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Abstract. Suppose that m be a set of primes and § a local Fitting
class. Let K,(F) be the set of finite m-soluble groups with a Hall -
subgroup belonging to §. In this paper, we show that the class K, (F)
is a local Fitting class. Thus, an interesting Shemetkov question for
Fitting classes will be answered positively. By using the result, the
S-radical of a Hall w-subgroup of a finite m-soluble group is described.
For an H-function f, we also give the definition and its description of
f-radical of a finite m-soluble group. Some known important results
follow.
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1. Introduction

In the theory of classes of finite groups, a number of classification problems and
the problems of description of canonical subgroups are closed associated with the
formations and Fitting classes determined by means of some properties of Hall
subgroups (cf., for example, [7, IV, §16] and [4, IX, 1-4]). In this connection,
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Blessenohl [1] and Brison [3] introduced respectively the following two classes of
groups K™(F) and K, (F) in class of all soluble groups.

If § is a formation of finite groups and 7 a set of prime numbers, then
Blessenohl defines

K™(F) = {G : G is a finite group and a Hall m-subgroup H of G is in §}.

If § is a Fitting class of finite groups and 7 a set of prime numbers, then Brison
defines

K. (F) ={G : G is a finite group and a Hall m-subgroup H of G is in §}.

It is easy to check that the class of groups K™ (§) is a formation and the class of
groups K, (§) is a Fitting class. In connection with the class of groups, Shemetkov
proposed the following problem.

Problem (L. A. Shemetkov [7, Problem 19]). If § is a local formation of finite
groups and every group in K7(§) possesses exactly one conjugate class of Hall
m-subgroups, is K™(§) a local formation?

In the class of all soluble groups, the positive answer to this problem was obtained
by Blessenohl [1]. Later on, Slepova [8] proved that under some restrictive con-
ditions on a local formation §, the answer to this problem is also possible in the
class of all finite groups. In connection with the above results, the following dual
Shemetkov problem naturally arises:

Problem. If § is a local Fitting class of finite groups and every group in K, (F)
possesses exactly one conjugate class of Hall m-subgroups, is K (§) a local Fitting
class?

The problem has been solved in the class of all soluble groups by Zagurskij and
Vorob’ev [12]. In this paper, we shall give a positive answer to this problem in the
class of all m-soluble groups. By using this result, we shall give some applications.
In particular, the §-radical of a Hall m-subgroup of a finite w-soluble group is
described.

All groups considered in this paper are finite m-soluble groups, and &™ denotes
the class of all finite m-soluble groups, where 7 is some given subset of the set P.
All unexplained notations and terminologies are standard. The reader is referred
to the text of Doerk and Hawkes [4] and Guo [6] if necessary.

2. Preliminaries

Recall that a class of groups § is called a Fitting class provided the following two
conditions are satisfied:

(i) if G € F and N < G, then N € §,
(11) if NI,NQ Sl G and Nl,NQ € S, then NlNQ € 3
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Condition (ii) in the definition says that, for every non-empty Fitting class, every
group G has a unique maximal normal §-subgroup which is called the §-radical
of G and denoted by Gj.

The product 9 of two Fitting classes § and §) is defined as the class (G |
G/Gz € 9). It is well known that the product of any two Fitting classes is also a
Fitting class and the multiplication of Fitting classes satisfies associative law.

Let o be a non-empty set of prime numbers and ¢’ the complement of ¢ in the
set of all prime numbers P. For a group G, let |G| be the order of G and F,(G)
the maximal normal 7-nilpotent subgroup of G. X denotes a class of groups and
X, denotes the class of all finite o-groups lying in X; 91 denotes the class of all
finite nilpotent groups. M, denotes the class of all finite nilpotent o-groups. In
particular, 91, is the class of all p-groups.

Within the universe &, a function f defined by f : P — {Fitting classes} is
called a Hartley function (or in brevity, H-function) (see [9]). Let o = Supp(f) =
{p € P: f(p) # 0}, that is, o is the support of the function f (see [4, p. 323])
and LR(f) = &7 N (Mpeo [ (p)M,E},). A Fitting class § is called local [5] in &7, if
there exists an H-function f such that § = LR(f). In this case, we say that § is
local defined by f or f is an H-function of §.

