with the point (¢1,%,... ,t,) varying in an open, connected subset U C To(X (M)), this last
being obviously identifiable with R™. By the choices made we have that

F(0,...,0)=f1(0,...,0)=---=f,(0,...,0) =0 (2.1)

All of the remaining affine changes of coordinates shall occur in the tangent hyperplane and
be of a linear nature, i.e., given by a system of linear equations like

tr=">alty, thyy = tosr.

Most usually the change shall be unimodular, i.e., with det (af) = 1, although we may allow,
occasionally, a rescaling in order to make the exposition less involved.
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Once such a change is made, in the new coordinate system, conditions expressed by
equations (2.1) remain unchanged, and the Hessian matrix H(f) changes to

H*(f) = PH(f)P", (2.2)

where the matrix P is nonsingular and P? denotes the transpose of P. Now, it is well-known
that, since P is expressible as a product of elementary matrices, the product to the left by
P is equivalent to performing the corresponding row elementary operations to H(f), and
the product to the right by P! is obtained by performing the equivalent kinds of column
elementary operations, both in the same order of execution. Thus, to obtain H*(f) from
H(f) we may do so by means of the following row and column elementary operations, which
we define next:

1) R;; interchanges rows ¢ and j. C;; interchanges columns ¢ and j.

2) Ri+)_ a;;R;, with j # ¢, substitutes the i-th row by the linear combination as indicated.
Similarly, the notation for columns shall be indicated by C; + > a;;C;.

Obviously, these two kinds of elementary operation are unimodular. The third kind consists
of multiplying a row, and the corresponding column by a nonzero constant. This produces a
rescaling.

In [4], we also proved the following procedural result:

Lemma 2.3. Let X : M™ — E"! be a nondegenerate hypersurface with parallel cubic form,
VC = 0, which is not a hyperquadric, C # 0. Then there exists an affine coordinate system
in the ambient space such that X (M) is expressible in the form of Monge (i.e., by means of
a graph function f) and such that the corresponding Hessian matriz is given by

H(f) = (fij) = Jr + (zij)

where Jy, is a matriz with k ( > 1) blocks of the form { (1) (1) ] , in diagonal position, occupying

the first 2k diagonal entries the (possible) remaining diagonal elements are equal to 1, and
with all of the rest of entries equal 0; while all of the entries of the matrix (z;;) are linear
functions of the (domain) coordinates ty,ts, ... ,ty, i.e., T;j =Y ajity. Moreover, the matric
of linear functions (z;;) is everywhere singular, whose mazimal rank r is attained on an open,
dense subset of the domain, and we have 1 <r <n — 1.

The two positive integers k, with 1 < k < n/2, and r, with 1 <r < n — 1, are characteristic
of, and determined by, each hypersurface with the required geometrical properties of having
parallel second fundamental form with respect to the affine normal connection, i.e., VC = 0,
and not being a hyperquadric, i.e., with C' # 0. Thus, we emphasize again here that these
two numbers play an essential role in the classification procedure.

3. Proof of the main theorem

From Lemma 2.3 we have two possible values for £ = 1,2 ; and four for r = 1,2, 3, 4.
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Cases a) k = r = 1; and b) k = 1, r = 2; are quite similar to the same labeled cases in
Theorem C. Thus we omit their proofs.

c) The third possible case corresponds to the values & = 1, r = 3. By Lemma 2.3 we can
first reduce the Hessian matrix to

Z11 I+ Z13 ZT14 15
1+ 212 T2 T23 T24 25
13 23 1 + 33 T34 T35 (31)
T14 To4 Tza 1+ za w45
T15 T25 T35 T45 1+ x55

We define the vectors X; := (x1;, To;, T34, T4i, T5;). Then, it is easy to see, by means of suitable
elementary operations, that the present case can be reduced to three subcases, labeled as:
¢1), ¢2) and c3).

c1) Let us assume, first, that the vectors X, X, and X3 are linearly independent on an open,
dense subset of the domain, represent the remaining ones by X; = a;1 X1 + a;2 X5 + a;3X3,
i = 3,4, and perform into the Hessian matrix defined by expression (3.1) the elementary
operations suggested by the latter equality, i.e., R; — a;1 Ry — a;nRs — a;3R3 and C; — a;1C —
a;2Cy — a;3C3, 1 = 3,4, to obtain

rn  l+xe T3 —ag —as
I+ T2 T23 —Q41 —0as1
Z13 T23 I+w33 —asz —as3 |,
— Q42 —Q41 —Q43 bas bas
—Qas52 —as1 —as3 bs bss

where byy = 1+ 2a41a42 + a25, bis = 41052 + Q42051 + A43053, bss = 1 + 2a51a52 + aZ;. Besides,
the 2 x 3 submatrix (a;;) must be different from zero (otherwise the Hessian determinant
vanishes), and (the determinant of the 2 x 2 submatrix) |b;;| = 0. From this we have two
subcases c11) (b;;) = 0 or c12) (b;;) # 0.

