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1. Introduction

The study of submanifolds in contact metric manifolds from Riemannian geomet-
ric point of view was initiated in 1970’s and it is a very active field during the last
quarter of century. In contact metric manifolds there are two polar submanifolds
tangent to Reeb vector field: invariant submanifolds and anti-invariant submani-
folds [18]. Invariant submanifolds are minimal (see, [1]) and hence automatically
critical points of the 2-energy functional, that is, biharmonic (2-harmonic) in the
sense of Eells and Sampson [8]. However, anti-invariant submanifolds are not so in
general. Thus, it is natural and interesting to investigate the class of nonminimal
biharmonic anti-invariant submanifolds in contact metric manifold.

*This paper is prepared during the fourth named author’s visit to the Uludag University,
Bursa, Turkey in March 2004.
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A Sasakian space form is regarded as an odd dimensional analogue of a com-
plex space form, and therefore it is among the most important contact metric
manifolds. Many interesting results on submanifolds in a Sasakian space form
have been obtained by many differential geometers. The purpose of this paper is
to obtain the following:

(i) the existence and uniqueness theorems of nonminimal biharmonic anti-inva-
riant submanifolds in Sasakian space forms of low dimension,

(ii) the stability conditions of nonminimal biharmonic anti-invariant submani-
folds in Sasakian space forms of general dimension.

2. Preliminaries

A (2n + 1)-dimensional differentiable manifold N?"*1 is called a contact manifold
if there exists a globally defined 1-form 7 such that n A (dn)™ # 0. On a contact
manifold there exists a unique global vector field ¢ satisfying

dﬁ(fyX) =0, 77(5) =1, (2'1)

for all X € TN?"*t1 The vector field € is called Reeb vector field.
Moreover it is well-known that there exist a tensor field ¢ of type (1,1), a
Riemannian metric g which satisfy

P =—-I+n®E,
9(¢X,0Y) = g(X,Y) —n(X)n(Y), g(§, X) =n(X), (2.2)
dn(X,Y) = g(X, ¢Y),

for all X, Y € TN?"*! (see, for instance, [1]).
The structure (¢, &,n, g) is called contact metric structure and the manifold
N2+ with an contact metric structure is said to be a contact metric manifold.

A contact metric manifold is said to be a Sasakian manifold if it satisfies [¢p, @] +
2dn ® & = 0 on N?"*! where [¢, @] is the Nijenhuis torsion of ¢. On Sasakian
manifolds, we have

(Vxo)Y = g(X,Y)§ —n(Y)X, (2.3)
Vxé=—0X, (2.4)

for any vector fields X and Y, where V is the Levi-Civita connection of N2"+1,
The tangent planes in 7, N*"™! which is invariant under ¢ are called ¢-section
(see, [1]). The sectional curvature of ¢-section is called ¢-sectional curvature.

If the ¢-sectional curvature is constant on N?"*! then N?"*! is said to be of
constant ¢-sectional curvature.

Complete and connected Sasakian manifolds of constant ¢-sectional curvature are
called Sasakian space forms. Denote Sasakian space forms of constant ¢-sectional
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curvature ¢ by N2"*1(c). The curvature tensor R of N(c) is given by

RXY)Z = T4 20X — (2, X)) + S (Xn(2)Y
—n(Y)n(2)X +9(X, Z)n(Y)€ = g(Y, Z)n(X)¢
F(Z.6Y)0X — g(Z.6X)0Y +29(X.0V)0Z).  (25)

Let M™ be a submanifold tangent to &. If ¢(TM™) C T+M™, then M™ is called
an anti-invariant submanifold. If ¢(T'M™) C TM™, then M™ is said to be an
inwvariant submanifold.

If n restricted to M™ vanishes, then M™ is called an integral submanifold, in
particular if m = n, it is called a Legendre submanifold.

Let © : M™ — N?"*! be an isometric immersion. Denote the Levi-Civita
connection of N?"*1 (resp. M™) by V (resp. V). The formulas of Gauss and
Weingarten are given respectively by

VxY = VxY +h(X,Y),
VxV =—-Ay X + DV,

(2.6)

where X, Y € TM™, V € T+*M™. Here h, A and D are the second fundamental
form, the shape operator and the normal connection, respectively. The following

relation holds:
<AVX,Y> = <h(X, Y), V>, (2.7)

where (, ) == g(,).

