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Abstract

Let K be a Hausdorff compact space and E be a real Banach lattice with
order continuous norm. In this paper, we essentially prove the existence of canonical
embeddings of (vector) sublattices of FB(K; E), the Banach lattice of E'—valued
bounded functions on K, into the topological bidual of C(K; E), the usual Banach
lattice of F—valued continuous functions on K. This is related and extends some
results in the real case of H. H. Schaefer ( [14], [15]).

1 Introduction

We refer to [4] for general topological spaces, to [1], [9], [10], [13] and [19] for
ordered spaces theory and to [16] and [17] for spaces of continuous functions.

Let us fix a few notations and properties.

Following the classical lattice notation, if there exists, the supremum of a ma-
jorized subset D of a vector lattice (or a Riesz space) is denoted by VD or sup D.
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If D = {e, f}, we will denote it eV f or sup{e, f}. We use similar notations for a
minorized subset of a vector lattice.

The zero element of a vector space will be denoted by 6. For an element e of a
vector lattice, the positive part of e is defined by e, = e V @, its negative part by
e_ = (—e) V0, and its absolute value by |e| = eV (—e). The positive cone of a vector
lattice (F, <) istheset F, ={e€ E:0 <e}.

Unless specifically stated, throughout this paper, K denotes a Hausdorff compact
space and E a real Banach lattice with order norm continuous (or equivalently,
with Lebesque property). This Lebesgue property in F means that every monotone
increasing net to 0 norm converges to 6. Note that there are many examples and
characterizations of such Banach lattices E. (cf. [3], [8] and [13] for these results.)
This Lebesgue property is an essential key in our work.

The space of E— valued bounded functions on K is denoted by FB(K; E). It is
clear that, endowed with the canonical order and supremum norm denoted by ||-|| «,
this space is a Dedekind complete (or order complete) Banach lattice.

We denote by C(K; E), C(K; E) and C(K; E)” respectively, the usual Banach
space of E'— valued continuous functions on K, its dual Banach space and its topo-
logical bidual. These three spaces are Banach lattices under their canonical orders.
Of course, the Banach lattices C(K; E)" and C(K; E)” are Dedekind complete.

A lower semi-continuous (in short l.s.c.) function is a function F' defined on K
with values in E such that the following two properties are satisfied:

(L) 3heC(K;E) : 0<F<h.
(SC) F(z)=sup{ f(z): feC(K;E)y, f<F}, Vrek.

We denote by LSC(K; E) the set of all 1.s.c. functions. Note that, for every l.s.c.
function F, there is a net in C(K; E') which increases to F'.

It is easy to see that the set LSC(K; E) is a Dedekind complete convex cone and
a sublattice of FB(K; E).

In fact, the set LSC(K; E) is the second key of our work.

Let us set LS(K; E) = LSC(K; F) — LSC(K; E). Of course, the set LS(K; E) is
a normed vector sublattice of FB(K; E') containing the Banach lattice C(K; E).

As it is well known, the evaluation map

V:C(K; E) — C(K; E)" f»—>/fd~

is an isometric vector lattice isomorphism (for the norm topologies).

In the next sections, we will introduce extensions of this mapping V. In fact,
the obtaining of these extensions constitutes an answer to a question asked by H.H.
Schaefer in [14] and [15].
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many helpful suggestions. I also am grateful to the referee for the lecture of this
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2 Integral functional on LS(K; F) x C(K; E)

The following theorem is a direct consequence of the Lebesgue property of the
space FE.

Theorem 2.1 (Dini) FEvery monotone increasing net to 0 in C(K;E) uni-
formly converges to 0 in C(K; E).

For every l.s.c. function F, let us set sp = { f € C(K; E); : f < F}. Moreover,
if we consider m € C(K; E),, it is clear that the set defined by { [ fdm : f € sp}
is a majorized subset in R. We denote by [, F'dm or [ F dm its supremum. Hence,

we obtain the following proposition:

Proposition 2.2 For every m € C(K; E)',, the mapping
/~dm . LSC(K; E) — R, FH/de

15 positive homogeneous and additive; moreover, it is increasing and one has the
mequalities

0< /de < |IF|lx|lmll, VF € LSC(K;E).

