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Abstract. We define and study the property of local diagonality for partial
algebras and also a pair of related properties. We show that each of the three
properties, together with idempotency, gives a cartesian closed initially structured
subcategory of the category of all partial algebras of a given type.
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It is well known that cartesian closed categories have a plenty of applications to many
branches of mathematics and, in particular, to computer science. An especially important
role is played by the cartesian closed categories that are initially structured because such
categories have well-behaved function spaces for all pairs of objects. In this note, we define
and study three properties of partial algebras: local diagonality, local antidiagonality and
weak local antidiagonality. We show that each of the three properties, together with
idempotency, gives a cartesian closed initially structured subcategory of the category of
all partial algebras of a given arity (with the usual homomorphisms as morphisms)

For the categorical terminology used, see e.g. [4]. Throughout the paper, all categories
are considered to be constructs (i.e., concrete categories of structured sets and structure-
compatible maps). If A is an object of a category, then the underlying set of A is denoted
by |A|. A category K is called initially structured [5] if the following three conditions are
satisfied:

(1) K is fibre-small,
(2) All constant maps between objects of K are morphisms in /C,
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3) K has uniquely determined initial structures for arbitrary mono-sources (i.e., sources
quely y
fi: X — A;, i € I, such that for any pair of maps r,s : Y — X from f;or = f; 0 s for
all i € I it follows that r = s).

If A, B are objects of a given category K, we denote by Mory (A, B) the set of all morphisms
from A to B in K.

Definition 1. ([8]) Let K be a category with finite products and S, T be full and iso-
morphism closed subcategories of K. Let T be finitely productive (i.e., closed under finite
products) in IC. We say that T is exponential for S in K provided that the following condi-
tion is satisfied: For any objects A € S and B € T there exists an object AP € SNT with
|AB| =Mory (B, A) such that the pair (AP, e), where e : B x AB — A is the evaluation
map (given by e(x, f) = f(x)), is a co-universal map for A with respect to the functor
Bx—:T =K.

If a category 7 is exponential for K in I, then 7 is called an exponential subcategory of IC
(cf. [6]).

The objects AP from the definition are called function spaces and they are uniquely
determined up to the isomorphisms carried by identity maps (and hence uniquely deter-
mined whenever K is transportable, i.e., whenever for any object A € K and any bijection
f :|A| = Y there exists a unique object B € K with |B| =Y such that f: A — B is an
isomorphism in K. Function spaces fulfill a very important condition — the so-called first
exponential law (A%)¢ = ABXC If a concrete category K with finite products is exponen-
tial for K in /I, then K is cartesian closed [3], i.e., the functor B x — : K — K has a right
adjoint (and vice versa whenever all constant maps between objects of K are morphisms
in ). Especially, if 7 is exponential for § in I and if also S is finitely productive in K,
then S N7 is cartesian closed.

Let K be a set. By a K-ary partial algebra we understand a pair (X,p) where X
is a set and p is a K-ary partial operation on X, i.e., a partial map p : XX — X. As
usual, total maps (and thus also total operations) are considered to be special cases of
partial ones. We denote by D, the domain of the partial operation p, i.e., the subset of
XX having the property that p(zx;k € K) is defined if and only if (zx;k € K) € D,.
Thus, (zx;k € K) € D, is implicitly assumed whenever we write p(xp;k € K) = x
(x € X an element). Given a pair of K-ary partial algebras G = (X,p) and H = (Y, q),
by a homomorphism of G into H we understand any (total) map f : X — Y such that
p(zr; k€ K) =2 = q(f(xk); k € K) = f(z). The set of all homomorphisms of G into H
will be denoted by Hom (G, H). We denote by Paly the category of K-ary partial algebras
with homomorphisms as morphisms. Clearly, Palg is transportable and has products
(given by direct products, cf. [1]).