The mean curvature vector H is given by H = %trace h. If H =0 at any
point, M™ is called minimal. The allied mean curvature vector is defined by
a(H) = Zzijnlﬂ tr(Ag Ay, )V,., where {V,.} are mutually orthogonal normal vector
fields. If M™ satisfies a(H) = 0, then it is called Chen submanifold.

Denote by R the Riemann curvature tensor of M™. Then the equations of

Gauss, Codazzi and Ricci are given respectively by

(R(X,Y)Z,W) = (Any,2y X, W) = (Apx,2)Y, W)+{(R(X,Y)Z, W), (2.8)
(R(X,Y)Z)" = (Vxh)(Y,Z) = (Vyh)(X, Z), (2.9)
(RP(X,Y)V1,Va) = (R(X,Y)Vi, Va) + ([Av;, A (X),Y), (2.10)

where X, Y, Z, W (resp. V1 and V3) are vectors tangent (resp. normal) to M™,
RP(X,Y) = [Dx, Dy] — Dix,y), and Vh is defined by

(Vxh)(Y, Z) = Dxh(Y, Z) — h(VxY, Z) — h(Y,Vx Z). (2.11)

Hereafter, submanifolds and immersions mean isometrically immersed manifolds
and isometric immersions, respectively.

The dimension of anti-invariant submanifolds in contact metric (2n + 1)-
manifolds is less than or equal to n + 1 (see, [18]). In general, the study of
anti-invariant submanifolds is difficult. However in case the dimension is maxi-
mum, we do have some good properties as the study of Legendre submanifolds. In
fact, we have the following existence and uniqueness theorems for anti-invariant
(n + 1)-submanifolds in Sasakian space form N*"*1(c) (see, [2]):



194 K. Arslan et al.: Biharmonic Anti-invariant Submanifolds in ...

Theorem 1. Let (M™, <-, >) be an (n + 1)-dimensional simply connected Rie-
mannian manifold. Suppose that there exist an unit global vector field & on M and

a symmetric bilinear T M -valued form o« on M such that for X, Y, Z, W € TM,
we have

(a(X,Y),6) =0, Vx{=0, (2.12)
and the equations
a(X,€) = X — (X, (2.13)
<RXYZW> (a(X, W), (YZ>—<aXZ (YW)>
”3{<Y Z)(X.W) - <z XYY} + S X2 (v W)
—n(Y) <X WY +n(Y )In(W)(X,Z) — 77 )n(W) <Y Z>} (2.14)
(a(X, Y —{a(X,Z) Y> +(X.Y(Z) = (X, Z)n(Y)=0, (2.15)
(onz)(Y, Z) = (Vya)(X, Z) (2.16)

are satisfied, where 1 denotes the dual 1-form of &. Then there exists an anti-
invariant immersion into a Sasakian space form x @ (M1, (--)) — N**(c)
whose second fundamental form h satisfies h(X,Y) = —pa(X,Y).

Theorem 2. Let z', 2% : M™ — N?"F1(¢) be two anti-invariant immersions of
a connected Riemannian (n+ 1)-manifold into a Sasakian manifold N*"(c) with
second fundamental form h* and h%. If there is a vector field & on M™ " such that

xip(ﬁ) Evi(p) for any @ and p € M™ and that

(WNX,Y),¢2;Z) = (K*(X,Y), ¢p27Z)

for all vector fields X, Y, Z tangent to M"*, there exists an isometry A of
N2L(¢) such that x' = Ao 2.

3. Biharmonic maps

Let (M™, g) and (N™, g) be Riemannian manifolds and f : M™ — N" a smooth
map. The tension field T(f) of f is a section of the vector bundle f*I"N™ defined
by
() = u(VIdf) = > {VLdf(e) = df (Veen)},
i=1
where V/, V and {e;} denote the induced connection, the connection of M™ and
a local orthonormal frame field of M™ respectively.