Proof.  We only prove the additivity, the rest is clear. Let F, G be ls.c.
functions. On the one hand, the inequality

/de+/de§/(F+G)dm

is clear. On the other hand, there are nets (f,) and (gg) in C(K; E)4 such that
fo T Fand gs T G. If h is fixed in spiq, it is clear that (fo + g3) Ah T hin
C(K; E);. Hence, by Dini’s theorem 2.1, this latter convergence is uniform on K.
Finally, we have

/hdm < sup{/(f—i—g)dm:fEsF,gEsG}
< sup{/fdm—l—/gdm:fEsF,gEsG}
< /de—l—/de;

so, we obtain

/(F+G) dmg/de+/de.

The proof of the following proposition is straightforward.
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Proposition 2.3 For every F' € LSC(K; E), the mapping
/Fd:@KELeR mH/nm

15 positive homogeneous, additive and increasing.

Remarks.  a) For every l.s.c. function F, one has

Hﬂ@z&m{/FMmmeCﬂﬂEﬁmeS%_

b) For every m € C(K; E)',, one has

il = sup{ [ Pam: F € LSC(; B), 1Pl < 1)

Definition. Let F' € LS(K;E) and m € C(K;E). If Iy and F; are ls.c.
functions such that F' = F| — F5, it is clear that the real number

/ﬂ@u—/gmm—/ﬂmm+/gmm

is independent of the choice of the functions F} and F». We again denote by [ F dm
this real number.

The following lemma is a direct consequence of the Proposition 2.3.

Lemma 2.4 For every F' € LS(K; E), the mapping
/Fd:@KELeR mH/nm

15 positive homogeneous and additive.
Remark.  If we endow the space LS(K; E') with the supremum norm, it does not seem

to exist a canonical linear continuous injection from this space into the bidual C(K; E)".
That is the reason why we introduce an auxiliary norm ||-||, on LS(K; E).

Definition. Let F' € LS(K; E). We know that there are l.s.c. functions G
and H such that ' = G — H. Hence, the set

{IF g + 1 P2l : B = Fy = Fy; Fy, Fy € LSC(K E)}
is minorized in R and we denote by ||F||, its infimum.

The following proposition may be easily established.
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Proposition 2.5 The mapping
I, - LSS E) =R F = ||F,
is a norm on LS(K; E) such that
Il <l on LS(KGE)  and |- = [Ill, on LSC(K; E).

Furthermore, the norms ||-|| x and ||-||, are equivalent on C(K; E); more precisely,
one has

e < IH-llo <20l on CK;E).

In the following result, we suppose that the space LS(K; E) is endowed with the
norm |-,

Theorem 2.6 The mapping
/.d.  LS(K:E) x C(K:EY =R (F,m) H/de
1s a bilinear functional and one has

‘/de‘ < |IFl Imll, VFeLS(K;E), ¥m € C(K; EY.

Proof.  The linearity with respect to the first variable (resp. second variable)
is a direct consequence of the Proposition 2.2 (resp. Lemma 2.4 and Proposition
3.6.1 of [19]).

Now we finally prove the inequality. Let F' € LS(K; E) be such that F' = F}— F5,
where F and F are l.s.c. functions. Then, by Propositions 2.2 and 2.3, we obtain

‘/de‘ < /Fldm++/F2dm++/F1dm_+/F2dm_

IN

/ (Fy + Fy) dmy + / (Fy + Fy) dm_

IN

[+ Bydim, +m.)

[y =+ Fo| g [l

<
< (Bl + I1E2l ) ] -

So, the real number |[ F'dm/| is a minorant of the set
{ (IRl + 1 Fall ) [lml] - F = Fy = F; Fy, Fy € LSC(K; E)}

hence the conclusion. 1
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3 Fundamental result

Let F' € LSC(K; E). Of course, the set { [ fd-: f € sp} is a majorized subset
of the bidual C(K; E')”. Moreover, we have

/Fd~ :sup{/fd [ e SF} e C(K; E)}
by virtue of the Theorem 2.6.

Proposition 3.1 The mapping
[ : LSC(K;E) — C(K;EY  Frs /Fd~

15 positive homogeneous, additive, increasing and injective; moreover, il preserves
finite suprema and infima, and keeps the norm.