Let f be an H-function of §. Then f is called
(i) integrated if f(p) C F for all p € P, and
(ii) fullif f(p) = f(p)N, for all p € P (cf. [10]).

The following known result is useful in the sequel.

Lemma 2.1. [11] Every local Fitting class § can be defined by a largest integrated
H-function F' such that F(p)M, = F(p) for all p € P and each non-empty value
F(p) is Lockett class.

Recall that a Fitting class § is said be Lockett class if § = §*, where §* is the
smallest Fitting class containing § such that the §*-radical of the direct product
G x H of two groups G and H is equal to the direct product of the §*-radical of
G and the §*-radical of H, that is, (G x H)z = G- x Hg«, for all groups G and
H.

Let m CP. A subgroup H of a group G is called a Hall w-subgroup of G if the
order |H| of H is a m-number and the index |G : H| is a 7’-number.

Definition. [4, IX, 1.24] Let © be a set of primes and § a Fitting class. Then
define
K. (§) = (G :if H is a Hall m-subgroup of G,then H € §).

If § =0, then put K,(§) = 0. In particular, Ky(F) = 6™ and Kp(F) = §.
We also need the following results which generalized [4, IX, 1.25], [4, IX,
p. 574, ex. 3| and [4, IX, 1.27], the condition of solubility was weakened.

Lemma 2.2.
(a) Let § be a Fitting class. Then K, (§) is a Fitting class for any m C P.
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(b) If § is a non-empty Fitting class and H is a Hall m-subgroup of G, then
GK y N H = Hg

(c) If § and $) are Fitting classes, then K. (§9) = K. (§)K.(9).

Proof. (a) It is clear by the definition of K, (§).

(b) Put R = K,(F) and K = Gn. Since K < G, we have H N K € Hall (K)
and H N K <H. Hence HN K C H. Let F/K = F,(G/K), then F/K € N,
since F' € K.(§)&€ N, = K.(F)MN,. Therefore, F/K < HK/K €Hall,(G/K).
Obviously, Hz € Hall(HzK). So HzKK € R. On the other hand, F N HzK sn G
by F/K € M, so N HzK < Gy = K. Therefore, [F, H; K| < FN Hz K < K,
and consequently, Hz K < Cq(F/K) < F (cf. [6, Theorem 1.8.19]. It follows that
Hy <HNFNHzK <HNK. Thus, (b) holds.

(c) Let H be a Hall w-subgroup of G. If G € K.(F$), then H € §$, that is,
H/Hz € $. By (b), we know that Hy = G, 5NH,so H/Hz ~ HGK 5/ Gk, (3) €
$ and hence G/Gk, 3 € Kx($). This shows that K. (§9) < (S)Kﬂ(ﬁ).
On the other hand, if G € K.(§)K:(9), then G/Gk, 3 € K:(9). It follows
from (b) that H/Hz ~ HGr, (3)/Gr.z) € 9. Hence H € §$ and consequently
G € K(§$). Thus, (c) holds.

Remark. The statements (b) and (c) in this Lemma maybe not true in the class
& of all finite groups. For example, put § = N = 9H, G = A; and 7 = {2, 3}.
Then H ~ A4 is a Hall m-subgroup of G. Clearly Gk, 3 N H = Gk, = 1,
but Hz # 1. Hence (b) is not true. Since H € M2, we know G € K,(F$). But
G ¢ K(8)K~($) since Gk, 3 = 1. Hence (c) is not true.

The following lemma is evident.

Lemma 2.3. Let § and $ be two Fitting classes. Then the following statements
hold:

(a) if § C 9, then K.(§) C K. (9).
(b) Kx(FNH) = K:(8) N K(9).

Lemma 2.4. Let § be a Fitting class. Then the following statements hold:
(a) ifpem and § = &, then K.(¥) =3

(b) if § is a non-empty Fitting class and §N, = § for some prime p, then
K (8)MN, = Kx(3).

Proof. (a) Since a subgroup of a m-soluble p’-group is a m-soluble p’-group, it is
easy to see that § C K,(§). Let G € K.(§) and H is a Hall m-subgroup of G.
Then H € §, and so |H| is a p’-number. On the other hand, since p € 7, we have
7' C p'. Hence |G : H| is also a p-number. It follows that |G| is a p’-number and
G € §. Therefore § = K,(3§).

