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Abstract. A nonsingular real algebraic plane projective curve is called a dividing
curve or a curve of type I if its real point set divides its complex point set. Rokhlin’s
formula, which holds for such curves, is an important step in order to classify
nonsingular real algebraic plane projective curves. It gives prohibitions on the
complex orientations of a curve of type I and also on its real scheme. The concept
of type has been defined also for T-curves which are PL-curves constructed using
a combinatorial method called T-construction. From the point of view of real
algebraic geometry, this construction is very interesting because, under a condition
of "convexity” of the triangulation used in the T-construction, the resulting T-
curve has the isotopy type of a nonsingular real algebraic plane projective curve.
In this work we prove that Rokhlin’s formula holds for dividing primitive T-curves
constructed with arbitrary (not necessary convex) triangulations.

Introduction

A real algebraic plane projective curve of degree m is a real homogeneous polynomial in
three variables C(xg, 21, x9) of degree m considered up to multiplication by a non zero real
number. The equation C(xg,z1,72) = 0 defines a subset of RP? (resp. of CP?) which is
called the real (resp. complex) point set of the curve and is denoted by RC' (resp. CC).
We suppose the curve to be nonsingular, then RC' is a disjoint union of circles embedded in
RP2. The topological type of the pair (RP? RC) is given by the description of the mutual
disposition of the connected components of RC" and is called the real scheme of the curve.
In the following the term “curve” will denote a nonsingular real algebraic plane projective
curve. To study classification problems the work proceeds in two directions. The first point
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is to find topological prohibitions on curves due to their algebraic nature, the second is to
prove if any scheme which satisfies the prohibitions is realizable by a curve of given degree,
i.e. to construct a curve with given scheme and degree.

The classical methods of construction of curves are based on the perturbation of singular
curves having “simple” singularities (see for example [12], [13] and [9]). At the beginning
of 1980’s Viro studied the perturbation of more complicated singularities and this has been
the starting point of a new method of construction introduced by Viro himself ([26], [27] and
[29]). This work deals with a particular case of Viro’s method, called T-construction, which
acts as a link between real algebraic geometry and combinatorial geometry. This construction
works in any dimension and in any degree. In dimension two, starting from the triangle T’
in R? of vertices (0,0), (0,m), (m,0) equipped with a triangulation and a sign (+,—) at
each vertex of the triangulation, we construct a T-curve, i.e. a PL-curve which has, under
particular conditions on the triangulation, the isotopy type of a curve of degree m in RP?2.

Many important prohibitions for topology of algebraic curves are known (see for example
9], [31] and [27]). One of the most classical prohibitions is, for example, Bézout Theorem
[30]. From this theorem it follows, for instance, the possibility to relate the existence, in the
real point set of an algebraic curve, of a ”"one-sided” connected component with the degree
of the curve. Another important prohibition is Harnack Theorem [12] which gives the sharp
upper bound for the number of connected components of a curve. A powerful result is also
Rokhlin’s formula which is the object of this work. The formula holds for curves whose real
point set divides the complex point set.

Working in real algebraic geometry, we usually try to extend properties and prohibi-
tions known for varieties of a certain dimension to higher dimensions. For example Harnack
Theorem has been generalized (see for example [9], [31] and [27]): if RA is a nonsingu-
lar real algebraic projective variety and CA is its complexification, then dim H,(RA, Zs) <
dim H,(CA,Zy). It is from this point of view that this work can be seen. In fact here we
prove, in a combinatorial way, that Rokhlin’s formula holds for particular T-curves called
“primitive dividing T-curves” or “primitive T-curves of type I”. Till now there is no conjec-
ture for a generalization of Rokhlin’s formula in higher dimensions. On the other hand, one
can expect that the combinatorial proof given here would suggest possible formulation and
proof of Rokhlin’s formula in higher dimensions at least for T-objects, i.e. for hypersurfaces
constructed with T-construction in higher dimensions.

In the last years many prohibitions for real algebraic curves have been proved also for
T-curves ([15], [5]). Recently Itenberg and Shustin [17] described a complexification of Viro’s
construction. The most interesting part of their work is in dimensions higher than two, but
they prove, in particular, that all the topological results which are true for algebraic curves
are also true for arbitrary T-curves. Then they give a new proof for many prohibitions which
were extended to T-curves such as Harnack theorem, Rokhlin’s formula and others.

The paper is organized as follows: Section 1 is devoted to introduce Rokhlin’s formula for
nonsingular real algebraic plane projective curves. In particular we recall the formulation of
Rokhlin’s formula introduced by Viro [28] in terms of the Euler characteristic of the connected
components of the complement of the curve and of the index, with respect to the curve, of
the points belonging to these connected components. In Section 2 we recall the fundamen-
tal results about T-curves, their type (introduced by Haas in [10]) and we describe briefly
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necessary and sufficient conditions for a T-curve to be a dividing T-curve [21]. In analogy
with the algebraic case, the type of a T-curve is related to the existence of two orientations
which are opposite each other and are called symmetric orientations. The characterization of
the type of T-curves is related with particular decompositions, called fragmentations, of the
triangle T' equipped with special distribution of signs. These fragmentations are similar to
the decompositions in zones introduced by Haas in [10] in the context of maximal T-curves
that is T-curves having maximal number of connected components. In Section 3 we explain
how to calculate the index of a point with respect to a T-curve. In Section 4 we introduce
new operations, called “modifications”, which allow us to pass from a T-curve of type I to
others T-curves of type I with controlled topology. Finally in Section 5 we give a proof of
Rokhlin’s formula for primitive dividing T-curves.

I would like to thank M. Galbiati and I. Itenberg for the useful comments and discussions.
I am very grateful to the referee for his accurate and constructive observations.

1. Rokhlin’s formula

An important step in order to classify nonsingular real algebraic plane projective curves is
to study how the real point set RC' is situated in the complex point set CC'.

An algebraic curve C' is a diwviding curve or a curve of type I if RC divides CC, otherwise it
is of type II.

In the case of a dividing curve C, the real point set divides the complex point set in two
halves each of them inducing an orientation on the real curve RC. These two orientations
are opposite to each other and are called complex orientations of the real curve. The complex
orientations have been introduced in the study of the topology of real algebraic curves by
Rokhlin in 1974 [23].