Proof.  The fact that the map I is positive homogeneous, additive and increas-

ing is a direct consequence of the Proposition 2.2.

We now show that [ is injective. Let F, G € LSC(K; E) be such that F' # G.
Then, there is © € K such that F(x) # G(z). Of course, there are ey, ey € E
satisfying e; A es = 0 and F(x) — G(z) = e; — eq; so, we have e; # ey. Hence, we
distinguish two cases.

First case: e; =0 or e; = 0. Of course, there is ¢’ € E', such that (€9,€') >0 or
(e1,€’) > 0 according to the case and so we have (F'(x),¢e') # (G(x),€’). That is, we
get 0, @ ¢’ € C(K; E)', and then we have

(0. @€', I(F)) = (F(x),¢) # (G(z),¢) = (6, @ €', [(G)) ;
what suffices.

Second case: e; # 0 and ey # 0. Of course, there is €’ € E', such that (e1,€") >0
and (es, €’y = 0. Hence, we have

(F(x) = G(x),€') = (ex,€') # 0. (*)

That is, we get 0, @€’ € C(K; E)', and by virtue of (x), it is clear that I(F) # I(G).

Let F, G € LSC(K; E). Let us prove that I preserves finite suprema. Since [
is increasing, it is clear that I(F) V I(G) < I(F V G). Furthermore, there are nets
(fa) and (gp) in C(K; E)4 such that f, T F and gg T G. Then for fixed h in spye,
we have (fo V gg) Ah T hin C(K; E);. So again by Dini’s theorem 2.1, this latter
convergence is uniform on K. Hence, we have

/hd~ < sup{/(f\/g)d~:f€sF,g€sG}

{(f4)v(fa):seon 0

< I(F)VI(G)

IN
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and so, we obtain
I(FVG)<IF)VIG).

Let us prove that I preserves finite infima. Of course, we have I(F A G) <
I(F) A I(G). Since V¥ is a lattice homomorphism and so preserves finite infima, we
successively have

I(FANG) > sup{/(f/\g)d~:f€sF,g€Sg}

{([4)r(Jo0):son 0<c

> I(F)AI(G).

v

Finally, we have on the one hand

I(F)| = sup{‘/de‘ .m € C(K; EY, |Im|| < 1}
< sup {[|Flg [lm[| : m € C(KE), |Im|| <1} = ||F|[;

and on the other hand
1Pl = sup{ [ Fdmsme CUGEY,, Jml <1} < 1P

Hence the conclusion. 1

Theorem 3.2 The mapping
I: (S(K:E).|[,) — C(K; B Fr [Fa

15 a linear continuous injection and a vector lattice homomorphism which extends
.

Proof. By virtue of the Theorem 2.6, it is clear that I is a linear continuous
operator which extends I, and so W.

Since I is injective, it is immediate that I is too.

To conclude we prove that I is a vector lattice homomorphism. Let F €
LS(K; E). Of course, there are Fy, Fy € LSC(K;FE) such that F' = F; — F3 so
that |F| = (F1 V Fy) — (F1 A Fy), where Fy V Fy, Fy A Fy € LSC(K; E). Because of
this latter identity and the lattice preserving properties of I, we obtain

I(|F)) = I(F\VE)-I(F\AF) =1(F\V Fy) —I(F\ A F)
= [(R)VI(F) = I(F) AN(F) = |[I(Fy) = I(Fy)] = |I(F)|.
1

Proposition 3.3 For every monotone increasing net (F,) to F in the space
LSC(K; E), one has I(F) = sup, I(Fy).
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Proof. 1t is clear that sup,, I(F,) < I(F'). Let us set ® = U,sp,. Then the set
® is a monotone increasing and majorized net denoted (gg) in C(K; E)4. Of course,
we have F' = supg gg and if f € sp, we also have f = supg (gs A f). By virtue of
Dini’s theorem 2.1, the net (ggA f) uniformly converges to f in C(K; E)4 and so, by
the Proposition 3.1, the net I(gs A f) converges to I(f) in C(K; E)”. Accordingly,
we obtain

I(f) = Sup I(gs N f) = Sup (L(gs) NI(F))-
Moreover for each (3, there is o = a(3) such that gz € sp, and so, we have

I(gs) N I(F) < 1(ga) < I(Fo) < sup I(F.);

so we get I(f) <sup, I[(F,) for every f € sp.
Hence the conclusion. 1

Remark.  On the space C(K; E)”, we also consider the topology 7 of the uniform
convergence on the all order bounded subsets of C(K; E)". It is well known that this
topology is generated by the system of semi-norms { p,, : m € C(K; E)', } defined by

pm : C(K;E)" =R @ — (m, |¢]) = sup { [{p,n)| : [n| < m}.

