Beitrage zur Algebra und Geometrie
Contributions to Algebra and Geometry
Volume 48 (2007), No. 1, 83-93.

Curvature and ¢-strict Convexity

Leoni Dalla* Evangelia Samiou

Department of Mathematics, University of Athens Panepistimioupolis
GR-15784 Athens, Greece
e-mail: ldalla@math.voa.gr

University of Cyprus, Department of Mathematics and Statistics
P.O. Box 20537, 1678 Nicosia, Cyprus
e-mail: samiou@ucy.ac.cy

Abstract. We relate g-strict convexity of compact convex sets K C R
whose boundary 0K is a differentiable manifold of class C'? to intrinsic
curvature properties of K. Furthermore we prove that the set of ¢-
strictly convex sets is F, of first Baire category.
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1. Introduction

Let C be the set of nonempty compact convex subsets of R? endowed with the
Hausdorff metric and the induced topology. By C* we denote the subset of C of
those convex sets whose boundary is a hypersurface of class C*. Furthermore let
S C C be the set of strictly convex subsets of R, i.e. of those K C R? whose
boundary K does not contain a line segment. It is proved in [3, 5], see also [2],
that C\ (C'N8) is a F, subset of first category and that C? is of first category in
C. This was strengthened in [10], showing that C \ (C' N S) is o-porous.

We are concerned with analogous questions within the spaces C¥, k > 2. For
arbitrary convex sets it was shown in [12], see also [11], that the lower and upper
principal curvatures of the boundary of an arbitrary convex set are almost all 0
and oo, respectively. Therefore, in order to have a meaningful notion of curvature,
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we impose a differentiability assumption. In place of strict convexity we have in
this setting the stronger versions given by the order of contact with the tangent
plane of the boundary: We say that K € C? is ¢-strictly convex if at each point
p € OK the tangent hyperplane T,0K has contact of order at most ¢ — 1 with
oK.

We relate ¢-strict convexity of a set K € CY to intrinsic curvature properties of
its boundary 0K proving that an estimate from below on the sectional curvature
of K implies g-strict convexity. In contrast to the results in [3, 5, 10] for C we
obtain here that analytic strict convexity is rather exceptional, i.e. that the set
S, C C7 of g-strictly convex sets is a F,-set of first category. Finally we show that
the Hausdorft topology on the space of convex sets corresponds to the compact
open topology on the set of defining functions.

2. Preliminaries

A convex set K C R?% K € C*, can always be described by a convex function
p: RY — R of class C* with K = p~1((—00,0]) and 9K = p~1(0). Such a function
p is called a defining function for K. A set K is said to be strictly convex if its
boundary 0K does not contain a line segment. As in [1] we say that K € C?
is g-strictly convex if the boundary 0K touches its tangent hyperplanes at most
with order ¢ — 1. In terms of defining functions we may rephrase this as follows.

Definition 2.1. Let K = p~!((—00,0]) with p € CYR?) and d.p # 0 for each
x € OK = M. Then K is q-strictly convex if for each x € M and each u € T, M
there is | < q such that d'.p(u) > 0.

Here we have written d'p(u) = d'p(u,...,u) for the ith derivative of p. Note
that d. p is a symmetric I-form on R? and thus, by polarization, all information is
contained in its value on the diagonal. We will denote by S, the subspace of C?
consisting of g-strictly convex sets. We have inclusions

CT™ NS, C Sypt .

Thus the present terminology slightly differs from that in [1] where the S, were
defined to be mutually exclusive.

Proposition 2.2. Let K € C? and for x € 0K =: M denote by n, the interior
normal vector. Then K € S, if and only if for each x € M there are e,¢ > 0 and
a function f: T,M — R with f(v) > c||v||?, forv e T, M with ||v|| < € such that

MNB(zx)={x+v+ f(v)n, € Be(z) |ve T, M} . (2.3)
Thus 0K locally looks like the graph of a function f: R"™' — R with f(0) = 0
and f(z) > c||x||%.