In the first subcase, ci1), we must also have aq; # 0, ago # 0, as; # 0, asa # 0. Then, we
perform into the latter expression of the Hessian matrix the elementary operations R4+ %R{,,
C4+%C'5; R2+%R1, C'2+Z—;’;C'1; R3+%R1, C'3+%C’1; the entries —ay;, —ay3 transformed
into a};, ajs, and one of these must be different from zero. It is easy to see that, by suitable
further elementary operations, we can get the Hessian transformed, first into

T1 1+zi2 biz+xz 0 1

1+x12 bag+Top bag+x23 1 0
bis +T13 baz + T3 b3z +x33 0 0 |

0 1 0 00

1 0 0 00

and then, by also using the fact that the determinant of the latter A = b33 + x33, and hence
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33 — 0, b33 = —1, into
z11 1 0 x4 215
1 0 0 0 O
0 0 0 1 T35
T14 0 1 Tq4 0
T15 0 I35 0 1

This is a contradiction, since we are assuming k£ = 1, so that this subcase is not possible.

In the second subcase cy3), we may assume bss 7# 0, write (byq, bys) = ¢ (bys, bss) and perform
elementary operations so as to transform the Hessian matrix into

/
11 1+ 219 Z13 az, 0

/
1+ z12 To2 To3 az 0
13 93 1 + 33 CLﬁB 0

/ ! !

D) Q41 Qy3 0 0
0 0 0 0 1

Hence, some of the aj; must be nonvanishing and we can further reduce to two subcases:
Ci21) @y # 0, C122) ajy # 0.
In the first of these we perform further elementary operations to get the Hessian equal to

by +x11 bia+z12 713 0 0

big + 12 boa+ 22 w23 0 0
T13 T23 zz3 1 0 |,

0 0 1 00

0 0 0 01

but since the determinant of the latter equals minus the determinant of the 2 x 2 submatrix
(bij + j), we must have |b;; + z;;| = 1, so that we can further diagonalize the latter to get
the Hessian

1 0 z13 00
0 1 x93 0 O
T13 To3 x33 1 0
0 0 1 00
0 0 0 01

This is not possible, since we are assuming r = 3.

In subcase c122) we perform elementary operations so as to get the Hessian transformed into

T11 T12 T13 10
Tia by + T bz + 23 0 0
T13 baz+To3 b3z +a33 0 0
1 0 0 00
0 0 0 01
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Here, again, we obtain that |b;; + x;;| = 1 and arrive, all the same, to a contradiction.

cy) If we assume, second, that the vectors Xy, X3 and X, are linearly independent, we find
that this case is quite similar to the previous one and, therefore, omit its proof.

cy) Finally, let us assume that the vectors X3, Xy and X5 are linearly independent, write
the other ones as X; = a;3X35 + auXy + a;5X5, © = 1,2 , and perform into the Hessian
matrix defined by equation (3.1) the elementary operations R; — a;3R3 — a4 R4 — a;5R5 and
C; — ai3C3 — a;uCy — a;5C5, 1 = 1,2, to obtain

b1 bio —ai3 —Q14 —ais

bia bao —Qa23 —Q24 —Q2s5
—ai3 —az3 1+x33 T3 35 ;
—a14 —Q24 T34 1+ 24 Tq5
—ai5 —ags T35 T45 1+ 55

where by = a2 +al, +als, bis = 1+ ay3a93 + a14a24 + a15a25, oy = a3; + a2, + a3s. Then, we
must have the determinant [b;;| = 0, but at the same time the 2x2 submatrix (b;;) # 0, the
vectors (alg, a4, (l15) 7A O, (agg, Aoy, CL25) §é 0, and we may assume that (blg, b22) =C (bu, blg),
for some ¢ € R. Thus, by performing the operations Ry — cR;, Cy — cC}, if necessary, we
may further assume that bjs = byy = 0, by # 0. Next, it is easy to see that we can perform
operations to transform the Hessian matrix into

b;; O 0 0 0

0 0 U3 Uy s

0 a’23 1 + 33 T34 I35 ,
0 ay x4 14z 245

O (1/25 I35 T45 1 —I— T55

where we must have the vector (ab,, ab,, ays) # 0. Thus, further elementary operations allow
to write the Hessian