Definition 2. ([8]) Let G = (X,p), H = (Y,q) be K-ary partial algebras. The power
of G and H is the K-ary partial algebra [H,G] = (Hom(G,H),r) where r is given by
r(fe;k € K) = f if and only if f €¢Hom(H,G) is a unique homomorphism with the
property that q(yr; k € K) =y = p(f(yx); k € K) = f(y).
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A K-ary partial algebra (X, p) is said to be idempotent if for any x € X we have p(xx; k €
K) = z whenever x;, = x for all Kk € K. The full subcategory of Palyx whose objects
are precisely the idempotent K-ary partial algebras will be denoted by IPalg. Clearly,
I Palk is productive (i.e., closed under products) in Palx and initially structured. (The
mono-sources in I Palg are precisely the sources separating points; given a mono-source
fi : X — (X4,pi),t € I, in IPalk, the initial K-ary partial operation p on X for this
mono-source is given by p(xg; k € K) = x if and only if p;(fi(zr); k € K) = f;(z) for each
iel.)

Definition 3. A K-ary partial algebra (X,p) is called locally diagonal if, whenever
(k3 k1 € K) € XEXE s an element such that there exists v € X with xy, = x for
allk € K, from (x5l € K) € D), for all k € K it follows that p(p(zp;;l € K); k € K) = x.

We denote by LdPalk the full subcategory of Palyx given by the K-ary partial algebras
which are locally diagonal. Further, we put Ldl Palx = [ PalxNLdPaly. Clearly, LdPalk
is transportable and has products (it is isomorphism closed and productive in Palk), and
LdIPalk is productive in LdPalk and initially structured (it is closed under formation of
initial structures for monosources in I Palk).

Remark 1. By Definition 3, a partial groupoid, i.e., a partial binary algebra, X is locally
diagonal if and only if, for any z,y, z € X, we have (zy)(zx) =  whenever xy and zx are
defined (we use multiplicative denotation for partial binary operations).

Examples.

1. Let X be a set and for any [ € K let p; : XX — X be the [-th projection, i.e., the
K-ary (total) operation on X given by p;(zr;k € K) = x;. Then (X, p;) is idempotent
and locally diagonal for any [ € K.

2. Each total n-ary algebra (n a positive integer) which is diagonal in the sense of [7] is
idempotent and locally diagonal. In particular, each rectangular band (see [2]) is idempo-
tent and locally diagonal.

3. A K-ary partial algebra (X, p) is said to be diagonal (cf. [9], Remark 2) provided that,
whenever (zg;k,l € K) € XE*X is an element such that (x40 € K) € D, for each
k € K, we have p(p(zp;l € K);k € K) = x if and only if p(zgx; k € K) = x. It is obvious
that each idempotent and diagonal partial algebra is locally diagonal.

4. Let X be a set and let p be a binary relation on X (i.e., p € X?). Define a binary

partial operation A, on X by A,y = x < zpy. Then the partial groupoid (X, A,) has

the following properties:

(1) p is reflexive if and only if (X, A,) is idempotent,

(2) If p is symmetric, then (X, A,) is locally diagonal (but not vice versa in general),

(3) (X,p) is a tolerance space (i.e., p is both reflexive and symmetric) if and only if
(X, A,) is both idempotent and locally diagonal.

Proposition 1. Let (X,p) be an idempotent K-ary partial algebra with card K < Ng.
Let, for any (xi;k € K) € Dy, any ko € K, and any (zx; k € K) € Dy, from zp, = Tk, it
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follows that the element (yi;k € K) € XX given by yx, = p(zx;k € K) and y, = x), for
all k € K —{ko} fulfills p(xg; k € K) = p(yx; k € K). Then (X,p) is locally diagonal.

Proof. Let the assumptions of the statement be fulfilled. Without loss of generality we
can suppose K = {1,...,n}, n a positive integer. Let (zx;;k,l € K) € XE*XE be an
element such that there exists x € X with o =z, for all k£ € K and let (x50 € K) € D,

for each k € K. Then we have x = p(x11,...,Znn) = p(O(T11, -+, T1n),; T22, -« -y Tpp) =
p(P(ﬂUn, s T1n ), P(T21, -y W20 ), T33, - Tpn) = -0 = p(p(T11, - »$1n)>P(90217 ey Tom),
ey p(Tp1y ..oy Tpn)). Hence (X, p) is locally diagonal. O

Remark 2. Let X be an idempotent partial groupoid. If, for any elements z,y, z,t € X
for which zy, xz and ty are defined, we have zy = (zz)y = z(ty), then, by Proposition 1,
X is locally diagonal.