(b) Obviously, K,(§) C K.(F)9,. Now assume that G € K. (F)9,. Then

G/Gk,(z) is a p-group. Let H be a Hall m-subgroup of G. By Lemma 2.2 (b), we
see that H/Hy = H/HNG g, ) ~ HGk,(35)/Gr.3) < G/Gk, () is a p-group, that
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is, H/Hz € M,. This means that H € §MN, = §, that is, G € K,(§). Therefore,
K (8)M, = K(3).

Lemma 2.5. Let § be a non-empty Fitting class, and 7, o be two sets of prime
numbers such that m o = 0. Then the following statements hold:

(a) Ki(8)6L = K.(§). In particular, K.(§)ST, = K,(§);
(b) Kﬂ(s)mo = K,,(S)

Proof. (a) Firstly, it is clear that K,.(§) C K,(§)6&",. Assume that G €
K+(8)8", and H is a Hall m-subgroup of G. Then G/Gk, ) € 6L and the Hall
m-subgroup HG g, 5)/Gk. ) of G/Gk, ) is a o-group. Since HG g, (5)/G k., () ~
H/HNGk, ), H/Hg is a o-group by Lemma 2.2 (b). Hence H/Hz € 6",N&7, =
(1), where (1) is the class consisting of identity groups. Consequently, H = Hj
and hence G € K.(3).

(b) By the statement (a) of the lemma, we see that K.(§)0N, C K.(§)6: =
K, (§). Thus, the statement (b) holds.

3. Main theorem

Theorem 3.1. For any set of primes m and any local Fitting class §, the Fitting
class K (§) is a local Fitting class.

Proof. Since § is a local Fitting class, by Lemma 2.1, there exists an H-function
F such that § = LR(F) and F(p)M, = F(p) C § for all p € P and each value
F(p) is a Lockett class, for every p € 0 = Supp(F'). Then, we have that

g = Gg N (QPEUF(p>mp6;’) = Gg N (QPEUFQ?)G;F’)‘ (31)

If 7 =P, then K,(§) = § and so the theorem holds. Assume that 7 = (), then
K.(F) = 67. However, it is easy to see that the class of all m-soluble groups
S™ = LR(h), where h is the H-function such that h(p) = &7, for all p € P. This
shows that, in this case, K (F) is a local Fitting class.

We now assume that () ; 7 ; P and define an H-function as follows:

Ko (F(p), ifpernoao,

f(p) = ¢ K(3), if pen,
0, ifpenrndo.

Then w = Supp(f) = o Un’, and so
LR(f) = &7 v N ((Mperno Krno (F(p))N,65) N (Nper Kr (F)N,67). (3.2)

our’

In order to prove the theorem, we only need to ascertain that K. (§) = LR(f).

For this purpose, we let 9 = Nperno K rno (F (p))‘)’IPGg,. Since the H-function
Fis full, by Lemma 2.4 (b), we see that 9 = Myerno Krno (F(p))&},. We now
prove

M = Krno (§). (3.3)
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Indeed, by the equality (3.1), we have that § C Nyexno F'(p)S],. Then, by Lemma
2.3, Lemma 2.2 (¢) and Lemma 2.4 (a), we see that K;n,(§) C Ko (Mperno F ()
Sy) S MpernoKane(F(0)G]) = Mpenno Kano(F(p)) Krno(6y) = NMpernoKrno
(F(p))S],. Therefore, Kiny(F) € M. On the other hand, since the H-function
F' is integrated, by Lemma 2.3 (a), we have K;n,(F(p)) € Ko (§) for every
p € mNo. It follows that Km(,(F(p))Gg, C Kma(g)G;, for all p € # N o, and

consequently, M C Nperno Knno (§)8], = ,,mg(g)(%?ma),. However, by Lemma
2.5 (a), we see that Kma(S)G?ﬂm), = Ko (8), thus, the equality (3.3) holds.