Rokhlin’s formula gives prohibitions on complex orientations of a dividing curve and also
on its real scheme. Its classical formulation, which is given in two different ways for odd and
even degrees, can be expressed in terms of the degree, the mutual position of the connected
components and their orientations (23], [19], [24]).

In 1988 Viro [28] proposed a new formulation of Rokhlin’s formula which summarizes in a
single expression the two classical formulations:

Theorem 1.1. (Viro formulation of Rokhlin’s Formula) For any nonsingular real algebraic
plane projective curve C of type 1 and degree m, one has

S indioler) X(F) = 2

Fe(RP2\RC)

where xp s a point of the connected component F' of RP?\ RC, indrc(xr) is the index of xp

with respect to RC' equipped with a complex orientation and x(F') is the Euler characteristic
of F.

The sum in the left hand side can be regarded as a sort of unusual integral with respect
to the Euler characteristic. In fact, even if the Euler characteristic is not a measure, it can
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be considered as a finitely-additive measure and for this type of functions it is possible to
develop an integration theory. As ind%, () is a linear combination of characteristic functions
of subset of RP?\ RC (for a method to calculate the index see Section 3), we can set:

> indiear) XF) = [ indio(o) dx(@
Fe(RP2\RC) RP2\RC

2. T-curves

2.1. Construction

We use the following notions. An integer segment is a segment of R? containing only two
points with integer coordinates: its endpoints. An integer polygon is a closed subset of R?
homeomorphic to a disc and bounded by a closed path of integer segments. A boundary-
segment of an integer polygon P is an integer segment of the boundary of P, and a boundary-
point of P is an endpoint of a boundary-segment of P.

Take a convex integer polygon P whose vertices have non-negative coordinates. Consider a
triangulation I' of P having vertices with integer coordinates and a distribution of signs ¢ at
the vertices of I', i.e. choose a sign at each vertex of the triangulation.

Construct the symmetric copies o,(P), o,(P) and o,,(P) where o,, 0, and o, are reflections
with respect to the x-axes, y-axes and the origin and denote by P# the union of the symmetric
copies of P.

By symmetry we extend the triangulation I' of P to a triangulation of P#. We extend also
the distribution of signs on P to a distribution & on P# by the following rule: let (4, j) be a
vertex of I having sign ¢; ;, then the vertex ((—1)%, (—1)%j) where a and b are integers has
sign €; ;(—1)**%. A simplex of a triangulation equipped with a distribution of signs is called
empty if its vertices have same sign, non-empty otherwise. For any non-empty triangle of the
triangulation of P#, join the middle points of its two non-empty edges with a segment. Let
K be the union of these segments in P#, then the curve K is called the PL-curve associated
to the triple (P, T, ¢).

We glue the disjoint union of the four copies of P by their boundary: we identify each
point (z,y) on an edge | of P# with its symmetric copy o(z,y) = ((—=1)*(z), (=1)*2(y))
where (a1, as) is any vector with integer relatively prime coordinates and orthogonal to I.
We denote the resulting space by P. Tt is well known that we can associate to the polygon
P a complex toric surface X (P) (see, for example [1], [2], [4], [6], [7], [8], [20] for a definition
and for the principal properties of a toric variety) and that the real part Xg(P) of X(P) is
homeomorphic to P . Let A be the image of the PL-curve K in P. The curve A is a closed
PL-submanifold called the T-curve associated to the triple (P, T, ¢).

Consider the following additional condition on the triangulation I':
Definition 2.1. A triangulation I' of P is convex if there exists a convex piecewise-linear

function v : T — R such that v is linear on each triangle of I', but v is not linear on the
union of any two triangles of .
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Let us recall that non convex triangulations exist [3].

The theory developed by Viro (for more details see for example [25], [26], [27], [29], [18], [22],
[7]) assures that:

Theorem 2.2. (O. Ya. Viro) Under the assumption of convezity of the triangulation T' of
P, there exists a nonsingular real algebraic curve C'in X (P) with Newton polygon P, and a
homeomorphism Xg(P) — P mapping the real point set of C' onto A.

The pair (P, A) is called a chart of the algebraic curve C' and the T-curve A is called an
algebraic T-curve.

If the polygon P is the triangle T' in R? of vertices (0,0), (0,m), (m,0), T-construction
allows us to construct a PL-curve K in T# and a T-curve A in T.. The space 7' is homeomor-
phic to RP? and in this case K (resp. A) is simply called the PL-curve (resp. the T-curve)
associated to the pair (I',). We say that A is a T-curve of degree m as it is constructed
starting from the integer m. Viro’s theorem assures that, under the assumption of convexity
of the triangulation I' of T, there exists a nonsingular real algebraic plane projective curve
C of degree m and a homeomorphism RP? — T mapping RC onto A.

A triangulation is called primitive if it has, as vertices, all the integer points of 7. In
the following, if not otherwise specified, we consider only primitive triangulations. In general
given a polygon P equipped with a triangulation I" and a distribution of signs, we call an
integer point v of P isolated if each edge of the extended triangulation containing v is non-
empty.

The parity of an integer point (i,7) € Z? is the pair ([i]s, [j]2) € (Z;)* where [i], (resp.
[7]2) is the reduction, modulo 2, of the integer i (resp. the integer j).

We denote by §; with i = 1,2, 3, 4 the four different parities of vertices; an integer segment
connecting two vertices of parities J; and 9, is called of type 0, ;.

Let us consider a boundary-edge [ of type ¢;; of an integer polygon P; let (a4, 1) and
(cvg, B2) be the endpoints of I, then any point (z,y) of [ is identified in P with its symmetric
copy ((—1)%+P2(x), (—1)™F°2(y)), this is why we will denote by o, ;, with 4, j € {1,2,3,4},
the symmetry ((—1)%+72 (—1)*Fe2) of R? where (a1, 51) (resp. (as, 32)) is an integer point
of Z* having parity d; (resp. d;).

In 1993 Itenberg [14] introduced special distributions of signs in T-construction.