Proposition 2. Let (X,p) be an idempotent locally diagonal K-ary partial algebra. Let
(k3 k € K) € Dy, plag;k € K) =y, let kg € K and put yr, = y and yi = zx, for all
ke K —{ko}. Then p(yx;k € K) = xy,.

Proof. Put xy = xk, for all k,l € K, k # ko, and xx,; = x; for all | € K. Then
Tik = T, for each k € K. We have p(zk,;! € K) = y and, because (X, p) is idempotent,
p(zr;;l € K) = xy, for each k € K — {ko}. Since (X,p) is locally diagonal, we get
p(p(zr;l € K)jk € K) = x,. As p(ag;l € K) = yi for each k € K, the proof is
complete. O

Remark 3. Let X be an idempotent locally diagonal partial groupoid and let x,y € X.
Then, by Proposition 2, (zy)z = = and y(xy) = y whenever zy is defined.

We will need the following result proved in [8]:

Lemma 1. [Palk is an exponential subcategory of Palyx and the corresponding function
spaces are given by powers.

Theorem 1. LdIPalk is an exponential subcategory of LdPalyx and the corresponding
function spaces are given by powers.

Proof. Let G = (X,p) € LdPalk, H = (Y,q) € LdIPalk and let [H,G] = (Hom(H, G),r).
Let (fr;k,1 € K) € (Hom(H, G))%*X be an element such that there exists f eHom(H,G)
with f = frx for every k € K. For each k € K, let (fx;l € K) € D, r(fr;l € K) = f.
Let (yx;k € K) € Dy, q(yr;k € K) = y. For each k,l € K put yy = yr whenever
k # | and ygr = y. By Proposition 2, we have q(yp;;l € K) = yi for every k € K.
Put zx; = fri(ym) for each k,1 € K. Then p(xp;l € K) = p(fru(ym);l € K) = fu(yx)
and zrr = fiuk(ykr) = f(y) for every k € K. As (X,p) is locally diagonal, we have
p(fr(yk); k € K) = f(y). Since (Y, q) is idempotent, f is uniquely determined and hence
r(fx; k € K) = f. Therefore, [H, G] € LdPalk and the statement follows from Lemma 1. [J
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Corollary 1. LdIPalk is an initially structured cartesian closed category.

Remark 4. Denote by DIPalk the full subcategory of I Palx given by the idempotent
K-ary partial algebras which are diagonal — see Example 3. Then we get a chain of three
initially structured cartesian closed categories DIPalxy C LdIPalx C IPalyx where C
denotes the full categorical inclusion (the cartesian closedness of DI Pal is proved in [9]).

With respect to Definition 3, it is natural to define:

Definition 4. A K-ary partial algebra (X, p) is called locally antidiagonal if, whenever
(k3 k1 € K) € XEXE s an element such that there exists x € X with x, = x for all
ke K, from (zy;l € K) € D), for all k € K and p(p(zx;l € K);k € K) = x it follows
that xi; = x for all k,l € K.

We denote by LaPalg the full subcategory of Palx whose objects are precisely the locally
antidiagonal K-ary partial algebras. Further, we put Lal Palx = I PalxNLaPalg Clearly,
LaPalg is productive in Palg and LalPaly is an initially structured category.

Example 5. Let X be a set and let * be the partial operation on the set PX of all
subsets of X given as follows: A * B is defined if and only if either A = B or A and B are
nonempty and disjoint, and then A« B = AN B. Then (PX,x) is a locally antidiagonal
(and idempotent) partial groupoid.

Theorem 2. [Palyk is exponential for LaPaly in Palyx and the corresponding function
spaces are given by powers.

Proof. Let G = (X,p) € LaPalix, H = (Y,q) € [Palk and let [H,G] = (Hom(H, G),r).
Let (fu;k,l € K) € (Hom(H, G))®¥*¥ be an element such that there exists f €Hom(H, G)
with fxr = f for all k € K, let (fr;l € K) € D, for each k € K and let r(r(fr;l €
K);k € K) = f. Let y € Y be an arbitrary element. Then (fi(y);k,l € K) € XEXK,
fre(y) = f(y) for each k € K and, since H is idempotent, (fxi(y);! € K) € D, for each
k € K and p(p(fr(y);l € K);k € K) = f(y). As G is locally antidiagonal, we have
fri(y) = f(y) for all k,l € K. Hence fy; = f for all k,l € K. It follows that [H,G] is
locally antidiagonal. Now the statement follows from Lemma 1. O

Corollary 2. LalPaly is a cartesian closed initially structured category.