Proof. By the implicit function theorem we have a smooth function f: T, M — R
such that

plx+v+ fv)n,) =0. (2.4)
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Inductively we assume that the first (k—1) derivatives of f and p in the v-direction
vanish. Then

dk

= o . plx +tv + f(tv)n,) = d*p(x)(v) + dp(x)(ng,)d* £(0)(v) . (2.5)

Thus the first novanishing derivatives of p and f in the v-direction have the same
order. Since p is negative on the interior of K we also get from (2.5) that d* f(0)(v)
is positive.

To prove the proposition first assume that f(v) > ¢||v||? for all v € T, M with
|v|| sufficiently small. If, for fixed vy € T, M, ||vg]| = 1, k is the order of the
first non-vanishing derivative of f in the wvy-direction, then by Taylor’s theorem
we have

f(tvg) = tF + o(t"™)

where
h(t) = o(tFT1) if lim h(t)/t" =0

If kK > ¢, then
f(tvg) = 't + o) < ct

for sufficiently small ¢, but this contradicts the initial assumption on f. Therefore
k < q is the order of the first non-vanishing derivative of f in the wvy-direction,
and the same holds for p by the preceding remark.

Conversely, assume that K is g-strictly convex at x. Let f be defined by (2.4).
For each v € T, M, ||v]| = 1, we have that d*f(0)(v) > 0 and d*p(x)(v) > 0 for
the same k < ¢ by the remark above. Again by Taylor’s theorem we find ¢(v) > 0
depending continuously on v such that

f(tv) = & (0)tF + o(tFT1) > c(v)t? .

Hence ¢ := min,er, ar,|jvjj=1 Ming f(t';v) > 0 and f(w) > ct?forallw =tv € T,M. [

3. Curvature and strict convexity

For y € R% n € R\ {0}, ¢ € Ny let

Yn

=y — n € R?
[n]]?

Yo =(y|n) €R and y,.

denote the projections. The “g-cone” at z € R? in direction of n is then defined
as

Cy(z,n) :={y e R | (y = 2)n > [|(y — )0 ||} . (3.1)
This set is congruent to the cone at © =0, n = (0,...,0,\), A >0, i.e

1
C‘](Ovn) = {(y1’y27‘ .- ayd—layd) € Rd | Yd Z XH(yl)yQa s 7yd—1)||q} :
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For K € C and z € M = 0K we define the “g-curvature” of M at x by
k9(x) = sup{||n||~" | K N B(x) C Cy(x,n) for some € > 0} .

In the case ¢ = 2, k?(x) is the minimal principal curvature of M at z. If kP(x) > 0
at some x € M then x%(z) = oo for all ¢ > p.

Theorem 3.2. A set K € CY is q-strictly convex if and only if the q-curvature of
OK is positive, i.e. for each x € OK = M there are n, € T,M*, n, # 0, such
that K C Cy(x,ny).

Proof. 1t follows from Proposition 2.2 that the assertion holds locally, i.e. K is
g-strictly convex if and only if for each point © € M we find a cone Cy(x,n,) and
€; > 0 such that K N B, (z) C Cy(x,n,). (Then automatically n, is a normal
vector to M pointing in the inward direction.) By compactness, possibly replacing
n, by a larger normal vector An, , we get a g-cone containing all of K: By strict
convexity K is contained in the half-space E, = z+T,M +R{ n, of the hyperplane
x+ T, M and x4+ T,M N K = {x}. Since

U int Cy(x, A\n,) =int £, D K \ B, (x)

AERT

and K \ B, (z) is compact, this latter set is contained in int C,(x, An,) for some
A > 0. Thus K C Cy(xz, max{1, A\}n,). O

In the case ¢ = 2 we could have replaced the g-cones Cy(z,n) above by balls
By (x 4+ n). Thus the above proof has the immediate

Corollary 3.3. K € C? is 2-strictly convex if and only if there is v > 0 such that
for each point x € OK there isy € RY, ||y — z|| = r, such that K C B,.(y).

We finish this section considering the relation between the sectional curvature of
M and g¢-strict convexity. The minimal sectional curvature of M at x € M is
defined as

K(z) :=min{K (o) |oc C T, M, dimo = 2}

where K (o) denotes the sectional curvature of the plane o. If o is spanned by
u,v € T,M then K(o) is computed by

_ K(u,v)
K(o) = Tu Aol where
K(u,v) = (R(u,v)v,u) = dip(u, u)dip(’u, v) — (dip(u, U))2 and

|uAv|)? = u?v? — (u]v)? .