Definition 2.3. The distributions ng- with i =1,2,3,4 and p = + defined as follows:

Hf (a,b) =p ¥ (a,b) € (PNZ?) having parity o;
Hj (a,b) = —p ¥ (a,0) € (PN Z?) having parity 6 with s # i

are called Harnack distributions.

From the definition it follows that two Harnack distributions which coincide on three pairwise
different parities of vertices are equal.

Harnack distributions are very special. In fact, for instance, if a convex integer polygon P
is equipped with a triangulation and a Harnack distribution, then the isotopy type of the
T-curve obtained in P by Viro method is independent of the choice of the triangulation and
of the choice of the Harnack distribution (see for example [16], [10], [11]). We recall here only
a description of the PL-curve associated to a triple (P,T", H (’;i ).
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Figure 1. A chart of a T-curve of degree 8 constructed starting from the triangle T equipped
with a primitive triangulation and the distribution H (L[]

Proposition 2.4. Let P be an integer polygon and ng, ps (for s =1,2,3,4) be the number
of integer points of P having parity ds and belonging respectively to the interior part of P and
to the boundary of P. Let K be the PL-curve associated to the triple (P,T, ng) where H(’;i_ 18
a Harnack distribution and I' is a primitive triangulation. Then the extended distribution of
signs on the symmetric copy o; s(P) of P is the Harnack distribution H(i/ for an appropriate
e {+,—} and K No;4(P) can be described as follows:

o There exist ns circles (called ovals) such that each of them splits o; s(P) in two connected
components. One of these two components contains only one integer point and this point
is of parity Js.

o There exist ps arcs such that each of them splits o; s(P) in two connected components.
One of these two components contains only one integer point of P and this point is a
vertex of P with parity ds.

Example 2.5. Figure 1 represents a T-curve of degree 8 constructed starting from the
triangle T" equipped with a primitive triangulation and the distribution H (0L, [0])"

2.2. The type of a T-curve

In this section we briefly recall the principal concepts related to the type of a T-curve referring
to [21] for more details and proofs.

Take a T-curve A associated to a pair (I',e) and let 7 be a triangle of I'. The T-curve
A, obtained applying T-construction to the triangle 7 is a circle and then it admits only two
orientations, opposite each other, each of them inducing, in a natural way, an orientation on
the PL-curve K, associated to 7. Given an orientation of A., for each 7 € I', it is not true in
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general that these orientations can be glued together obtaining an orientation of the T-curve
A, i.e. it is not true in general that the induced orientations on K, for each 7 € T', give an
orientation of A. An orientation of a T-curve A associated to a pair (I, ) is called symmetric
if it is obtained as the gluing of an orientation of each of the T-curves in 7, for any 7 € I'.

It is easy to verify that if a T-curve A associated to a pair (I',¢) admits a symmetric orien-
tation, then A admits exactly two symmetric orientations and one is opposite to the other
one.

Definition 2.6. A T-curve is a diwviding T-curve or a T-curve of type 1 if it admits a
symmetric orientation, it is of type 11 otherwise.

In [21] it is proved that if an algebraic curve is associated to a T-curve by Viro’s method,
then the type of the T-curve coincides with the type of the algebraic curve and its symmetric
orientations are complex orientations as defined by Rokhlin.

The type of a T-curve can be expressed in terms of the triangulation and the distribution
of signs. Two different triangles of I' with a common edge have same orientation if they induce
opposite orientations on their common edge, they have opposite orientations otherwise.

Definition 2.7. A symmetric orientation for the pair (I',¢) is a collection of pairs (T,6),
where 7 € T' and 0 is an orientation of T, satisfying the following condition: each pair of
triangles T, 7' with a common edge, have same orientation if and only if the distribution
SI(TUT/) is a Harnack distribution.

It is easy to show [21] that a T-curve A associated to a pair (I',¢) admits a symmetric
orientation if and only if the pair (I', ¢) admits a symmetric orientation.

2.3. Cycles, rays and fragmentation of T

The classification theorem of dividing T-curves, given in combinatorics terms, is based on
the study of a special decomposition of the triangle T'.

Definition 2.8. A cycle of T is a closed path of integer segments Iy, ..., 1. contained in T,
having the same type and such that fors =1,...,r, s is not a boundary-segment of T', ;Nls_1
and lsNls1q are exactly the endpoints of the segment Iy and IsNl; =0 if j ¢ {s—1,s,s+1}
(where (s — 1) and (s + 1) are reduced modulo r).

We call zone of a cycle £ the integer polygon of 7'\ £ having £ as boundary.

Definition 2.9. A ray of T is a path of integer segments lq,...,l, contained in T, having
the same type and such that the path Iy U ... U [, has exactly two different points on the
boundary of T: its initial and final points. Moreover, for s = 2,...,r — 1, ;N1 and
ls N1 are exactly the endpoints of the segment Iy and lsN1; =0 if j ¢ {s—1,s,s + 1}.

A ray R divides T in two parts. We call zone of R one of these two parts: if they contain
different number of vertices of the triangle T then the zone of R is the one containing less
number of vertices, otherwise it is the part of 7'\ R containing the integer segment whose
endpoints are (0,0), (1,0).

As cycles and rays are paths of integer segments having same type, it makes sense to
speak about their biparity referring to the type of their integer segments.
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Figure 2. A ray and a cycle of T'.

Example 2.10. Figure 2 represents a ray and a cycle of 7.

If £ is a cycle of T" having biparity 0, ;, denote by n, the number of the integer points of parity
ds contained in the interior part of its zone Z and by p the number of the boundary-points
of Z that is the number of integer points of L.

Proposition 2.11. The zone Z of a cycle L of biparity d; ; verifies the following relation:

L

nk+nl:ni+nj—|—2

Proof. Use Pick’s formula to calculate the area  of Z in Z? and in the sublattice generated
by the vertices of parity d;, 9;.

Q :nk+nl+ni+nj+g—1:

- 2<nz+n]+§—1>

This relation implies the statement. a

Remark. The property of the zone of a cycle stated by Proposition 2.11 is invariant under
translation of the cycle.

