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Abstract. If {(R;,T;)}", is a finite family of zero-dimensional pairs, then
(IT=, Ri, 11}, T3) is zero-dimensional pair but this result fails for an infinite family
of zero-dimensional pairs. We give necessary and sufficient conditions in order that
an infinite product ([[,c 4 Ra,[[,c4 Ta) of zero-dimensional pairs {(Ra,T0)}aca is
zero-dimensional pair.

1. Introduction

All rings considered in this paper are assumed to be commutative and unitary. If R is a
subring of a ring S, we assume that the unity element of S belongs to R, and hence is the
unity of R. We use the term dimension of R, denoted dimR, to refer to the Krull dimension
of R. Thus dimR is the non negative integer n if there exists a chain Py C P, C --- C P, of
proper prime ideals of R, but no longer such chain; if there is no upper bound on the lengths
of such chains, we write dimR = oo. This paper is concerned with zero-dimensional rings
in which each proper prime ideal is maximal, and zero-dimensional pairs. We frequently use
the fact that dimension is preserved under integral extensions (cf. [1, (11.8)]). In particular,
an integral extension ring of a zero-dimensional ring is zero-dimensional. Let R be a ring, R
is said to be hereditarily zero-dimensional if each subring of R is zero-dimensional. We also
consider this zero-dimensionality condition in a relative context: if R is a subring of T', we
say that (R,T) is a zero-dimensional pair if each intermediate ring between R and T is zero-
dimensional. R. Gilmer and W. Heinzer have given in [4, Theorem 4.9], the necessary and
sufficient conditions under what an arbitrary product of infinite hereditarily zero-dimensional
rings is hereditary zero-dimensional. Since the notion of zero-dimensional pair is more general
than the hereditarily zero-dimensionality, then one may ask:
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(Q) Let {(Ra,T4s)}aca be a family of zero-dimensional pairs. Under what conditions is
(ITaea Ra> I1,ca Ta) a zero-dimensional pair?

In Section 2, we give necessary and sufficient conditions to question (Q).

2. Zero-dimensional pairs

The main purpose of this section is to give an answer to question (Q). But first, we show
that the homomorphic image of a zero-dimensional pair is a zero-dimensional pair and a
finite product ([[;—, R, [1;—, Ti) is a zero-dimensional pair if and only if each (R;,T;) is a
zero-dimensional pair. Moreover, R. Gilmer and W. Heinzer have established that if dimR =
0, then (R,T) is a zero-dimensional pair if and only if R < T is an integral extension
[4, Corollary 4.2]. Before starting, we recall the polynomial over infinite product of rings.
Let {Rs}aca be a family of rings and X be an indeterminate over [[ ., Ro. Given F €
(ILoca Ra)[X], then F' = f, X" + -+ fiX + fo, such that f; € [] .4 Ra, as a function, for
i=1,...,n; fi € [[,ca Ra means that fj(a) € R, for each o € A, for any i € {1,... ,n}.
We denote F, = f,(a)X" + -+ + fi(a)X + fo(a) € R,[X], for this reason we can regard
each polynomial over an infinite product as F' = {F,}aea € [[,c4 RalX].

Proposition 2.1. Let {R;}?; and {T;}}_, be two finite families of rings. Then ([[;_, R,
[I;-, T;) is a zero-dimensional pair if and only if each (R;,T;) is a zero-dimensional pair.

Proof. 1t is well-known that Spec([[\—, T;) ={I1-, Si : Sj, = Mj, € Spec(T}y) and S; =T; for
each i € {1,... ,n}\{Jo}}. Since each (R;,T;) is a zero-dimensional pair, according to [2,
Result 1.6], [T\, 7; is an integral extension of [ [\, R;. Moreover, dim[[;_, T; =dim[[;_, R;=
0; on account of [4, Corollary 4.2], (I, Ri,[[;—, T;) is a zero-dimensional pair. Conversely,

T; is integral over R; for each i = 1,... ,n; because [}, T; is integral over [[;_; R; (cf. [2,
Result 1.6]) and dim[[} , R; = 0 imply dimR; = 0. According to [4, Corollary 4.2], each
(R;,T;) is a zero-dimensional pair. [l

On the other hand, Proposition 2.1 fails for an infinite family of zero-dimensional rings as
shows the next example.

Example 2.2. Let Q be the field of rational numbers and p be a prime integer. Let & be
a primitive p’-th root of 1 for each i € Z*. We have (Q,Q(¢;)) is zero-dimensional pair
for each i € Z*. Nevertheless, (] [;cx- Q, [ [;en+ Q(&i)) is not zero-dimensional pair. In fact,
let £ = {&}ien- be an element of J], . Q(&). Since there exists no monic polynomial of
[ Licn- Q[X] that vanishes £, we have ¢ is transcendental over ], . Q.

Let T' be an integral extension of a ring R, and x be an element of 7. We denote I, =
{f € R[X] : fisamonic polynomial which vanishes on z}. We use also degl, to denote
Min{deg.f : f € I.}, where deg.f is the degree of f. Next, we give our main result in
this section which answers question (Q). Initially we note that if R =[] ., R, is the direct
product of zero-dimensional rings R, by [5, Proposition 2.5], R need not be zero-dimensional.