(3.4)

Proposition 3.5. Let p: R? — R be a smooth function, p=*(0) = M and d,p # 0
for each x € M. The sectional curvature of M is positive iff p or —p is the defining
function of a 2-strictly convex set.
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Proof. Let x € M and let p or —p be the defining function of a 2-strictly convex
set. Then d?p(y,y) > 0 or d?p(y,y) < 0 for every y € T, M, i.e. d*p(y,y) is a
positive or negative definite, symmetric bilinear form. Let E be a 2-dimensional
subspace of T, M and (u,v) an orthonormal basis of E. Then d?p|g(y1,v2) =

(y1, Aya), where
4 [ Bl o)
p(v,u) dp(v,v) ) -

Because A is positive or negative definite
det A = d?p(u,u)d2p(v,v) — (d2p(u,v))* > 0 .

So from (3.4) we have K (u,v) > 0.

We now assume that M has positive sectional curvature. Let (uq, ..., u,_1) be
an orthonormal basis of eigenvectors of d2p in T, M. Then d2p(u;, u]) = \jdi; =
(wi, Auj). Because K(u;,uj) > 0 we get that K(u;,u;) = \A; > 0. Thus all
eigenvalues have the same sign. Therefore d?p is negative or positive definite. [J

Theorem 3.6. Let p : R — R be a smooth function such that d,p # 0 for all
r € M = p~1(0). Assume that each x € M has a neighbourhood U C M such
that on U the sectional curvature K of M satisfies K (') > Cd(a2',x)™ with some
constant C' = C(U) > 0 independent of x'. Then for each component My of M
one of the two components of R\ My is strictly (m + 2)-convez.

Proof. By a theorem of Sacksteder (see [7], or [4]), M is convex. Assume that
M is not strictly (m + 2)-convex. Then there is a point x € M and a unit vector
u e T,M C R? such that

d ptu)=0foralll <m+2. (3.7)

We fix z and u from now on and choose a vector field w on M such that w(x) is
a unit vector perpendicular to u. As in Proposition 2.2 we choose f: T,M — R
satisfying (2.3) with n, := —grad,p/||grad,p|| and let a(t) := —f(tu)/||grad,p||.
Thus we have a: (—¢,¢) — R such that

p(z + tu — at)grad,p) =0 .
It follows from (2.5) that

dl
—| at)=0for I<m+2, at)=o(t"?). (3.8)
di'],_,
Let v be the curve in M given by
v(t) == + tu — a(t)grad,p

We claim that
&2 p(3(t)) = o(t™) . (3.9)
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To see this, we note that

0= T 0(3(8)) = Epl3(1) + dynpa (1)

hence
&y p(H(t)) = —dy@p(7" (1) = " (t)dy 0y p(grad,p) = o(t™)
because of (3.8).

We now consider the minimal sectional curvature K along the curve . From
(3.4) we estimate

K1), w((1)
Ko) < rw< T A w0

_ Ruyplilt) yp(w:(0) (3.10)

S FONYTCGIE

—oft™ |
L Eap) Bplo0) _ EepG) | EplG)
S RO A GO R e LB R Aw

0 dip(qf( ) _y

because of (3.9). Since the interior distance d™ in M dominates the Euclidean
distance in R? we have

d™ (x,y(t)) > [tu — a(t)grad,p| >t . (3.11)
From (3.11) and (3.10) we have

KO(®)  _ KO(®)
P Ay = 0.