Let £q,..., Ly, be a finite number of cycles and rays of T such that, if i # j and £, L; # 0
then £;NL; is a finite number of integer points. These cycles and rays subdivide 7" into finitely
many connected components, this decomposition of T is called fragmentation. In particular
L1 U...UL, is the boundary of the fragmentation, the vertices of the fragmentation are
the integer points of £, U ... U L} which are not boundary-points of 7" and the closure of a
connected component P of T\ {£; U ... U L} is called a fragment of T
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) ®)

Figure 3. A fragmentation of 7" (case (A)) and a decomposition of 7" which is not a fragmen-
tation of T' (case (B)).

Example 2.12. Figure 3 represents two decompositions of 7" the first one (case (A)) is a
fragmentation of 7" while the second one (case (B)) is not a fragmentation of 7".

Definition 2.13. A distribution of signs € on a fragmentation F is a fragmented Harnack
distribution if:

1. The distribution €5, = €|p, is a Harnack distribution for each fragment Py of F.

2. If P, and P, are fragments of F such that P, N P, # () then €, = &, on P, N P,.

3. If P, and Ps are fragments of F such that P. N Py contains an integer segment, then e
and g, are two different Harnack distributions.

The classification of dividing T-curves is based on fragmentations and fragmented Harnack
distributions. In [21] it is proved that, given a fragmentation F it is always possible to
choose a fragmented Harnack distribution on F. Moreover the procedure used to assign a
fragmented Harnack distribution to F is unique in the sense that even if we assign to F two
different fragmented Harnack distributions the resulting T-curves are obtained one from the
other by a symmetry. Now we are able to state the classification theorem:

Theorem 2.14. (Classification Theorem) [21] A primitive T-curve is of type 1 if and only
if 1t is constructed starting from a fragmentation F of T' equipped with a fragmented Harnack
distribution and a primitive triangulation on each fragment of the fragmentation.

3. The index of a point

Given a curve C in RP? equipped with an orientation, we can consider for each point = €
RP? \ C, the index indc(z) of this point with respect to the curve. We can calculate this
number in the following way: consider a line through the point x and transversal to the
curve C. Choose a normal vector field to the line which vanishes in z (Figure 4). Assign
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Figure 4. A normal vector field to a line.
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Figure 5. Algebraic value of the intersection points.

to each intersection point between the curve and the line the value +1 if, in that point, the
local orientation of the curve agrees with the normal vector to the line, assign the value —1
otherwise (Figure 5). Let o be the sum of the values assigned to each intersection point.
Then the index in x is defined as

, a

inde(z) = )5‘

It is easy to check that the index does not depend on the choices of the line and of the normal
vector field. Besides it immediately follows that the index is constant on each connected
component of RP? \ C and that the index of a point does not change if we reverse the
orientation of C'. Thus for any real algebraic plane projective curve C' of type I equipped
with one of its complex orientations indc is a well defined function on RP? \ C which takes
half-integer values if the degree of the curve is odd, integer values otherwise.

Consider now a T-curve A of type I associated to a pair (I',¢) and one of its symmetric
orientations. We want to study the index of a connected component of T \ A, that is the
index with respect to the T-curve A of a point belonging to that connected component.

We observe that each integer point of the extended triangulation is a point of T \ A, and
that each connected component of T \ A contains at least one integer point. To calculate the
index of an integer point E, we construct, along the edges of the extended triangulation, a
pseudo-line J (i.e. J is homeomorphic to S* and 7'\ .J is connected). We require that £ € .J
and J is symmetric with respect to the origin.

Because of the construction, the T-curve intersects J transversally and JNA does not contain
integer points. Consider an intersection point B between an edge [ of J and A, and let 7 and
7' be the triangles of the extended triangulation such that 77" = 1. As A is of type I, the
orientation of A in 7 U 7’ is obtained gluing an orientation of the piece of A contained in 7
with an orientation of the piece of A contained in 7/. This fact implies that the vectors of
the orientation of A at the point B in 7 and 7’ point outward for one of the two triangles
and inward for the other one, i.e. they coincide if we consider the two vectors applied in [
(see for example Figure 6).

Given a pseudo-line J, we associate to each integer segment [ of J a non-zero normal vector
v of [. Such a collection is called a normal vector system for J around the point E if each
couple of pairs (1, 7), (l2, V) satisfies the following condition:

(7, and ¥, point to the same connected component of T# \ J ) < (I; and I, belong to the
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\\ KBA N

Figure 6. The vectors in B of the orientation of the T-curve in 7 U 7" point outward for 7
and inward for 7.

Figure 7. A normal vector system for J around the point F.

same connected component of (J\ E) NT#).

Choose therefore a normal vector system vg for J around the point E (see for example
Figure 7).

We can now consider two vectors in B: one is given by vg, while the other one is determined
by one of the two vectors of the orientation of the T-curve. The algebraic value i;gp(B) of
the point B is +1 if these two vectors agree, it is —1 otherwise. The index of the vertex F
with respect to the T-curve A is defined in the following way:

mdA(E

) . | ZBG(JOA) Z'J,E<B>
B 2

The value

o ZBe(JﬂA) Z'J,E(B)

B 2

is called the algebraic index of E with respect to (A, J,vg). It is easy to verify that the index
is independent of the choice of J and that the sign of the algebraic index changes if we reverse

a(E)
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the normal vector system.

Let F' be another integer point belonging to J. It is possible to calculate ind(F) using
J. For each pair of points E; and F, of J, denote by F;F, the piece of J which connects
in T# the points F;, and F,. Given two normal vector systems v; and v, for J respectively
around the points Ey and E», we say that v and v are coherent if vy coincides with
VolBrE,» Otherwise they are called opposite.

Lemma 3.1. Let E and F be two integer points of J and vy and vp be two opposite normal
vector systems for J around E and F respectively. The algebraic indices a(E) and a(F) of
E and F with respect to (A, J,vg) and (A, J,vr) satisfy the following relation:

aF)=a(E)— Y isp(B)

Be(EFNA)

Proof. Consider B € J N A. The vector in B determined by the orientation of A is the same
when we calculate the index of E or the index of F, while the vectors in B determined by the
normal vector systems are opposite in the two cases if and only if B is contained in the piece
EF.