Of course, every p, is a continuous lattice semi-norm (for the canonical norm).

The following proposition gives some desirable properties of this topology 7.

Proposition 3.4 a) On the space C(K; E)", the weak*-topology, the T-topology
and the norm topology are finer and finer.

b) In the space C(K; E)", the T-bounded subsets and the norm bounded subsets
are identical.

c) The space C(K; E)" is T-quasi complete.

d) For every monotone increasing (resp. decreasing) and majorized (resp. mi-
norized) net (vqo) of C(K; E)", one has

Sup @q = lim @q (resp. igf Po = limpq ) .

In particular, one has

dl) Ewvery monotone net converging to 0 in C(K; E)" is T-converging to 6.

d2) Ewvery filter on C(K;E)" which order converges to ¢ € C(K;E)" is T-
converging to .

d3) Every sequence which order converges to 0 in C(K; E)" is - converging to

6.

Proof.  The proofs of a) and b) are clear.
The proof of ¢) is due to the following three properties:
cl) the topology 7 is finer than the weak*-topology.
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c2) the space C(K; E)" is quasi-complete for the weak*-topology.
c3) every closed semi-ball in C(K; E)” is closed for the weak*-topology.

The proof of d) is a direct consequence of the Proposition IV.1.15 of [10]. Fur-
thermore, it is a direct matter to establish the particular cases. 1

Corollary 3.5 For every monotone increasing net (Fy,) to F in the space
LSC(K; E), one has
I(F)=supI(F,) =lmI(F,).

4 Embedding theorem

The Theorem 3.2 gives a first example of a canonical embedding of function
spaces into the bidual of C(K; E). Moreover, it constitutes the source of our mo-
tivation to search for other sublattices of FB(K; EY) which may be embedded into
this bidual. In this section, we construct a theoretical example of such canonical
embeddings (cf. Theorm 4.9)

Notation. We consider the set
B(K;E):={F e€FB(K;E), :3dH € LSC(K; E), F < H}.

Of course, the set B(K; E) contains the positive cone of LS(K; E). Moreover, it is
a Dedekind complete convex cone and a sublattice of FB(K; ). (By definition of
LSC(K; E), this set B(K; E) is equal to the set

{FeFB(K;E), :3f € C(KGE)y, F < [}

but for technical reasons, we will often prefer the first definition.)

For every F' € B(K; E), let us set jp := { H € LSC(K; E) : F < H}; clearly,
this latter set is non void. Hence for every F' € B(K; E), the set{ I(H) : H € jp} is
non void and minorized in C(K; E)’}; we denote by J(F') its infimum.

Remark.  Of course, for every F' € B(K; E), there exists a monotone decreasing net
(F,) in LSC(K; F) satistying § < F < F,, for every a and J(F) = inf, I(F,). Hence
I(F,) | J(F) in C(K; E)"” and so, the net I(F,) converges (for 7) to J(F') by Proposition
3.4 d).

Proposition 4.1 The mapping
J : B(K;E) —» C(K;E)", F— J(F)

s positive homogeneous, subadditive, increasing, preserves finite suprema and ex-
tends I. Furthermore, one has

a) if F € B(K; E) with J(F) =10, then FF = 0.

b) J(F+G)=JFVG) +J(EAG) = J(F)+ J(G) for all F € LSC(K; E) and
all G € B(K; E).

c) J(G—-F)=J(G)— J(F) forall F, G € LSC(K; E) such that F < G.
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Proof. 1t is clear that the map J is positive homogeneous, increasing and
extends 1.
Let F, G € B(K; E). Then for all H € jp, L € ji we have

JIF+G)<I(H+L)=1I1(H)+ I(L).
Thus we get
JIF+G)<inf{I(H)+I(L): H € jp, L€ jc} <JF)+J(G).