A smooth map f is said to be a harmonic map if its tension field vanishes. It
is well-known that f is harmonic if and only if f is a critical point of the energy:

B(flo) = [ S aldr(en. dfen)de,

over every compact domain €2 of M™. Here dv, denotes the volume form of g.
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J. Eells and J. H. Sampson [8] suggested to study 2-harmonic maps which are
critical points of 2-energy Fs:

Ea(fla) = / G(r(f),7(f))dv,.

If f is an isometric immersion, the functional F is given by

Eo(fla) = m? /Q §(H, H)dv,,

where H is the mean curvature vector field.
The Euler-Lagrange equation of the functional Ey was computed by Jiang [11]
as follows:

Tr(7(f)) = 0. (3.1)
Here the operator J; is the Jacobi operator of harmonic maps defined by
Ti(V):= AV —Ry(V), Ve (fTN"), (3.2)
Api==> (VIVL =V ). Rs(V) =Y RN (Vidf (e))df (es), (3.3)
i=1 =1

where RM" is the curvature tensor of N™.

In particular, if N is the Euclidean n-space E" and f = (x1,...,2,) is an
isometric immersion, then
jf(T(f)) = (—AMAMJIl, <oy —AMAMJ,’”),

where Ay, is the Laplace operator acting on C*°(M™). Thus the 2-harmonicity
for an isometric immersion into Euclidean space is equivalent to the biharmonicity
in the sense of Chen (see [6]). For this reason, 2-harmonic maps are frequently
called biharmonic maps. Nonharmonic biharmonic maps are said to be proper.

Remark 3. It is natural and interesting to investigate isometric immersions
which attain the least value of F5 for given two Riemannian manifolds M and
N. B.-Y. Chen [6] introduced new Riemannian invariants and established in-
equalities between the new invariants and |H|?>. Isometric immersions satisfying
the equality case of Chen’s inequalities are the ones which attain the least value
of Ey. In [13], the fourth author studied CR~-immersions into complex hyperbolic
spaces satisfying the equality case of Chen’s inequalities.

Here we would like to exhibit a known result on biharmonic Legendre submanifolds
in the unit sphere.

Consider the complex Euclidean (n + 1)-space C"™! and identify z = (x; +
Wiy Togt + Wng1) € C"Twith (21,0, Tog1, Y1y - -+ Yng1) € E2 Let J be
its usual almost complex structure. It is well-known that a Sasakian space form
N?7F1(1) is isomorphic to S?"™1(1) endowed with the Sasakian structure induced
by J of C"*1. (For example, see [1].)

There are no proper biharmonic Legendre curves in S3(1) (cf. [3], [9]). On the
other hand, in [17] the author explicitly determined biharmonic Legendre surfaces

in S°(1).
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Proposition 4. [17] Let f: M? — S°(1) C C3? be a proper biharmonic Legendre
immersion. Then the position vector f = f(x,y) of M?* in C3 is given by
1

flz,y) = 7 (e, ie™ sin v/2y, ie " cos V/2y). (3.4)

Let f : M — E" be an isometric immersion. If the position vector f can be
written as

f=h+fo Aufi=Mf1, Aufa=Xfo,

for two different constants A\; and Ag, then f is said to be of 2-type (see, [5]). We
put

fi() == —=(¢,0,0),

-5

fo(z,y) = ﬁ((), ie”" sin /2y, ie ™ cos V/2y).

Then we have f = fi + fo, Ay fi = f1 and Ay fo = 3f2. Thus (3.4) is of 2-type.

Now, put gi(x) = (cosz,sinz) and gs(y) = \/ii(l,sin V2y,cos v2y) € S*(1).
Then we see that f(x,y) can be written as f(x,y) = ¢1 ® go (for more details on
the tensor product immersions, see [7]). We remark that g is proper biharmonic
in S?(1) (see, [4]).

We shall show how to construct new examples of proper biharmonic submani-
folds from proper biharmonic submanifolds and minimal submanifolds in the unit
sphere by using tensor product immersions.

Proposition 5. Let g; : M™ — SP7Y(1) and go : N" — S97Y(1) be isometric
immersions. The tensor product immersion g; ® go : M™ x N™ — SPI71(1) is
proper biharmonic if and only if one of g1 and gy is proper biharmonic and the
other is minimal.