Theorem 2.3. Let {(Rq,To)}aca be a family of zero-dimensional pairs. If dim] ], ., To = 0,
then the following statements are equivalent.
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(i) (ITpea BarllacaTa) is a zero-dimensional pair;

(ii) For each x = {Za}aca € [[oca Tu, there exists k, € N* such that {a € A : degl,, > ky}
is finite.

Before proving this theorem, we establish the following lemma.

Lemma 2.4. Let R be a subring of a ring T and ¢ : T — T be a ring-homomorphism. If
(R,T) is a zero-dimensional pair, then so is (p(R), p(T)).

Proof. Let S be a ring such that ¢(R) C S C ¢(T). Let A be the inverse image of S by ¢,
so RC ACT. Since dim(S) < dim(A) = 0, then dim(S) = 0. O

Proof of Theorem 2.3. (i) = (ii). Let * = {®a}aca € [[,c4Ta, then z is integral over
[I,c4 Ra, ie., there exists a monic polynomial G = {fa}aca € ([l ca Ra)[X] such that
G(z) = 0; and deg.G = k € N*, then degl,, < k for each a € A.

(ii))= (i). Let t={2a}aca € [[,ca T, since every T, is integral over R, there exists f, € I,
such that f,(z,) = 0, for each « € A. We denote B = {a € A :degl,, > k.}={a1,... ,a.};
we put deg. fo = ng for each a € A. Let F' = {fa}aea € ([[,ca Ba[X]) and s = Sup{deg.f, :
a € A}. Since B is finite, s is a finite integer. Let g, = X* ™ fo, G = {ga}aca €
[I,c4(Ra[X]) be a monic polynomial of degree equal to s with G(x) = 0. Therefore, z is
integral over [ [ . 4 Ra. On the other hand, dim]] ., R, = 0[3, Theorem 3]. By [4, Corollary

4.2], (Iloea RarI1,e4 To) is a zero-dimensional pair, and the proof is complete. ]

Example 2.5. Let {p;}ien+ be a family of prime positive integers, X be an indetermi-
nate and m be a positive integer. We consider R; = (Z/p;Z)" ®z/p,z GF (p?)(X), the ten-
sor product, where GF(p?) is the finite field with p? elements, for each i € Z"; and
T, = (Z/piZ) ®zp;z, GF (p7™)(X), where GF(p7™) is the finite field with p?™ elements. Ac-
cording to [8, Theorem 3.7], dimR; = dim7; = 0. Since GF(p?)(X) — GF(pi™)(X)
is an algebraic extension, the ring 7T; is integral over R; for each i € Z*. We remark
that GF(p?™) = GF(p?)(&), where & is a generator of the cyclic group GF (p?™)\(0)
[7, Théoreme 2.2, page 75], for each i € Z*; and we have degl, < m for each z € T;. We
see via Theorem 2.3, that (] ],cy. i, [ [;en+ 13) is a zero-dimensional pair.

If z € N(R), we denote by n(z) the index of nilpotency of z — that is, n(z) = k if zF = 0
but zF71 # 0. We define n(R) to be Sup{n(z) : x € N(R)}; if the set {n(z) : x € N(R)}
is unbounded, then we write n(R) = co. From [4, Theorem 3.4], we have dim]] ., 7, = 0

if and only if {ao € A : n(T,) > k} is finite for some k € Z*, where {7, }aca is a family of
zero-dimensional rings.

Proposition 2.6. Let {Ry}aca and {Ty}aca be two infinite families of rings such that R, <
T, is a ring extension and for each a and each mazximal ideal M, of T,, T,/ M, is a finite
separable algebraic field extension of Ry /mq, where mq = MoNRo. If ([[oca Bay [Toea Ta) is
a zero-dimensional pair, then each (Ra,T,) is a zero-dimensional pair and there exists k € 7+
such that {o € A : there exists M, € Spec(Ty,) with [Ty /M, : Ry/my] > k} is a finite set.
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Proof. Since (Ro,T,) = (Pa(llpcs Ba)sPa(lloca Tn)), where po i [, cq Ra — Ro is the
canonical projection homomorphism, by Lemma 2.4, (R,,T,) is a zero-dimensional pair,
for each a € A. Assume that for each k € Z* the set {ow € A : there exists M, € Spec(T,)
with [T,,/M, : R,/m,] > k} is infinite. Let {a;};cz+ be a countably infinite subset of A
such that there exists M,, € Spec(T,,) with [T,,/M,, : Ra,/My,] > i for each i € ZT. Set
L, =1T,,/M,, and K; = R, /m,,, then L; is an algebraic extension of K;. Since each L;
is separable of finite degree over K;, by the Primitive Element Theorem [6, Theorem 5.6,
page 55|, there exists z; € L; such that L; = K;(z;) and hence [K;(z;) : K;] > i for each
i € Z*. It follows that [[°, K;(x;) is transcendental over [[;°, K, since there is no monic
polynomial f € ([[;2, K;)[X] such that f(z) = 0, where z is the element given by {z;}°,, a
contradiction with (]2, Ri, [[;2, Z;) being a zero-dimensional pair. O

Since the proof of the following corollary is the same as of Proposition 2.6, we omit it.

Corollary 2.7. Let {(Ra,Ts)}aca be a family of zero-dimensional pairs. If (I],c4 Ras
[1,ca Tw) is a zero-dimensional pair, then there exists k € Z" such that {a € A : there exists
xo € T, and there exists M, € Spec(T,) with [Ry/My N Ry (Ty) : Ra/My N Ry > k} is a
finite set.
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