Let 9, = ﬂp@/Kﬁ(g)‘ﬁPG;ﬂ. We prove

M = K,(3)ST. (3.4)

™

In fact, by Lemma 2.5 (b), we have MM, = Nper K (F)6], = K (T)(Mper &) =
K, (§)S~. Hence the equality (3.4) holds.
Now, by the equalities (3.2), (3.3) and (3.4), we obtain that

LR(f) =6, NMNM; =67, N K~ (F) N EK(F)ST. (3.5)
Let ® = &7, N Krno(F). We prove that ® = K, (F). Assume that G € K. (F)

and H is a Hall m-subgroup of G. Then, H € §. Since § C &7, |H| is a (1 No)-
number. It follows that |G| is a (o U n’)-number, that is, G € &7 __,. In addition,
since 7’ C (o Nm)’, we see that H is a (o Nm)-Hall subgroup of G. This shows that
G € Ko (§), and hence G € ®. On the other hand, assume that G € © and H
is a (m N o)-Hall subgroup of G. Then, |G| is a (¢ Un’)-number and H € §. It is
clear that the index |G : H| is a (7’ U ¢’)-number. Hence |G : H| is a g-number,
where = (7" U o’) N (o Un’). Obviously, u C #’. Thus, H is a Hall m-subgroup
of G. This means that G € K,(§). Therefore ® = K,(F).

Finally, by using the above results and Lemma 2.5, we have that LR(f) =
DNy = K (F)NKR(F)GT = K (F)SLNKL(F)GE = KA (F)(6LNGT) = KL(F).
This completes the proof of the theorem.

4. Remark and Example

The “local” condition in the theorem is essential. We now give an example to
show it.

For this purpose, we need the concept of normal Fitting class. Recall that a
non-empty Fitting class § is called a normal Fitting class if for every group G, the
§-radical Gz of G is §-maximal subgroup of G. In the theory of normal Fitting
classes, it is well known that the intersection of any non-empty set of non-identity
normal Fitting classes is still a normal Fitting class (see Blessenohl and Gaschiitz
[2, Theorem 6.1]). It follows that there exists a unique minimal normal Fitting
class, which is denoted by G.,.

Now let 7 = P and § = Kp(S.) = 6,. We prove that &, is not a local
Fitting class. Indeed, if the class &, is a local Fitting class, then by [10, Lemma
6], ©. is a Lockett class, that is, (8,)* = &,. Then, by [4, X.1.15], we have that
S, = (6,)" = 6* = &, which is impossible.
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5. Applications

Let § be a non-empty Fitting class. In this section, we will describe §-radical of
Hall 7m-subgroup of a group by applying Theorem 3.1. Firstly, by Lemma 2.2, we
know that the §-radical of a Hall m-subgroup H of a group G can be formed by
the following equality:

Hy = G,z NH. (5.1)

Now we give the following definition.

Definition 5.1. Let § be a local Fitting class defined by H-function f, and
o = Supp(f). A subgroup S of G is called f-radical of G (denoted by Gy) if
S = per(o)noGpp), that is, Gy = per(@)neG )

Remark 5.1. It is easy to see that if f(p) = § for some p € 0 = Supp(f) and f
is an integrated H-function of §, then Gy = Gj.

In connection with Remark 5.1, the following problems naturally arise:
1) For a local Fitting class § defined by f such that f(p) # § for all primes
p € P (that is, 0 = Supp(f) = {p € P: 0 # f(p) # F}), is it true that
2) Can we describe the §-radical of a Hall subgroup H of G 7 The following
theorem resolved the two problems.

Theorem 5.1. Let § be a local Fitting class defined a largest integrated H -
function F' and ® be the largest integrated H-function of the local Fitting class
K. (F). Then, for every group G and its Hall w-subgroup H, the following state-
ments hold:

(a) if o = Supp(F) ={p:pePand 0 # F(p) # I}, then Gz = Gp;
(b) Hs = Go N H.

Proof. (a) Since F' is an integrated H-function, F/(p) C § for all p € P. Then,
F(p) c §forallp € n(G)No and Grgy C Gg. Hence Gp = per@)neGrp) € G-
Assume that Gp # Gg. Then, since Gz € § = &7 N (MyeoF'(p)S},) and

G3/Grew)/Gr/Gre) ~ G/Gr,

we see that G3/Gp is a p’-group for all p € o N 7(G). Consequently, Gz/Gr €

&7 :
(onm(@))’
On the other hand, G3/Gr € 67 N &7, = &7, ) This induces that

Gz/Gr =1 and hence Gz = Gp.
(b) By using Theorem 3.1 and its proof, we know that K,(§) is a local Fitting
class and K. () = LR(f), where f is the H-function such that

K.no(F(p)), ifpenno,
f(p) = { K=(3), if pen, (5.2)
0, ifpenrndo.
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By [10, Lemma 1] (also see [5, Lemma 6]), it is easy to see that K (§) is defined
by a full integrated H-function ® such that ®(p) = (f(p) N K, (F))N, for all p € P.