Proof. Let H,, Hy, H be the mean curvature vector fields of ¢, g2, g1 ® g5 in EP,
E?, EPY respectively. We put

BIH, = Ay Hy — 2mH; —m(2 — |H{|*)g1, (3.5)
BIHQ = AgQHQ — 27’Lﬁ2 — n(2 — ’HQ’Q)QQ, (36)
BIH = Ay 90, H—2(m+n)H — (m+n)2—|H*g ®g.  (3.7)

Then, the vanishing of BIH,, BI H, and BIH is equivalent to the biharmonicity
of g1, g2 and g1 ® go respectively (see [4]). We have

H: L (mH1®gg+ngl®H2>, (38)

m-+n

m+n

Aoyl = —L (mﬁgl My & gy — 2mnily & fy +ng, @ A, ﬁg) (39)
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By (3.5)-(3.9) we get

2
B[H:LBIH1®g2+ z g1 ® BIH; — ek
m+n m+n m+n

H ® Hy,  (3.10)

where H; (resp. Hy) is the mean curvature field of M™ in SP~1(1) (resp. S771(1)).
It follows from (3.10) that BIH = 0 if and only if one of ¢g; and g, is proper
biharmonic and the other is minimal. O

From Proposition 5, we can construct infinity proper biharmonic submanifolds in
the unit sphere.

Inoguchi studied biharmonic Hopf cylinders in Sasakian 3-space forms (see,
Corollary 3.2 in [9]). We remark that Hopf cylinders are anti-invariant surfaces.
By the similar way as in [9], we can prove the following:

Proposition 6. Let M? be a proper biharmonic anti-invariant surface in Sasaki-

an space forms N3(c). Then ¢ > 1 and M? is a surface of constant mean curvature
c—1
5

Proof. We choose an orthonormal frame {e;, e2} such that e; = . Then from (2.4)
we have <Veiej,ek> =0 for 7,7 = 1,2. Moreover h(ey,e1) = 2kpeq, h(eg,e2) =0
and h(ep, es) = —¢e; for some function k. We may assume that & is positive. The
equation of Coddazi (2.9) gives esk = 0. Thus, by the similar computations due
to [9], k? is constant and equal to %. This proves the proposition. O

Corollary 7. There exists no proper biharmonic Legendre curve in Sasakian space
forms N3(c) with ¢ < 1.

By applying Theorem 1 and 2, we see that a surface in Proposition 6 exists
uniquely. From Corollary 7, we state that there exist no proper biharmonic
anti-invarint surfaces in S3(1). To the contrary, by using proper biharmonic
Legendre immersion (3.4), we can construct proper biharmonic anti-invariant 3-
submanifolds in S°(1) C C? as follows:

1 ) ) ) )
flz,y,2) = E (e, e "siny/2y, ie_”“cosx/ﬁy)e’z. (3.11)

Theorems 1, 2, Proposition 6 and (3.11) motivate us to consider the following
problem:

In the case of n > 1, classify proper biharmonic anti-invariant (n+1)-submanifolds
in Sasakian (2n + 1)-space forms.

In the next section, in the case of n = 2 we obtain the existence and uniqueness
theorem of such submanifolds.
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4. Biharmonic anti-invariant 3-submanifolds

Let M3 be a proper anti-invariant 3-submanifold in Sasakian space forms N°(c)
and {e;} orthonormal frame fields along M? such that e3 = £&. We may assume
that H = age;, where o € C*°(M) and o > 0. Then using (2.3), (2.4) and (2.6),
we see that the second fundamental forms take the following forms:

h(er, e1) = Ape1 + poes,

h(es, e2) = (3a — A)pper — uges,

h(es,es3) =0, (4.1)
h(er,e2) = puper + (3a — N)pea,

h(e1,e3) = —¢ey,

h(ea, e3) = —pes,

for some functions A and p.
We put w!(ey,) = (Ve,€;,¢€;). Using (2.4) we obtain

wi=0, (i=1,2,3). (4.2)

From the Codazzi equation (2.9), we have the following Lemma.