By definition of algebraic value of B, we obtain:

—iJ7E(B) if Be EF
iyg(B)  otherwise

The statement follows therefore from these relations and from the definition of algebraic
index. O

Definition 3.2. The number th, = > Be(BFna) ta,p(B) is called the relative algebraic index
of F with respect to (E,a(FE)).

Lemma 3.3. Let !l be an integer segment of J. The algebraic values of the two intersection
points between A and the union I of the four symmetric copies of | are opposite.

Proof. Let T be a triangle having [ as edge, and B; € 01(l), B2 € 02(l) be the intersection
points between A and [#. If By or By does not lie in J, we consider also J' = 0,,(.J). We
choose two coherent normal vector systems for J and J’' around the origin. The triangles
o1(7) and oo(7) are glued in 7 along the non-empty copies of [, then the vectors of the
orientation of the T-curve in By and in B, point outward to a triangle and inward to the
other one. The vectors determined by the normal vector systems of the pseudo-lines point
inward or outward to o1(7) and o2(7). Then the two points have opposite algebraic values.O

Theorem 3.4. Let F be a fragmentation of T and P be a fragment of F. If E and F' are
two vertices of I'|p having same parity, then for each symmetry o of R*

inda(o(F)) =inda(o(F))
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Proof. Let P° be a copy of P and Hj " be the Harnack distribution on P*. Consider the
symmetric copies E® and F* of E and F in P?, a pseudo line J symmetric with respect to
the origin through O, E* and F* and opposite normal vector systems for J around E* and
F.

By Lemma 3.1 the following equality holds:

B ) =a(F*)— Y ip(B)

Be(EsFsNA)

Let us verify that > Be(FFnA) ! srs(B) = 0. An integer segment of J N P* is non-empty if
and only if it contains an integer point of parity ds, thus there is exactly an even number of
intersection points between E5F* and A. Let B; and B, be two intersection points between
EsFs and A such that the piece BB, of J contains no other intersection points between J
and A. For such points one has:

igps(Br) = —ijrs(B2)

In fact let 7y = Conv{vy,ve,v3} (resp. 7 = Conv{vs,vs,vs}) be a triangle such that the
point By belongs to the edge Conv{vy,vs} (resp. By € Conv{vy, vs}) and let vy (resp. vy) be
the vertex of type d,. As P is a fragment we can construct a path of triangles in P® which
connects 7 with 75 and such that all the triangles of the path have same orientation. We
can have two different situations:
e 71 and 7 face on the same side of J. In this case if the orientation of 71 is given by
v, V1, V3, the orientation of 7 is vy, vs, vg. It is simple to verify that the vectors
determined by the orientation of the T-curve in By and Bs point in opposite directions
with respect to J.

e 71 and 7, face on opposite sides of J. In this case if the orientation of 7 is given by
V9, VU1, U3, the orientation of 7 is vy, vg, vs and therefore it is simple to verify that
again the vectors determined by the orientation of the T-curve in B; and B, point in
opposite directions with respect to J. O

Consider a dividing T-curve A of degree m associated to a pair (I',¢) and let F be the frag-
mentation of T', equipped with a fragmented Harnack distribution, to which A is associated.
Let £ be a cycle (resp. a ray) of the boundary of F having biparity ¢; ; and zone Z. Denote
by Pi,..., P, the fragments contained in Z. Let P; be such that its intersection with £ con-
tains at least two integer points. As P; is equipped with a Harnack distribution, in each of its
copies there exists a parity of isolated vertices, i.e. all the integer points of a certain parity
are isolated (Proposition 2.4). In the following we use these notions: for s € {i, j, k, 1}, P is
the copy of P, in which the vertices of parity J, are isolated, @, is the quadrant containing
Pg,if S is a subset of T, §# is the union of S and its symmetric copies and S* = S# N Q.

Lemma 3.5. There exist a; with i = 1,2,3,4 such that:
° Zﬁ:l as =10

e the index situation in P,™ is the following:
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copy of P; Type of Index of Index of
isolated vertex | isolated vertices | non isolated vertices
by’ 0; o F1] | o |
P’ i | a; | | a; £ 1|
PF Or | ag F1| | ag |
Pll (55 |OleF1| |Oél|

Tab. 3.5. Index situation in P;*

Proof. Consider an integer point E € (P, N L) of parity §;. Construct a pseudo-line .J;,
symmetric with respect to the origin, along the edges of the triangulation and such that
E € J;. Construct the pseudo-line J, = o,(J;). The union J; U J contains the four
symmetric copies of the integer point £. We can use one of the two pseudo-lines to calculate
the index of two copies of E and the other one for the other two copies. We can use J; and J,
indifferently to calculate the index of the origin O. To calculate an algebraic index we have
to fix a normal vector system for each pseudo-line. We choose two coherent normal vector
systems v, 15 for J; and Jy around the origin.

For r = 1,2, 3,4 the points O and E", with an appropriate normal vector system for J around
E7 satisfy Lemma 3.1.

iy o(B
a(E") = Zpeny tnolB) S ino(B) iE €

2 —
BE(OETNA)

a(ET) = ZBe(.f2rw,4)iJ2,o(B)_ Z

2 —
BE(OETNA)

7:]270(3) it £" € J,

By Lemma 3.3 it follows that

> a(E) =0

r=1
To describe the index situation in P1# , consider the following additional condition on J;: the
pseudo-line .J; contains a vertex of I' for any parity of integer points of P;. Let us denote by a
the algebraic index of E*. As P, is equipped with a Harnack distribution, then (Theorem 3.4)
| a; | is the index of all the vertices of type d; contained in P and | ay | for s = j, k, [ is the
index of all non isolated vertices of Py (as all non isolated vertices have same index).