Therefore there can not hold an estimate K (y(t)) > C(d™ (z,v(t))™) > Ct™ with
a positive constant C' as in the assumption of the theorem. [

The following example shows that there is no characterization of g-strict convexity,
q > 2, by an isotropic growth condition for the sectional curvature as in the
assumption of the theorem. To see this look at the function p: R* — R given by

p(z,y,2) =2 +y” + 2

for k > 1 > 2. Near (0,0,0) this function describes a k-strictly convex set con-
tained in the half space {z < 0} in R3. Gradient and Hessian of p are

dp(x,y,z) = (2kx2k_1, 221 1)

2k(2k — 1)2%k 2 0
d*p(z,y,2) = 0 20(21 — 1)y*-2
0 0

o O O
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We use the tangent vectors u = (1,0, —2kz*~1) and v = (0,1, —2ly*~!). Then
|luAv||*> = 1+0(||(z,y)|) and the sectional curvature at K (z,y, z) = K(T(zy.)M)
is computed from (3.4) as

K(z,y, 2) = 2k(2k — 1)2*7221(20 — 1)y*72|lu A v]|?
= (2k(2k — 1)20(2L = ) (1 + o(||(z, y) )™y~ .
This vanishes on the lines {z = 0} and {y = 0}. In particular, there is no estimate

K(z,y,z) > Cd((z,y, 2),0)™ with C' > 0.

4. Approximation by g-strictly convex sets
Among the S, C? we have for ¢ > 2 inclusions
S, CcS,ccrcct. (4.1)

It is shown in [1] that Sy C C? is dense. Hence all the inclusions in (4.1) are dense
as well. We proceed to show that S, C C? is F, of first category.

Lemma 4.2. for K € S, and v € 0K let n, denote the inward unit normal
vector of OK at x. Then the global q-curvature

KI(K) = sup{\"' | K C Cy(x, \n,) for all z} (4.3)
18 positive.
Proof. Since n, depends continuously on z the function

R

¢: K x 0K - R O(y,x): 7| m)

(4.4)

is continuous. In particular its maximum max & is finite since K x 0K is compact.
From the definition (3.1) we have K C C,(z, An,) if and only if A > ®(y, z) for
all y € K. Thus k%(K) = —t= > 0. O

max ¢

Theorem 4.5. S, C C? is a F,-set of first category.

Proof. We filter S, by the global g-curvature x? defined in (4.3). Let
F, ={K CC'|k1(K)>1/n}.

Form Lemma 4.2 we have S, = |J,, F},. It remains to show that the F,, are closed
in C? and nowhere dense.

To that end let K, € §, be a sequence, K, X K € C? with respect to the
Hausdorff distance. In order to show that K € S;, let + € OK be arbitrary and
let x, € 0K, converge to x. We also have

1
KV C Cg(ﬂ?,,, Enm'/)
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where n,, denotes as before the inward unit normal vector.

Passing to a subsequence if necessary we may assume that n,, converges to
some vector (which must then coincide with the unit normal vector n,). We will
show that K C C,(z, nx) Let y € K and y, € K, be a convergent sequence,
y = lim,_ y,. From (3 1) we infer that

W = 20) 15, 2 (W0 = 20)ne, 1]

for each v. By continuity we get
W —2)1,, 2 Iy —2)n, [ (4.6)

and therefore y € Cy(z, tn,).

Finally, to see that F;, is nowhere dense in C?, we show that for each K € F),
we find K’ € C?\ F,, with arbitrarily small Hausdorff distance d(K, K'). To that
end let p be a defining function for K, i.e. K = p~!((—o0,0]), and pick = € K.
Let x: R — R be a smooth convex function with y(¢) = 0 for ¢ < 0 and x(¢t) > 0
for t > 0. For e,A >0, v € T,0K and t € R define p., € C?(R") by

per(x+v+tn,) = plx+v+itng)+ Ax(e — 1)

and let K., = p;/{((—oo, 0]) be the convex set defined by p. . We also set

K. :=KnN(x+T,0K + [e,00)n,) = ﬂKE,\ (4.7)
A>0

This is the intersection of K with a half space. (In view of the results of the next
Section 5, the set K, o is just the Hausdorff limit A — oo of the sets K. ,.)
We have K.\ € C?, Ky = K.o = K and inclusions

Ke,oo C K€7)\ Cc K.
It is immediate from (4.7) that d(K, K. ) = €, hence, for all A,
d(K, Ke,)\) S €