We now prove that ® is the largest integrated H-function of the class K, (§).
Indeed, by the equality (5.2), we have f(p) = Kqno(F(p)) for all p € 7 No. Let
G1 and G5 be m-soluble groups, H; € Hall,~,(G) and Hs € Hall,~,(G2). Then,
by Lemma 2.2 (b), we have that (G X< G2)sp) N (Hy x Hy) = (Hy X Hy)pg). By
the hypotheses and Lemma 2.1, F(p) is a Lockett class. Hence (Hy x Hy)p(p) =
(H1)pp) x (H2) p(p)- Now, by Lemma 2.2 (b) again, (H);) ) = (Gi) ¢yNH;. Thus,
(H1)rp) x (H2)rp) = ((G1)p) N H1) X ((G2) ) N Ha2) = (G1) s X (G2) ) N
(Hy x Hy). Therefore (G1 x G2) ¢4/ ((G1) sy X (G2) 5(p)) 1s a (7 N )'-group. But,
ObViOUSly, O(Trﬂa)’(Gi/(Gi)f(p)) = 1, 1= 1, 2, SO (Gl XGQ)f(p) = (Gl)f(p) X (Gz)f(p).
Hence f(p) is a Lockett class, for all p € 7 No.

If p € 7', then, by the equality (5.2), f(p) = K.(§). By using our Theorem
3.1, K (J) is a local Fitting class. Since every local Fitting class is a Lockett class
(cf. [10, Lemma 5]), f(p) is a Lockett class.

The above reasoning shows that the class f(p) is a Lockett class for all p €
Supp(®). It follows from [4, X, 1.13] that the intersection f(p) N K(F) is still
a Lockett class, and consequently, the product of the Lockett class f(p) N K. (F)
and the local Fitting class 0, is also a Lockett class by [10, Lemma 5] and [4,
Theorem X.1.26 (b)]. This shows that every non-empty value ®(p) is a Lockett
class. Thus, by Lemma 2.1, we obtain that ® is the largest integrated H-function
of the class K, (F).

Now, by the equality (5.1), we have that Hy = G, 3y N H. Therefore, we
now only need show that G'o = G, (5 in order to prove (b).

Let 1t = Supp(®). If there exists a prime p € p such that ®(p) = K,(§F), then,
Go = Gk, 5 by Remark 5.1. If ®(p) # K,(§) for all p € u, then, by (a), we also
have that Go = Gk, (5). Thus, the proof is completed.

Corollary 5.2. Let § = LR(F), for the largest integrated H-function F and
S 2MN. Let H be a Hall w-subgroup of a group G. Then

Hz = HPGWHF(P)'

Proof. Since § O N, we have that ¢ = Supp(F) = P, and 1 No = 7. Let
® be that largest integrated H-function of K,(§). Then, as we have seen in
the above Theorem 5.1 and its proof, ®(p) = (f(p) N K(F))MN, = (K (F(p)) N
K. (§))M,, for all p € m. Because F' is a largest integrated H-function of §, we
have F(p) = F(p)M, C §. Hence, by Lemma 2.3 and Lemma 2.4, we see that
O(p) = K, (F(p))N, = K.(F(p)), for all p € . It follows from Theorem 5.1 (b)
that
Hy = GeNH = HpEwG<I>(p) NH= (HPE’/FGKW(F(]?))) NH.

Hence, Hy = per(Gr,(rpyy N H) (cf. [4, Lemma 1.3.2(d)]). Now, by using the
equality (5.1), we obtain that Hy = IlpexHp(,). This completed the proof.

In conclusion, we consider a simple application of Theorem 5.1 and Corollary 5.2.
Let § = I, the class of all finite nilpotent groups. Since § has a largest integrated
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H-function F such that F(p) = M, for all p € P, by Theorem 5.1 and Corollary
5.2, we immediately obtain that F'(G) = Il,er()O,(G) and F(H) = I1,e.0,(H),
for every group G and its Hall w-subgroup H.
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