1 0 0 0 0
00 1 0 0
0 1 w33 x34 w35
00 T34 1 0
0 0 =35 O 1

However, here we would have r < 3, so that this subcase is also not possible, as were the
previous ones. As a consequence, the whole case c¢) cannot happen.

d) The fourth case corresponds to the values k = 1, r = 4; and it is easy to see that this
reduces to two subcases: d;) Xs, X3, Xy and X5 are linearly independent; dy) The linearly
independent vectors are X, X5, X3 and Xj.

The proof of both of these follow a pattern similar to the previous case and to case ¢) in
Theorem C. Thus, we omit it.

e) If we consider now the case k = 2, r = 1, it is easy to see that this also reduces to two
subcases: e1) z1; # 0, on an open, dense subset of the domain; e;) z55 # 0.
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Here again, the proof is quite similar to that in Theorem C, case d), and shall also be
omitted.

f) The sixth possible case corresponds to k = 2, r = 2; which can be reduced to three
subcases: f1), f3), f3):

f;) Let us assume, first, that the vectors X; and X3 are linearly independent, represent the
remaining ones by X; = a;1 X1 + a;3X3, ¢ = 2,4,5; and perform into the Hessian matrix for
this case

Z11 I+ Z13 ZT14 Z15
1+ 212 T2 T23 T24 25
13 93 33 1 + T34 T35 (32)
T14 Toa 14+ T34  Taa Z45
T15 T25 T35 Tq5 1+ x55

the elementary operations R; — a;1 Ry — a;3R3 and C; — a;1C7 — a;3C3, ¢ = 2,4, 5, to obtain

T11 1 13 0 0
1 b22 0 b24 b25
zi3 0 x33 1 0 |,
0 b24 1 b44 b45

where we must have that the 3 x 3 submatrix formed with rows and columns 2, 4 and 5 is

singular, i.e., with vanishing determinant. Then, there are two subcases that we label fi;)
and flg)i

f11) Suppose that (bay,bys, bas) = ¢ (bag, bay, bos) + d (bas, bys, 1), for some ¢,d € R. Then,
by making suitable elementary operations we can transform the above so as to have the
vector (bog, by, bys) = 0, with the rest of entries the same as before. Next, by computing
the determinant we obtain A = 1 + (b35 — byo) z11, so that we have two possibilities: fi1;)
ng) - b22 = 0, or fug) I11 = 0.

f111) We have b§5 — by = 0, and perform into the Hessian matrix the elementary operations
R2 - b25R5, Cg - b2505, to obtain

z11 1 z13 0 0

1 0 0 00
z13 0 x33 1 0 |,

0 1 00

0O 0 0 01

with the condition z1;233 — 225 # 0. Then, straightforward integration allows to write the
solution as

te = tits + gaiti + Lastits + 5bstat] + tats + gdst + 3t2.

f112) If we assume now that z1; = 0, we may perform into the Hessian matrix the elementary
OpGI‘&tiODS R2 - b25R5, CQ - b2505, to obtain
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0 1 13 00

1 2, 0 0 O
i3 0 w3 1 0 |,

0 0 1 00

0 0 0 0 1

with 2by = bgy — b§5. Finally, it is easy to see that the Hessian matrix can be reduced to

0 1 13 0 0
1 0 —box13 0 O
T13 —baris 33 Lo
0 0 1 00
0 0 0 01

The latter can be integrated straightforwardly to obtain the solution
t6 = tltg + %agtltg — %bg&gtgt% + t3t4 + %t%

f19) If we assume now that (bgg, bag, bos) = ¢ (bay, bag, bys) + d (bas, bys, 1), for some ¢,d € R,
it can be shown, by a quite similar procedure, that this subcase produces the same kind of
solutions as before.

fy) We assume, next, that the vectors X; and X are the linearly independent ones, write X; =
aile—i—aiQXg, 1= 3, 4, 5, and perform the OpGI‘&tiODS Rz —ailRl —(IigRQ and Cz _ai101 —aiQC’g,
1 = 3,4,5, to obtain