Lemma 8.
e1(3a — A\) + 3uw?(er) = eapn+ 3(\ — 20)wi(ey), (4.3)
—e1t+3(Ba — NMwi(er) = ex(3a—\) + 3uwi(es), (4.4)
eift + 3N — 20)wi(er) = e\ — 3uwi(ey), (4.5)
wi(es) = 0, (4.6)
es(A) = es(p) =ez(a) =0. (4.7)

Proof. Since M? is an anti-invariant submanifold in Sasakian space forms, we get

(R(X,Y)Z): =0

by (2.5). From (V. h)(ez,e2) = (Ve,h)(e1, e2) and (Ve h)(er, ea) = (Ve,h)(e1,e1)
by (2.9), we have (4.3), (4.4) and (4.5). Putting X = ¢, Y = e3 and Z =
ez in (2.9), the relation (4.6) is obtained. Similarly, by using (V. h)(e1,e3) =
(Vesh)(er,e1) and (Ve,h)(e2, e3) = (Ve,h)(ez, e2), we get (4.7). O

Assume that f : M® — N°(c) is biharmonic, namely M? satisfies JyH = 0. We
shall compute JyH by using w/, A, @ and p. Due to Chen [5],

AH = tr(VAy) + APH + (trAZ, )H + a(H), (4.8)

where a(H) = trace(Ag Age,)pes and tr(VAg) = 2?21(AD62.H61 + (Ve Am)e;).
Using (2.5), (4.1), (4.2), (4.6) and (4.7), we get the following lemma by
straight-forward computations.
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Lemma 9.

(i) tr(VAn) = [2{(era) A+ (e20) i} +af(erA) +(eaps) + 1wy (1) +Awi (e2) Her
H2{(e1a)p+(e20) (B — A }+afeipn + ea(3a — A)+Awi(e1) +puwi(e2) }ea
—2{e1a + aw?(ey) }es, (4.9)

(i) APH = [—eje1a — esena + af{w?(ey) + wi(ea)}per

—[2{(er)wi(er) + (e2a)wi(e)} + afer(wiler)) + ea(wi(ez)) e, (4.10)
(i) tr(A3,,) = N+ 24" + (3 — A)* + 2, (4.11)
(iv) a(H) = 3a*udes, (4.12)
(v) Ry(H)= (2c+1)H. (4.13)

From the biharmonicity, we have
AfH = (2¢+ 1)H.

Remark 10. In [14]-{17], the fourth author studied surfaces satisfying A;H =
B H for a constant 3 in Sasakian space forms and complex space forms.

Hence, using Lemma 9 we obtain the following system of partial differential equa-
tions.

Lemma 11.

(1) 2{(era) A+ (exa)pu}+af(e1\)+ (eapt) +pwy (1) +Awi(ea) } =0, (4.14)
(ii) 2{(er)p + (e20)(3a — A)}

+afeip + ea(3a — A) + Awi(er) + pwi(e2)} = 0, (4.15)
(iii) eja + awi(es) =0, (4.16)
(iv) —ejera — egeqa + afwiler) + wi(ea)}

+af{ A +2u° + (Ba — A\)* + 2} —a(2c+ 1) =0, (4.17)
(v)  —2{(e1a)wi(er) + (ezar)wi(ez)}

+afe;(wi(er)) + ea(wi(ez))} + 3au = 0. (4.18)

Combining (4.4) and (4.5) yields
esar = aw?(ey). (4.19)

It follows from (4.2), (4.6), (4.7), (4.16) and (4.19) that

11

e, _62} =0, (4.20)
| & «x

1

-561,63:| = O, (421)
1

-562,63] =0. (422)
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Hence there exists a local coordinate system {z,y, z} such that
1 0 1 0 0

561 = %, 562 = a—y, €3 — %
From (4.7) we obtain that o, A and p are functions of x and y. Also by (4.16)
and (4.19) we have

(4.23)

wile)) = ay, wiley) = —ay, (4.24)
where f, = a—i and f, = g—i for a function f. Substituting (4.23) and (4.24) into
(4.18), we obtain that u = 0, i.e., M? is a Chen submanifold. Replacing (4.3),

(4.4), (4.14) and (4.15) by derivatives with respect to x and y, we get
a3a— N, = —3(\ — 2a)ay, (4.25)
3(3a — Nay = a(3a — N)y, (4.26)
(\a), = 0, (4.27)
9aa, = (Aa),. (4.28)

By solving this system, we obtain «, A\ are constant and hence w{ =0 from (4.2),
(4.6) and (4.24). Therefore by (4.17) we have

M4+ (Ba—AN)2+1-2c=0. (4.29)
Also, by using the Gauss equation (2.8) we obtain
3 +ABa— ) — (3a— \)? =0. (4.30)

Since av and A are real numbers, ¢ must satisfy ¢ > %ﬁ from (4.29) and (4.30).