On the other hand, the K, ) can not be in F,, for all A\: Therefore let z. y € 0K,
be a sequence converging to x + en, € 0K, and let n., denote the inward
unit normal vector of 0K, ) at x.,. (For instance, choose t. € [0, €| such that
p(x + teang) + Ax(e — t.n) = 0 and set z.\ = = + t.an,.) If we had K., C
Cy(zen, %na ») for all A then, by the same continuity argument as in the proof of
(4.6), we would have K, . C Cy(z +eny, %nem) for some accumulation point 7.
of the n. ). But this is not possible since K, contains line segments through
x + en, in its boundary. O
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5. Hausdorff convergence versus uniform convergence on compacta of
defining functions

Theorem 5.1. Let K,, K € C with int K # 0, and p,,p € C(RY) defining func-
tions of them. Assume that p, — p uniformly on compact subsets of R%. Then
K, == K with respect to the Hausdorff distance.

Proof. There is the following criterion for convergence in the Hausdorft topology,
(see [8]). A sequence K, of compact convex sets in R? converges to a set K if and
only if

K = {x ¢ R?| there are z, € K, 2, —> z} (5.2)

and whenever z, — x, 73, € K}, , then € K.

Let 2o € int K. Then p(z¢) < 0. As p,(2¢) = p(x¢) we may assume that
xg € int K, for any v € N.

For arbitrary z € K we may select y, € K, such that y, = z as follows: In
case that x € int K taking y, = x we have the result. In case that © € K we
definey, = xifx € K, and y, € 0K,N(xg, z) if x not in K,,. Let now a convergent
subsequence (yx, )yen Of it with yu, > yo € [zo,z]. As pr, (yr,) — p(yo) and
Pk, (Y, ) < 0 we deduce that p(yo) < 0. If p(yo) < 0 then y, € int Ky, so y, =
for sufficiently large v. Then yy = z € K contradicts the fact p(yy) < 0. So
p(yo) = 0 which means that yo € [zg,2] N OK = {z}. Hence any convergent
subsequence of the bounded sequence (y,) converges to x and the same is true for
(). We deduce that K, —> K. O

As a converse, for a Hausdorff convergent sequence in C we find a sequence of
defining functions converging uniformly on compacta. For a compact convex set
A C R? with 0 € int A the Minkowski function is

A(z) :=inf{t >0 | x € tA}

for x € RY. Then A4 — 1 is a defining function of A.

V—00

Lemma 5.3. Let K, — K be a Hausdorff convergent sequence of compact con-
vex sets with 0 € int K. Then \g, —> \x uniformly on compact sets.

Proof. Let D C R? an arbitrary compact set and B = B;(0) C R? be the unit
ball. Choose R,p > 0 such that D C RB and pB C int K. Let ¢ > 0 and A > 1
such that A —1)R/p<e. fO<a < (A—1)pand Q € C with H(K,Q) < o we
easily get that pB C ). Thus omitting the first elements of the sequence K, we
may assume H(K, K,) < a < (A —1)p for all v. Then pB C K,. So we obtain

KCK,+(AN=-1)pBCK,+(AN=1)K, =K,
K, CK+(AN-1)pBC K+ (AN-1)K = \K.
Hence K C MK, and K, C AK and therefore

Ak, ()
A
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Thus

Ak, () = Ag(z) < (A= 1)Ag(z) (5.4)

A () = Ak, (2) < (A = 1) Ak, ().
For 2 € D C RB we have A\gp(z) < 1 and

Ars (@) = An () = TAon(e) = A (2), Bhnc(a)
Hence
(@), A, () < % |

By (5.4) this gives

(@) = Ala)| < (A= D7 <
for x € D. O

V—00

Theorem 5.5. Let K, — K be a Hausdorff convergent sequence of compact
convex sets with 0 € int K and let p be a defining function for K. Then there are
defining functions p, for the K, converging uniformly to p on a suitable compact

neighbourhood of 0K .
Proof. The defining function p for K can be divided by Ag — 1,

p=h(hx —1)

with some positive continuous function h in a compact neighbourhood V' of 0K
(see [6]). Then, the p, := h(Ak, —1) are defining functions for the K,,. By Lemma
5.3 A\, — A uniformly on any compact subset of R? and since h is bounded
away from 0 on any compact set, we deduce that p, “—> p uniformly on V. [
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