Let us prove that the map J preserves finite suprema. Of course, we have
J(F)V J(G) < J(FV Q). Furthermore, for all H € jp, L € ji we have

JIFVG)<I(HVL)=I(H)VI(L)
and so we get
JIEVG)<inf{I(H)VI(L): H€ jp, L€ jc}<JF)VJQGQ).

We prove the property a). Let (F,) be a monotone decreasing net in LSC(K; F)
satisfying § < F' < F,, for all a and inf, I(F,) = 6. Let € K. There is ¢/, € E'
such that [|e}|| = 1 and (F(x),e,) = ||F(z)||. Hence §,®e}, € C(K; E)', and so, the
net [ F,d(d, ® €.) norm converges to 6. Since one has 0 < (F'(z),e.) < (Fu(x),e€l)
for all «, it is immediate that ||F'(z)|| = 0; hence the conclusion.

To prove the property b), observe that '+ G = (F'V G) + (F A G). Then we
clearly get

J(F+G) J(FVG)+J(FANG)

<
< JF)VJIG)+ J(F)NJ(G)=J(F)+ J(G).
That is, it suffices to establish that

J(F)+J(G) < J(F+Q)

for all F € LSC(K;E) and G € B(K;E). In fact for all H € jpig, we have
H = F + (H — F) and then we successively get

J(F)+ J(G) < J(F)+ J(H — F) = I(H);

what suffices.

Finally, we prove the property c). Of course, there is a net (f,) in C(K.E),
such that f, T F. Then we have G — F = inf,(G — f,). Now for all o we also have
G — fo € LSC(K; E) and so, we successively get I(G) = I(fa) + I(G — f,) so that

it 1(G — fa) = 1(G) —swp (1) = 1(G) — I(F).

By increase of J, we get

J(G ~ F) <inf I(G — fa) = J(G) - J(F).

The other inequality is immediate by subadditivity of .J. 1
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Proposition 4.2 For every sequence (F,) increasing to F' in B(K; E), one has

J(F) = sup J(F,) = lim J(F,).

Proof. Let V denote any closed, absolutely convex, solid 7-neighborhood of
in C(K; E)". For each r € N there exists H, € LSC(K; E) satistying F, < H, and
I(H,) € J(F,) 4+ 2=V, Moreover, there is H € LSC(K; E) such that F < H.
Let us set L, = (H; V...V H,) A H for all » € N. Of course, the sequence (L,)
is increasing and majorized in LSC(K; ) and so admits a supremum denoted by
L. Hence, by virtue of Corollary 3.5, the sequence I(L,) T-converges to I(L). Then
there is s € N such that I(L,) < I(L) € 1V for all r € N with r > s.

Now for all r € N, we successively have

0 < I(L,)—J(F,)< \/ I(Hy A H) — \/ J(F})

r

< SUH) AI(H) = I(F) < z 1(H) ~ J(F)] € 5V,

It thus follows that

0 <I(L)—J(F,) (r>s)
and since V' is solid and I(L) > J(F) > J(F},) for all r, we get I(L) — J(F) € V.
But since V' is 7-closed, we also have

0 <I(L)—supJ(F,) eV

and this shows that J(F') = sup, J(F}).
Finally, the relation J(F') = lim, J(F) holds by Proposition 3.4 d). 1

Remark. It is well known that, in general, it is not true that
J(F+G)=J(F)+ J(G) ()

for all F, G € B(K; E). (cf. [ [2]; Exercise 8d, p.239] or [ [7]; note 2, p.122].)

However, there exists subsets of B(K; F') on which the equality (x) holds. Note that
the positive cone of LS(K; F) is a such subset. Our next purpose is to search for other
subsets of B(K; F) on which the map J is additive.

Definition.  We denote by B(K; E) the set B(K; E)—B(K; E). It is clear that
this set is a normed vector sublattice of FB(K; F). Furthermore, the set B(K; E) is
the positive cone of B(K; E).

Convention. Throughout the sequel of Athis paper, unless specifically stated,
M will always denote a vector sublattice of B(K; E) satisfying the following two
properties:

(1) C(K;E);: C My CB(K;E).