11 91\/232 217
Further o = Ve L and \ = 1‘32&1).

By using a coordlnate change ar = z, ay = y, we can rewrite the metric
tensor as g = dz* + dij*> + dz*. Then e; = %, ey = 8%. Consequently, by applying
Theorem 1 and 2 we can state the following:

Theorem 12. Let M? be a proper biharmonic anti-invariant submanifold in Sa-
sakian space forms N°(c). Then ¢ > 1+§§\/§ and at each point p € M3 there exists
a suitable local coordinate system {x,y,z} on a neighborhood of p such that the
metric tensor g and the second fundamental form h take the following forms:

(I) g = do*+dy* + dt?,
h(D,,0,) = 7<C — 1) ¢,
c — 1
h(ﬁy, 8y) = (30& 120[ ) ¢a’m
(IT) h(0,,0,) = 0,
c — 1
h(0y,0,) = (3a 50 )¢ay,
(0, 0.) =
h(ﬁlﬁ az) = _¢8y7
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b} ) 9 11c—9+v23¢2—2¢—17
where 0, = -, 83/:@’ 0. =5, and a = Y . (#£0).

Conwversely, suppose that ¢ is a constant satisfying ¢ > %ﬁ and let g be the
metric tensor on a simply-connected domain V C R? defined by (I). Then, up to
rigid motions of N°(c), there exists a unique anti-invariant immersion of (V,g)
into N°(c) whose second fundamental form is given by (I1). Moreover such an
immersion s proper btharmonic.

Corollary 13. Let A(c) be the number of proper biharmonic anti-invariant 3-
submanifold in Sasakian space forms N°(c). Then we have:

(i) if e < HM\[ , A(e) = 0;
(i) ifc=1 or B2 A(c) = 1;
(iii) iof ¢ > %ﬁ and c # 1, A(c) =

Corollary 14. (3.11) is the only proper biharmonic anti-invariant 3-submanifolds
in S°(1).

Proof. We can easily check that the metric tensor and the second fundamental
form of (3.11) take the form (I) and (II) in Theorem 12. d

In the case of n > 2, the classification has not been completed yet.

5. Stability of biharmonic anti-invariant submanifolds

In [11] Jiang obtained the second variation formula for the bienergy Fs. But in
case that the ambient space is not locally symmetric, it is difficult to compute
the formula. We remark that Sasakian space forms are not locally symmetric
in general. In this section, we shall compute the second variation formula for a
biharmonic anti-invariant immersion into Sasakian space forms by the similar way
as in [12].

Let f : M™™ — N?"*1(¢) be a biharmonic anti-invariant immersion from
a compact n-dimensional manifold into a (2n + 1)-dimensional Sasakian space
form. Let F : R x M"" :— N?""!(¢) be a smooth variation of f such that
F(0,p) = f(p) for any p € M. Let (at)(t 2 and X, be the vector fields which

are the extension of 2 7 on R and X on M "t to R x M™, respectively. We put
fi(p) = F(t,p). The corresponding variational vector field V' is given by

0
d t:Oft(p) = dF(a)(oﬁp)-

V@Zﬁ

We recall the following from [12].

1 d?

Ew E2 ft <] >d1)g, (51)
t=

where

I(V) = @%{—Aﬁn — trace RN (df,, Tt)dft'}‘t:ov (5.2)
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V =V and 7, = 7(f,).

If (5.1) is non-negative for any vector field V, then f or M™! is said to be
stable. Otherwise it is said to be unstable.

We shall calculate (5.2) more precisely.