Moreover J; can be also used to calculate the index of a vertex F' of I' of type 9§, # 9;. If

we denote by a(F*®) the algebraic index of the symmetric copy of F' in P} we have:

alF?)=ag if s#i,r

a(F*)=as+1 if s=i,r

> a(F*) =0

s=1

Therefore if a(F*) = o; £ 1 then o(F") = a, F 1. O
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4. Modification on cycles and rays

We have seen in Section 2 that a fragmentation of T is associated to a dividing T-curve.
In this section we describe two operations, called “modifications on cycles and rays”, which
allow us to pass from a T-curve of type I to other T-curves of type I with controlled topology
and with known associated fragmentations. Consider a T-curve A of type I associated to
a pair (I',¢) and let F be the fragmentation of T, equipped with a fragmented Harnack
distribution, associated to A. Let £ be a cycle or a ray of T having biparity J; ;; let us
remark that £ is not necessary a cycle or a ray of the boundary B(F) of F. Starting from
A and from £, we construct a new fragmentation F’ of T' whose boundary B’ is the union of
the edges [ of I' which verify one of the following two conditions:

1. The edge [ belongs to B(F) and it is not an edge of L.

2. The edge [ is not an edge of B(F) and it is an edge of L.
We can choose a fragmented Harnack distribution &’ for F’ in such a way ¢ and €’ coincide
outside the zone Z of L, then from Theorem 2.14 the fragmentation F’ and the distribution

¢’ allow us to construct a dividing T-curve A’. We say that A’ is obtained from A by a
modification on the cycle (resp. the ray) L.

Lemma 4.1. If&|p = HY{ then &|p = H; "

Proof. The extended distributions of € and &’ coincide on £#, then &’ pi and H 5, coincide
on the vertices of parity ¢; and J;. Besides & pi must be a Harnack distribution different
from H g , then &'| pi and H g are opposite on the vertices of parity o, and ¢;. This means

= H " O
Pl H(;J :

é’/

There exists the following relation between the connected components of Z# \ A’ and the
connected components of Z# \ A.

Lemma 4.2. Take two T-curves A and A’ obtained one from the other by a modification
on a cycle (a ray) L of biparity 6; ;. Then A and A’, in the union of the symmetric copies of
the zone Z of L, are obtained one from the other by the symmetry o, ;.

Proof. From Lemma 4.1 and from Proposition 2.4, it follows that the part of A contained
in 0;4(Z) coincides with the part of A’ contained in o;,(Z). Then the part of A and A’
contained in Z# are obtained one from the other by the symmetry o; ; too. a

Corollary 4.3. Take two T-curves A and A’ obtained one from the other by a modification
on a cycle (a ray) L of biparity 6; ;. If Z is the zone of L then a connected component of the
complement of the curve A in Z% N Q, is also a connected component of the complement of
the curve A in Z% N (0;,;(Qs)).

Let E € P, be an integer point of type d; and «ag with s = 1,2,3,4 be as in Lemma 3.5.
Let us denote by C? for r = 1,...,~, the connected components of the complement of A in
Z° for s = 1,7, k,l. For each C}, we define an integer number ¢; called the relative algebraic
indez of C? with respect to (E*, o).
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Choose an integer point X? in C?. Construct a pseudo-line J (symmetric with respect to the
origin) through £® and X such that EsX? C Z°. Choose a normal vector system v for J
such that the algebraic index of E® with respect to (A, J,v) is exactly ay (recall that it could
be also —a,). With this choices, we define: t5 = t;:

By Lemma 4.2 the symmetric copy o; ;(C%) of C? is a connected component of Z# \ A’
in the quadrant Qy = 0;,(Q;), then

Vs
ZINA = Joi(Cp)
r=1

For each C?, another integer number ;. is also defined: it is the relative algebraic index of
0:;(C2) with respect to (E¥, ay).

Lemma 4.4. Let A be a T-curve associated to a pair (I',e). Let L be a cycle of T' of biparity
0;.j, then the extended distribution & satisfies one of the following relations:

a) (E") = &(F?) V integer points E € L

b) &(E") = —&(E’) V integer points E € L
Similarly for the extended distribution & restricted to L% N Qy, and L7 N Q.

Proof. Consider the quadrants (); and @); (resp. the quadrants @, and @);) and look at the
polygons Pi and P] (resp. PF and P}). The vertices of parity §; and &, (resp. 0 and &;)
are isolated respectively in the first polygon and in the second one. This means that the
distributions of signs on £# N Pi and £# N P/ are both alternate (resp. the distributions
of signs on £# N PF and £# N P! are both constant), that is £(E?) = &(E7) for each integer
point £ € LN P, or £(EY) = —&(E7) for each integer point E € LN P, (resp. &(E*) = &(E')
for each integer point £ € £L N P, or &(E*) = —&(E") for each integer point £ € LN P).
As the vertices of £ are all of parities ¢; and J; and the signs of all the vertices having same
parity change in the same way with respect to a symmetry, the lemma is proved. O

Proposition 4.5. If C? is a connected component of Z°\ A with index | as — t |, then
0:;(C?) is a connected component of Z% \ A" with index | oy +t5 |.

Proof. We can choose symmetric orientations for the T-curves A and A’ such that the two
orientations coincide outside Z# and are opposite inside Z# that is 0, ;(Az:) and Al (2
have opposite orientations. If Qs and Qy = 0, ;(Q) are symmetric quadrants with respeét to
the origin, then we need only a pseudo-line J (constructed as before) to prove the proposition.
Otherwise we consider also J' = 0,,(J). If a connected component C? in Z° \ A has index
| s — t2 | then the sum of the algebraic values of the intersection points between the curve
A and the piece E*X; is equal to ?;.

After the modification the point o, ;(X?) € 0;;(C?) belongs to the quadrant QQy. By
definition, the index of o;;(C¥) with respect to the curve A’ is | ay — ¢/} |. On the other
hand ¢7 is the sum of the algebraic values of the intersection points between A’ and the piece
E¥ X3 which is the symmetric copy of the piece E5X?. As AN 2% = A’ N 2¥ with opposite
orientations, the two numbers ¢2 and ¢, must be opposite. O

There exists another important property of cycles which can be formulated in terms of the
algebraic relative index. The most interesting aspect of this relation, which connects the
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relative algebraic indices and the Euler characteristics of the connected components of Z#\ A,
is that it is really independent from the curve outside the zone of the cycle. Therefore it
describes a property of the curve contained in the zone of the cycle and, in particular, it is
invariant under translations.