Z11 I+x2 —azx —agp —as
1+ 212 T2 —a31 —Q41 —0s51
—as2 —asy bss b3y bss )
—Q42 —Q41 b4 bas bas
—as52 —asi bss bas bss

where we must have, on the indicated submatrices, the conditions: (a;;) # 0, (b;;) # 0, |b;;| =
0. Then, we may diagonalize the submatrix (b;;), and execute further elementary operations
so as to transform the Hessian into three possible forms labeled fs1), fa2), fa3). The careful
analysis of these subcases gives rise to solutions which are the same as the ones quoted before,
with some of the constants vanishing.

f3) Let us assume, finally, that the vectors X4 and X5 are linearly independent. Then again,
this subcase repeats the same solutions as those in f5).

g) The seventh possible case corresponds to the values k = 2, r = 3, and again we can initially
reduce this to three subcases: g1), g2), g3).

g1) We assume, first, that the vectors X;, X, and X3 are linearly independent, represent
X; = apn X1 + aipXo + a;3X3, © = 4,5, and perform into the Hessian matrix, represented by
expression (3.2), the operations R; — a;1 Ry — aipRy — ai3R3, and C; — a;1Cy — a;2Cy — a;3C5,
1 =4,5, to get
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Z11 1+xi2 713 —as2 —as
1+ x99 T2 Toz —Q41 —as1
Z13 oz w3z 1 0
—Qy2 —ay 1 by bys
—as2 —as1 0 bz bss

Then, it is easy to determine that we must have the 2 x2 submatrix (b;;) # 0, |b;;| = 0.
Hence, by means of suitable operations we can transform the latter expression into

a1+ app+x2 13 0 0
a2 + T12 G2 +Top T3 0 0
Z13 T3 z33 1 0

0 0 1 00

0 0 0 01

Next, we proceed to diagonalize the 2 x 2 submatrix (a;;) which, by the conditions of the
problem, can be made in only one possible way, so that the above Hessian takes the form

11 1+ T12 T13 00

1+ T12 T2 23 0 0
T13 T23 xz3 1 0 |,

0 0 1 00

0 0 0 01

but then, by evaluating the determinant, we come to the conclusion that we must have
r12 = 0, z11799 = 0, and we may assume that x99 = 0. Hence, we integrate to obtain the
solution

te = tits + Satot? + L0t3 + Lctits + 1dtit3 + taty + tetd + L2

Moreover, by the conditions of the problem we can perform further operations in order to
make e = 0 in the above. Thus, we obtain the solution quoted as g;) in the statement of the
theorem.

g2) We assume, second, that the vectors X, X3 and X5 are linearly independent, represent
X; = an Xy + a;3X3 + a;5X5, ¢ = 2,4, and perform into the Hessian the operations R; —
aﬂRl - ai3R3 - ai5R5, and Cz — aﬂCl — aigc’g — (1,,'505, 1= 2, 4, to obtain

Z11 1 Z13 0 Z15
1 bao 0 baa —Q25
Z13 0 x33 1 Z35 )

0 baa 1 baa —ay45
Tis —a5 T35 —Qg5 1+ Tss

where we must have for the 2 x 2 submatrix (b;;) the condition |b;;| = 0, and from this we
obtain two subcases: go1) (b;;) = 0, g22) (b;;) # 0, that we analyze next:

g21) Here, further elementary operations allow to transform the Hessian matrix into
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rn 1 z3 0 x5
1 0 0 O 0

r13 0 233 1 35 ;
0 0 1 0 0

ris 0 235 0 1+ 255

and, since the determinant of the latter equals A = 1+ z55, it follows that x55 = 0. Thus, by
integrating, we obtain the solution quoted as gy) in the statement of the theorem, i.e.,

te = tits + sarts + Lastits + sastits + cstitsts + tsty + 3 f3td + 1 f5t3ts + 2t2.

g22) We may assume (bag, bog) = ¢ (bag, byy), ¢ € R, and transform the Hessian matrix into

i 1 z3 0 T15
1 0 O 0 0
r13 0 233 1 T35
0 0 1 bu 0
r15 0 w35 0 1+ mss

By evaluating the determinant of the latter we obtain A = 1+x55—byyw33—bay (33755 — T35) ,
from which we get the conditions zs5 = b33, T33755 — T35 = 0. Now, if by < 0, we arrive
at a contradiction since in such a case we would also have x33 = x35 = z55 = 0, so that
r < 3. Hence, we must have by > 0, and it follows that z35 = 1/byz33. Thus, by a couple of
elementary operations we reduce the Hessian matrix to