(2) J(F+G)=JF)+J(G), YF, Ge M.
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Definition.  We define My to be the set of all functions F € B(K;E) for
which there exists a sequence (F,) in My increasing to F. Furthermore, we define

M, to be the set of all functions F € B(K; E) for which there exists a sequence (F,)
in M, decreasing to F.

It is obvious that the sets M. and ﬁ+ are convex cone and sublattices of E(K E).
Moreover, the set M := ﬁ+ — ﬁ+ is a vector sublattice of B(K; E). But in general,
the sets My, M, ﬁ+ and M+ become strictly bigger and bigger.

The proof of the following lemma is easily established.

Lemma 4.3 The map J satisfies the following properties:
a) J(G—F)=J(G)— J(F) for all F, G € My such that F < G.

b) J(EAG) = J(F)AJ(G) for all F, G € M.
¢) J(F) = sup, J(F,) = lim, J(F,) for all F € M, and all sequence (F,) in M,
such that F. T F.

d) JF+G) =J(F)+J(G) and J(FAG)=J(F)AJ(G) forall F, G € M,..

Lemma 4.4 The map J satisfies the following properties:
a) Forall F € ﬁ+ and all sequence (F,) in My such that F, | F, one has

J(F) =inf J(F,) = lim J(F,).

b) For all F, GeﬁJr, one has
JIF+G)=J(F)+ J(G) and J(FAG)=J(F)NJG).

Proof. a) Of course, there is g € C(K; E); such that F,. < g for all r. Let us
prove that for each r
J(g) = J(F) + J(g — F). (i)

Indeed, there exists a sequence (G, x)ren in My such that G, T F,.. To simplify
the notations, we set G, = G, for each k. By hypothesis, J(g) = J(Gx)+J(g9—Gy)
for each k. Now we have J(F,) = lim, J(Gj) by Proposition 4.2. Then the sequence
J(g — Gi) T-converges to its limit ¢ so that J(g) = J(F,) + ¢. By subadditivity of
J, we also have J(g) < J(F,.) + J(g — F,) hence ¢ < J(g — F,). Furthermore, we
have g — F, < g — G\, and since the map J is isotone, we get J(g— F;) < J(g— Gy)
for each k. Hence J(g — F,) < ¢ = J(g) — J(F;). This prove (i).

Now since g — F, T g — F in B(K; E), it follows that J(g — F') = sup, J(g — F})
by Proposition 4.2.

By subadditivity of J, we have J(g) < J(F)+J(g—F) and so, inf, J(F,) < J(F).
But here the equality must hold, since F' < F, for all r» and since J is isotone.

Again, the relation J(F') = lim, J(F;) is true by Proposition 3.4 d).

Finally, the proofs of b) and c) are easy to establish. 1
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Lemma 4.5 The map J satisfies the following properties:
a) J(G—F)=J(G)— J(F) for all F, G € M such that F < G.

b) J(G—F)=J(G)— J(F) for all F, G € M, such that F < G.

¢) J(F+ Q)= J(F)+ J(G) for all F, G € M,.
In particular, one has

J(G—-F)=J(G)— J(F)
forall F, G € 1\N/I+ such that F < G and for all F, G € M+,
J(FANG)=J(F)NJ(G).
d) Forall F, G € My such that J(F) = J(G), one has F = G.
e) Forall F € M. and all sequence (F)) in M. such that F, | F, one has
J(F) =inf J(F,) = lim J(F,).

Proof.  a) Note that there are sequences (F) and (G, ) in My such that F,. T F'
and G, T G. By considering the sequences F,. V G,, F. A\ G, if necessary, we can
suppose that F,. < G, for all r. Of course, we have J(G, — F,) = J(G,) — J(F;) and
also J(G — F,) = J(G) — J(F,) for all r by Lemma 4.3 d). Then, by Lemma 4.4 a)
and Lemma 4.3 c), we successively get

J(G = F)=1lm J(G - F,) = J(G) —lim J(F,) = J(G) — J(F).

b) Again there are sequences (F,), (G,) in M, such that F, | F, G, | G
and F, < G, for all r. So for all r, s € N with r > s, we have J(Gs — F,) =
J(Gs) — J(F;) by virtue of a). Then Proposition 4.2 and Lemma 4.3 d) imply that
J(Gs) = J(F) + J(Gs — F) for all s. Now lim, J(G,) = J(G) by Lemma 4.4 a)
and so we get J(G) = lim, J(Gs — F) + J(F). But the subadditivity of J implies
that J(G) < J(F)+ J(G — F) and so we have lim, J(Gs — F) < J(G — F). Since
G —F < Gs— F for all s, we get J(G— F) = lim, J(Gs — F). Thus, finally,
J(G—F)=J(G)— J(F).