Proposition 4.6. Let Z be the zone of a cycle L of biparity 0;;. The relative algebraic
indices and the Euler characteristic of the connected components C3 of Z# \ A satisfy the
following relation:

S OX(CHE+ Y X(CHE = Y X(ChtE = x(ChHt =0

Zi\A Zi\A Zk\A Z\A

Proof. We prove the proposition by induction on the number n of cycles and rays which
intersect the zone Z.

n = 0: In this case P; coincides with Z then the polygon Z is equipped with a Harnack
distribution and the index situation in Z7 is the one described in Table 3.5. Denote by n,
the number of integer points of parity d, contained in the interior part of Z and by p, the
number of integer points of parity &5 contained in £. From Proposition 2.4 it follows that
the complement of the curve in Z° has ngs + ps + 1 connected components one of which has
Euler characteristic equal to 1 — ng and each of all the others ng + ps connected components
encloses an isolated vertex and has Fuler characteristic equal to 1.
The following relation comes immediately from the proof of Lemma 3.5:

S OX@E A+ O x(Ct = > x(CHEE =Y x(Cht =
Zi\A Zi\A ZM\A ZhA
+(n;+p;) F(1—ng) Foe Fry =
= Zi:(nj +pj — 1+ni—nk—nl)

The number of vertices on L is exactly 2p; as a cycle of biparity J; ; has an even number of
vertices and half of them is of parity §; and the others are of parity ;. The statement follows
then from Proposition 2.11.

n = (n+ 1): Suppose now that there are n + 1 cycles and rays intersecting the zone Z and
let £’ be one of these cycles and rays having biparity d;; (if £ is of biparity d;; or 0y, the
statement can be proved in similar way).

We want to prove:

D@+ x(CHt = > x(CHtE =D x(C)th =0 (1)

Zi\A Zi\A ZF\A ZIh\A

where t7 is the relative algebraic index of the component C? of Z* with respect to (E*, as).

Let A’ be the dividing T-curve obtained from the T-curve A by a modification on £’
The cycle £ belongs to the boundary of the fragmentation of A" and its zone is intersected
by n cycles and rays.
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Let Z’ be the zone of £/, Z'° be its interior part, Z; = (Z \ Z/O), Zy=(ZNZ') and £
be a point of (£ \ Z’) having parity §; and such that inda(E®) =| as —ms | for s =i, k, [,
with mg such that m; +m; +my + m; = 0. Observe that for each C; the relative algebraic
index with respect to (E°, oy — my) is b5 defined by 5 = m, + b.

Not to create confusion, let us use the following notions: C”; denotes a connected com-
ponent of (£°\ A’), t'2 will be its relative algebraic index with respect to (E*, ay5). C% is a
connected component of Z*\ A and its relative algebraic index with respect to (E*®, ay) is
denoted by ¢;.

Consider a point of Z;. It lies outside the zone Z’ of the cycle (the ray) £, then its index
is the same with respect to the two T-curves. Then the indices of E and of its symmetric
copies are the same for the two T-curves.

On the other hand, consider a point belonging to a connected component C? of Z5: its
index with respect to the T-curve A is | ag —t5 |=| ag—ms — b7 | while its index with respect
to the T-curve A’ is | ay —mgy + b7 | (Proposition 4.5), where s and s" are related in this way:
s=i,8=1s=j,8 =k s=k s =75 s=1 8 =1 (let us observe that if £ is of biparity
d;j or dx, the relations between s and s’ are different. Moreover all we are going to explain
must be modified, for these cases, keeping attention to relate in the exact way s and s').

We can apply the inductive hypothesis to the T-curve A’ using the relative algebraic
index with respect to (E*, a):

SOXE@E@DET DT KO = D X(CEE =D (O =0 (2)
ZI\ A/ Zi\A Zk\ A ZNA

We can split equalities (1) and (2) as the sum over Z; \ A and over Z; \ A. Recalling that
t2 = ms + b2, equality (1) is equivalent to the following one:

S S @m0 — 3 S (O + b)) =

se{i,j} Z5\A se{k,l} Z5\A
= > x(CHm; + b5+ D x(Ch)(mi + ) +
ZI\A ZI\A
= D X(C) (i +b1) = Y x(C)(mu + 1)) (3)
ZM\A ZWh\A

On the other hand using the relation 3 *_ m, = 0 equation (3) is equivalent to the following
one:
D X(E) =D o x(C) = Y X+ Yo x(C) =0 (4)
ZI\A Zi\A zZh\A ZW\A

Let us prove this equality: denote by p, the number of intersection points between A and the
boundary B(Z5) of the polygon Z5. For s =i, j, k, [ the following equality holds:

A

Z5\A
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On the other hand, consider p; as the sum [ + (. where (s and [, are respectively the
number of points in ANB(Z5) N L and in ANB(Z5) N L. From Lemma 4.4:

Gi=p B=0 Bi=0 B;=0
With these relations it is easy to verify equality (4). O

5. Proof of Rokhlin’s formula for T-curves

We are able now to prove the following theorem:

Theorem 5.1. (Rokhlin’s Formula for T-curves) For every primitive dividing T-curve A of
degree m

[ i) ixw ="

\A

Observe that this theorem is not a corollary of Rokhlin’s formula. In fact if we construct a T-
curve A using a convex triangulation we are sure that there exists a real algebraic projective
curve C such that the pair (RP?, RC) is homeomorphic to the pair (T, A). For these T-curves,
that is for algebraic T-curves, we just know that Rokhlin’s formula is verified. On the other
hand we will prove the formula also for primitive T-curves constructed using a non convex
triangulation.

Let us explain the structure of the proof and then we will prove the necessary steps. Consider
a dividing T-curve A of degree m associated to the pair (I',e) and the T-curve M obtained
from A by a modification on all the cycles and rays of the boundary of the fragmentation
associated to A. Let Ag = A, Ay..., Ax_1, Ax = M be the dividing T-curves such that for
t=1,...,k the T-curves A;,_; and A; differ by a modification on a cycle or on a ray.

We first prove that the T-curve M satisfies Rokhlin’s formula (Lemma 5.2 below) and, second,
that, for i = 1,...,k, the T-curve A;_; satisfies Rokhlin’s formula if and only if the T-curve
A; satisfies the formula (Theorem 5.3 below). Then we obtain that A satisfies Rokhlin’s
formula.

Let us prove the first step:
Lemma 5.2. The T-curve M satisfies Rokhlin’s formula.