VA Y (VaVeVer = VoV, omi)
_ Z{RN<dft<§ Afile) ) (V) + VeV o Ver+ Via Ve }
—Z{RN<dft<2> (Vee) )7+ Voo Vot + Vip g yni}e (5:3)
As in [12], we have

Vori| =—A;V —traceRY(df-,V)df- = —T;(V). (5.4)

t:()

0T
ot

Let {e;} be a geodesic frame field around an arbitrary point p € M""!. Then
from (5.3) and (5.4), when t = 0, at p we get

Lemma 15.

—V%Afﬂ't

=Y R Ve (V) + Ve (RY (Viedr) J+ATY, (5.5)

t=0

where V = V7, 7 = 1.
We need the following lemma in order to compute (5.5) more precisely.

Lemma 16.

() RY(V.e)(Vur) = 023(<eiﬁe;>v—<ve;, V)e,)
+ c;1{n(v) (Ver)e: — (en, Vo r (V. (5.6)
+ (Ve de) oV — WGJ, SV e + 2(V, ¢ei>¢(vei7)},
(i) Vo(RV(V,e)r) = 61362 (rV)er) + %{VQ(<T,¢€¢>¢V
—~(r, 0V )dei +2(V, de)or) }. (5.7)

Proof. By using the fact that 7 is normal to M™*! and &, we can easily obtain
(5.6) and (5.7) from (2.5). O
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We continue to calculate (5.2). Using (2.2)—(2.5), we have

—@%traceRN (dfy-, 7)dfy -

_ _czi& Z@%{ 71, dF (e:) )dF (e;) <dF(ei),dF(ei)>rt}

S Z@%{nw ) In(dF (€))7, = n(m)(dF (e;)dF (e;)
<dF >77(7't 5 <7’t dF(x >77 (dF(e;))¢

+3<dF ¢Tt>¢ dF(e)) = (dF (), 6(dF (e)) o .

_ _cz3z{<vmt AF (¢))dF (€) + (7, V 2 dF (e:))dF (e;)

(7, dF () V 2 dF (e;) — 2(V

S 2P (), (V2 (e, €) — (dF (e, o(d ())>}n
() g~ {(9 57,6 — (7,0 () bt
() {(V 2 dF(e).€) — (dF (e, dp(gt)»}p
—n()n(dF (e ))VadF +2<VadF €i))
+{dF(e;), dF (e >{<VaTt — (o ( )>}5
—{dF(e;), dF (e;) ) (r) $(dF (%) ) = (¥ a7, dF () yn(dF (e)€
—<TtVadF Nn(dF(e;))&

(1, dF (e)) {(V g dF (e;), ) — (dF (e;) ¢(dF<§t))>}g

o dF(e)(ar(e))olar (5)) +3{ (¥ g dFe), omyotar(en)

+{dF(e;) <dF(2> 7)E — n(@dF(%) +6(V a7))$(dF
)

9
ot

dF (e;),dF(e;))7 — (dF(e;), dF(ei)>@7

203

o ) - () i)

—(V 2 dF(e;), (dF (e;))) o1
—<dF<ei>7<dF(§ ) F(e) — n(dF(e)dF (5) + 6(V 5 dF(e0))or

_<dF(eZ-),¢(dF(ei))>{<dF<§t) T)E — nn)dF( )+¢( o t)}].

We need the following lemma.
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Lemma 17. @%dF(ei) =V.V.

t=0

= @ezdF(%)

t=0

From (5.8) and Lemma 17 we deduce the following:
Lemma 18.

—@%tracelti]v(alff;7 ) df - |i=0

=G S (7 9V e 2TV o 1)

c—1
4

3y (mv, oryoe+ (e or) ((Vie)e + wem)) } (5.9)

{29,071 =0 ((7V.) + (o) )& = (e + (V)

where (JV)" (resp. (T;V)L) denotes the tangent (resp. normal) part of J;V .