Clearly, a K-ary partial algebra (X, p) is locally diagonal if and only if, whenever (zy; k,1 €
K) e XEXK is an element such that there exists z € X with z, = « for all k € K, from
(xgpi;l € K) € D, for all k € K it follows that p(p(zx;l € K);k € K) = = and from
(xpi;k € K) € D, for all [ € K it follows that p(p(xk;; k € K);1 € K) = x. With respect
to this fact, the notion of local antidiagonality, which seems to be rather strong, can be
weakened as follows:

Definition 5. A K-ary partial algebra (X,p) is called weakly locally antidiagonal if,
whenever (xg;; k,l € K) € XEXK s an element such that there exists x € X with xp, =
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for all k € K, from (xy;l € K) € D, for all k € K, (zpi;k € K) € Dy, for alll € K,
and p(p(zp;;l € K);k € K) = p(p(xps k € K);l € K) = x it follows that xx = x for all
k,le K.

We denote by WliaPalg the full subcategory of Palyx whose objects are precisely the weakly
locally antidiagonal K-ary partial algebras, and we put Wlal Palx = I Palx " WlaPalg.
Of course, WlaPaly is productive in Palx and Wlal Palg is initially structured.

Example 6. Let X be a set, p a binary relation on X, and let (X, A,) be the partial
groupoid given in Example 4. Then (X, A,) is weakly locally antidiagonal if and only if p
is antisymmetric.

Theorem 3. [Palg is exponential for WlaPalg in Palg and the corresponding function
spaces are given by powers.

Proof. The proof of the statement is analogous to the proof of Theorem 2. OJ
Corollary 3. WlalPaly is a cartesian closed initially structured category.

Remark 5. Again (see Remark 4), we have a chain of three cartesian closed initially
structured categories Lal Palxy C WlalPalg C I Palk.

Example 7. It is well known that the category Rel of sets endowed with a reflexive binary
relation, with relational homomorphisms as morphisms, is an initially structured cartesian
closed category (see e.g. [9]). Given a pair G = (X, p) and H = (Y, 0) of objects of Rel,
their function space in Rel is defined by G¥ = (Hom(H, G), ) where 7 C (Hom(H, G))?
is given by frg if and only if xpy = f(z)og(y). Putting F(X,p) = (X, A,) for each
object (X, p) € Rel — see Example 4 — we get a full concrete embedding of Rel into the
category IPaly of idempotent partial groupoids. Thus, Rel can be considered to be a
full subcategory of I Pals and then it can easily be seen that the function spaces in Rel
are inherited from IPaly. In other words, for any pair G, H of objects of Rel we have
F(GH) = [F(H), F(G)]. We denote by Tol and Pos the full subcategories of Rel whose
objects are precisely the tolerance spaces and the pseudo-ordered sets (i.e., sets endowed
with a reflexive and antisymmetric binary relation) respectively. Then F' (restricted to T'ol
and Pos) is a full concrete embedding of T'ol into LdIPaly and of Pos into WlalPals,
i.e., Tol and Pos can be considered to be full subcategories of LdlPaly and Wlal Pals,
respectively. By [10], Tol and Pos are cartesian closed initially structured categories and
their function spaces are inherited from Rel. By Corollaries 1 and 2, also LdI Pal, and
WlalPals are cartesian closed initially structured categories and their function spaces are
inherited from I Pals. Thus, the function spaces in T'ol and Pos are inherited from I Pals,
hence from LdIPals and WlalPals, respectively.

Remark 6. The definitions 2-5 can be extended in a natural way to universal partial
algebras of an arbitrary type (K;;i € I), i.e., pairs (X, (p;;i € I)) where (X, p;) is a K;-ary
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partial algebra for each ¢ € I. All results proved for K-ary partial algebras will remain
valid also for universal partial algebras of a given type.
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