11 1 x3 x4 O
1 0 0 0 O
13 0 33 1 0
T14 0 1 0 0
0O 0 0 0 1

The latter expression can be integrated immediately to give the solution
te = tito + Laitd + Lastits + Lastits + Lestitd + tata + Lfstd + S,

Then, by the conditions of the problem, we can make further operations in order to have
a; = 0 in the above. Therefore, this gives the solution labeled as g3) in the statement of the
theorem.

g3) If we assume, finally, that the vectors X3, X; and Xj are linearly independent and repeat
the procedure we arrive at the same kinds of solutions as before. So we omit this part of the
argument.

h) The eighth and last possible case corresponds to the values k = 2, r = 4. We can initially
reduce this to two subcases: hy), hy).

h;) We assume, first, that the vectors X, X5, X3 and X, are linearly independent, write
X5 = a51 X1 +a50Xs+a53 X35+ a5, X4, and perform into the Hessian, represented by expression
(3.2), suitable operations to obtain
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Z11 1+ Z13 T14 —0as52

1+ 21 T2 T23 T4 —as1
Z13 T3 T3z 1+x34 —asy |,
T4 Tog 1+ 2x34 T4 —as3
—as52 —as1 —0as54 —as3 b

where b = 1 + 2 (asiasz + aszass) = 0, so that we must have asjasy # 0 or aszass # 0, and
we can assume ase 7 0. Hence, by performing further operations we can express the Hessian
matrix as

1 1+ 210 Z13 T4 —as2
1+ 2 by + T boz+ a3 by +794 0
T13 bz + To3 T33 I+ w34 0
T14 bos + o4 1+ T34 T4 0
—Aas2 0 0 0 0
Then, by evaluating the determinant, we conclude that we may write a5y = —1, and that the

3 x 3 submatrix formed by rows and columns 2, 3, 4 has determinant equal to —1. Thus, by
making suitable operations we may bring the above Hessian to

11 1 ®3 T Tis

1 0 0 0 O
ri3 0 233 1 35 |,
T14 0 1 0 0
T15 0 I35 0 1

which can be integrated to obtain the solution
tg = tity + 3e1tity + extitats +taty + geatits + 3 fitits + 5g1t163 + 5 ath + Shatits + ghatd + 1t2.

Finally, from the conditions of the problem we can make a couple of further operations in
order to get fi = k1 = 0 in the above equation, so to obtain the result quoted as h) in the
statement of the theorem.

hy) We assume, next, that the vectors X5, X3, X; and X;5 are linearly independent, express
X1 = a12Xs + a13X3 + a14Xy + a15X5, and perform into the Hessian appropriate operations
to get

b1 1 —ai4 —ais —ais
1 T22 T3 T24 L5
—ayy To3 w33 L+ ax3y T35 :
—ai3 Tog 1+ 134 T4 Tq5
—ai5 Tas  T3s T45 1+ @55

where we must have b;; = 0. Then, by performing further, easily determined elementary
operations we can get the Hessian matrix expressed by



524 S. Gigena: Classification of Five Dimensional Hypersurfaces ...

T 1 T13 T14 T15

1 0 0 0 0
r13 0 x33  1+x3q4 T35
Ty 0 1+ a3 Ta4 Z45
ri5 0 35 T4 1+ w55

Here, by evaluating the determinant we obtain the condition that the 3x3 principal submatrix
formed by rows and columns 3, 4, 5 has determinant equal to —1. Thus, by the classifying
procedure for dimension n = 3, we can reduce the above Hessian matrix to

11 1 x3 Ta T1s

1 0 0 0 O
13 0 w33 1 x35 |,
T14 0 1 0 0
T15 0 I35 0 1

which is the same as the previous case h;). The proof is concluded.

We remark finally that, since some of the solutions listed in the main theorem contain constant
parameters, i.e., cases f), g) and h), and taking into consideration the conditions to be fulfilled
in each case, one could perform further reductions in every one of them. However, we have
preferred to leave the solutions expressed as stated, because they represent the most general
form.

Aside from this fact, and the further possibility of performing rescalings, the solutions

obtained are inequivalent for different values of the parameters, i.e., they do belong to different
classes under the action of the unimodular affine group ASL (n + 1,R).
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