Consequently, we obtain the second variation formula as follows:

Theorem 19. Let f be a biharmonic anti-invariant immersion from a compact
(n + 1)-dimensional manifold M™ into a Sasakian space form N*"*'(c). Let
{fi} be a smooth variation of f such that fo = f and V be the corresponding
variational vector field. Then we have

som| E)= [ (10
2dt2 =0 2N Mn+1 ’ 7
where
C‘I‘S 2 — W
Iv) = - 1 {]T| V—i—2trace<V.7', V>~+2trace<7, V.V>'+<7',V>7'

—2trace(V.V, )7 — (J;V) " + (n + 1)ij}

C —

+ 1{ = 2(VeV, T + (1, VeV )E + n(V)trace(n(V.7)-) + [7]*n(V)E
+2trace(V.7, ¢ )¢V — 2trace(V.7,pV )¢ - —4¢(V s/ V) — (V, ¢7)¢
+n(V)o1 — 49(V 4, V) + 2trace(r, p(V.V))¢ - =3(7, ¢V Yo7
+2trace(V.V, ¢ Yo7 + 2nn(V) o1 + 2n(V) (V)T

(= DTV )E = BTV ) +AT,V. (5.10)
Proof. When we compute (5.7), we use the following:

Ve, (@V) = (e, V)E = n(V)ei + 6(Ve,V),
Ve, (¢e;) = &+ dh(es, €;).

Combining (5.2), Lemma 15, 16 and 18 we get (5.10). O
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We put

F(X) = (h(X, X), 6X)
for a vector field X of M™*'. F(¢7) is globally defined on M"!. In the case of
n = 1, then F(¢7) coincides with —||7||?>. However it is not true in general. In

terms of ||7|| and F(¢7), we give the sufficient conditions for proper biharmonic
anti-invariant submanifolds to be unstable.

Theorem 20. Let M™ be a compact proper biharmonic anti-invariant subman-
ifold in a Sasakian space form N*"T1(c). If

/Mnﬂ{(c—i- 3|7 = 3(c — 1)F(q§7’)}dvg > 0, (5.11)

then M"™tt is unstable.

Proof. We take 7 as the variational vector field V. By Theorem 19, (2.6) and
(2.7) we have

<I(T),T> = —(c+3)||7|I* = 3(c — 1)<h(q57'7 9257'),7'>. (5.12)
This completes the proof. O

It follows from Proposition 6 and (II) in Theorem 12 that (c + 3)||7]|* — 3(c —
1)F(¢7) > 0if n = 1 or 2. Therefore applying Theorem 20 we state the following:

Corollary 21. Let M™*! be a compact proper biharmonic anti-invariant subman-
ifold in Sasakian space form N?"*Y(c). Ifn <2, then M™! is unstable.

There is a special vector field along submanifolds in contact manifolds, i.e., Reeb
vector field £&. Thus, it is natural and interesting to consider variations V €&
Span{¢} := {alla € C°(M")}. We call such variations R-variations. If the
second variation (5.1) under any R-variation is non-negative, f or M""! is said
to be R-stable. Otherwise it is said to be R-unstable.

Theorem 22. Let M™! be a compact proper biharmonic anti-invariant subman-

ifold in Sasakian space forms N?"T1(c). Then M™' is R-stable if and only if
A > 56217, where )\, is the first eigenvalue of the Laplacian acting on C°°(M™T1).

Proof. Let f be an isometric proper biharmonic anti-invariant immersion from
M™ into N?"t1(¢). We take a as the variational vector field, where a €
C>(M™*1). We can easily see the following:

A(af) = (Apra + na)é + 2¢grada + adr, (5.13)
Rys(a&) = ané. (5.14)
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By using Theorem 19, (5.13), (5.14) and Stokes’ theorem, we obtain
I(a&), a&)d

— el (By(y (), a€) + ——— T Ty(a€), o) v,

!

_ /
J,
/..

1 —5¢c—4n
— H{ a’|r)? + (Tr(a&), Ap(al)) + 1 (AMa)a}dvg
1—5¢c—14
= { (Apra)® + n(Aya)a + 4||gradal|* + %(AMa)a}dvg
17—-5
_ / {(Awa) + “(Ava)a}du, (5.15)
Mnt+1 4

This completes the proof. O

Corollary 23. Compact biharmonic anti-invariant (n + 1)-submanifolds of
N2t (c) with ¢ < X are R-stable.

Theorem 22 implies that the spectral geometry of compact proper biharmonic
anti-invariant submanifolds of maximum dimension in Sasakian space forms is
important.
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