Proof. The T-curve M is associated to a pair (I', H) where H is a Harnack distribution.
In [15] Itenberg proved that in this situation the real scheme of the T-curve M is < 1 <
W >H3hZT_3h>ifm:2hor<.7H< w >> if m = 2h + 1. Consider

a complex orientation of M: for even degrees the index of each exterior oval is 1 and the

index of each interior oval is 0, while for odd degrees we have hh D) ovals with index g and

2
(m=D(m=-2)=h(htD) yvals with index 5. Tt is easy to verify that Rokhlin’s formula is satisfied

for such schemes. O

Let Z be the zone of a cycle or a ray of T'. The value Rok(A, Z) = f(z#\A) ind%(x) dx(x) is
called the contribution of Z in the Rokhlin’s formula for the T-curve A.
Let us prove now the last step to complete the proof of Rokhlin’s formula.
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Theorem 5.3. Let A and A’ be two T-curves of type I and degree m obtained one from the
other by a modification on a cycle or a ray. Then

/A ind% (v) dy(z) = / ind%, (v) dy(z)
(T\A) (T\A")

Proof. Let Z be the zone of the cycle or the ray, then it is possible to split the two integrals
as the sum between the integral on Z# and on T\ Z#. As A and A’ coincide outside Z# the
statement of the theorem is verified if and only if the contributions of Z in Rokhlin’s formula
for the T-curves A and A’ are equal.

We will study separately the case of dividing T-curves whose fragmentations differ by a
modification on a cycle and the case of two curves of type I differing by a modification on a
ray.

The case of a cycle. Suppose that A and A’ differ by a modification on a cycle £ of biparity
0; ; and let E be an integer point of £ N P, of type d;, ps = card ((A NL*) N Qs) and «, for
r =1,J,k, [ be as in Lemma 3.5; observe that Z(ZS\A) X(C;) = 1+ & and recall that from
Lemma 4.4 one has that p; = p; and p; = p;, then the contribution of Z in the Rokhlin’s
formula for the T-curve A can be written as follows:

Rok(A,Z) = Y x(Coindg (X3) =

(2#\4)
= > D> xXO)al+ Y (“2ax(C+X(C)(E)?) =
s€{g,i,k,l} (Z5\A) (Z#\A)
— (o2 +ad) (1+p23) 4 (ap? + o) (1#’2’“) + 3 @) (<208 + (12)?)

(2\4)

Consider now the T-curve A’. From Proposition 4.5 it follows that if C? is a connected
component of Z*\ A with index | oy — ¢ | then o, ;(C?) is a connected component of Z5\ A’

with index | ay + ¢} |, where s and s’ are related in this way: s =i, s’ = j; s = j, s =i
s=k,s"=1;s=1,s =k. Denote by p/, = card ((A’ NL*)NQ, ) As the distributions on £

coincide for the two T-curves, we have card ((A'NL#*) N Q) = card (AN L¥) N Q;) that
is p/, = ps for s € {i, 7, k,1}. Using these facts the contribution of Z in Rokhlin’s formula for
the T-curve A’ can be written as follows:

Rok(A, Z) = > x(0:(C}))ind2, oo (X)) =
(z#\a)
= (a*+ o) (1 + %) + (o + o?) (1 + %) + ( Z )X(Cj) (2a0t? + (23)%)
ZH#\A

We can now compare the contribution of Z in Rokhlin’s formula for the T-curve A with the
one for the T-curve A’
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Rok(A', Z) — Rok(A, Z) =
= > Eawx(@E)+ > Ranx(CHi)

(2:4) (24)
As the algebraic values of the indices satisfy the relation a; + o; + oy + oy = 0, we obtain:

Rok(A', Z) — Rok(A, Z) =

= 20y +a) | S EH+ D | +

Zi\A Zi\A

+ 2 +a) = D x(ChE = 3w (5)

Zk\A Z\A

Proposition 4.6 implies that the right hand side of equality (5) is zero.

Therefore if A and A’ differ by a modification on a cycle, one has:

/A indy(z) dx(z) = / indy, (z) dx(z)
(T\A) (T\A")
The case of a ray. Suppose now that the fragmentations of the two T-curves A and A’ differ
by a modification on a ray R of biparity d; ;. The endpoints of R are different vertices of T}
we can suppose (unless we can change coordinate system) that they belong to the y-axis in
the case they both belong to the same edge of T, or, otherwise, that one endpoint is on the
r-axis and one on the y-axis.

In the first situation (resp. the second) the path R = R U g, (R) (resp. R = R¥) is a
closed path of integer segments having same type.

Let E be an integer point of R of type ¢;, and «;, for i = 1,...,4, be the algebraic index
of the symmetric copy of E in the i-th quadrant (as described in Lemma 3.5). Denote by Z
the part of T# \ R which is homeomorphic to a disk; let Z be a vector with even coordinates
such that the translation tr(R), in R?, of R by the vector Z, contains no integer points with
negative coordinates. If t7(R) is not contained in T, consider the smallest m’ such that the
triangle T" of vertices (0,0), (0,m'), (m’,0) contains tr(R). We can regard R (resp Z) as a
translation of the cycle tr(R) of biparity &;; (resp. of the zone Z of tr(R)) of the triangle
T

If A is associated to a pair (I',¢), let (I'# %) be the extended triangulation and dis-
tribution of T#. Equip Z with the triangulation ¢r(I'#|z) and assign to a vertex v of this
triangulation, the sign of the vertex which corresponds to v via translation. Construct the
PL-curve K associated to Z. Consider the point tr(FE), its symmetric copies and assign to

the point in the i-th quadrant the algebraic value ;. In this situation the cycle tr(R) satisfies
Propositions 2.11 and 4.6.

In the first case we have that Z# gives exactly two copies of Z#, then:

2/2#\A ind%(z) dx(z) = /z#\K inds (x) dx(z)
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Tn the second case Z coincides with 2 and Z# gives four copies of Z, therefore:

4/2#\A indy(z) dx(z) = /z#\K indy (x) dx(z)

then the statement follows from the proof given in the case of a cycle and the proof of
Rokhlin’s formula is now complete. O
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