The additivity of J on M+ is immediate

The property d) is a direct consequence of the Proposition 4.1.

e) is immediate by use of a similar argument to the one of the proof of the Lemma
4.4 a).

Hence the conclusion. 1

Note.  The remark after the Lemma 2.4 also applies to the vector lattice M.
That is, we introduce a suitable norm on this space M.

Definition. Let FF € M. We know that there are Fy, F, € 1\N/I+ such that
F = F1 — F2 and so Ll, L2 < LSC(K, E) with F1 S L1 and F2 S L2. That iS, the
set N
{IH|x + | Lllg : F=F— Fy; Fi, F, €My, H€ jr,, L€ jr,}

is minorized in R and we denote by || F||_ its infimum.
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It is easy to establish the following
Proposition 4.6 The mapping
lo:M—R  Fe||F|.
is a norm on M such that
g <o on M and |l = |-, on C(K;E),.

Furthermore, the norms ||| and ||| are equivalent on C(K;E); more pre-

cisely, one has
g < [l-lle <20l on C(K; E).

Definition. Let FEM be with the decompositions F' = F; — Fy = G — G,
where Fi, Fy, Gy, G2 € M. Of course, we have J(F; + G2) = J(G1 + F») and so
J(F1)+ J(Gy) = J(Gy) + J(F»). Hence the element

J(Fy) — J(Fy) = J(Gy) — J(Ge) € C(K; E)’
is independent of decomposition choice of F'; we denote it by J (F).
Lemma 4.7 The mapping
J: (M, |[|.) — CUKGE) F e J(F)
15 an injective vector lattice homomorphism such that

|7 < Il vF e,

J(F)=J(F), VFeM,

and
J(F) = U(F),VF € C(K; E).
Furthermore,
a) For every increasing (resp. decreasing) sequence (F) in M with pointwise limit
F e M, one has J(F) = lim, J(F}).
b) For every order bounded subset D of M, J(D) is a T-bounded (resp. ||-||-bounded)
subset of C(K; E)".

Proof.  The linearity of J follows from Proposition 4.1 and Lemma 4.5 c); its
injectivity follows from Lemma 4.5 d).
It is immediate that .J is a vector lattice homomorphism which extends both the
map ¥ and the restriction of J on 1\N/I+.
The assertion a) is a direct consequence of Proposition 4.2 and Lemma 4.5 e).
The assertion b) holds because of following three properties:
b1) the map J is order bounded.
by) every order bounded subset of C(K; E)” is 7-bounded.
b3) in the space C(K; E)”, the norm bounded and 7-bounded subsets coincide.
Hence the conclusion. 1
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Remark.  The norms ||-||, on LS(K; E) and |[|-||, on M allowed us to obtain a contin-
uous linear canonical injection of each of these two spaces into the bidual C(K; E)". (cf.
Theorem 3.2 and Lemma 4.7) However, in general, these two norms are not lattice norms.

Definition. Let w; denote the smallest uncountable ordinal and « denote a
countable ordinal (i.e. a < wy). We denote by M, the space M of our Convention
(see above) and we define, by transfinite induction, M, to be the set (Ug<aMp3)™.
That is, we set M 1= Uq<y, M.

It is clear that the set M contains the space M.

The proof of the following proposition is immediate.

Proposition 4.8 For all ordinal o < wy, the set M, is a normed vector sublat-
tice of B(K; E) which contains the space C(K; E).

Furthermore, the set M is a normed vector sublattice of E(K; E) which contains
the space C(K; E).

The following theorem gives a theoretical solution to the embedding problem
which we investigate.

Theorem 4.9 The mapping
J:M+—>C(K;E)”+ F+— J(F)

15 positive homogeneous, additive and injective.
That s, the mapping

j:M—>C(K;E)” F»—>j(F)

15 an injective vector lattice homomorphism which extends V.

Proof. 1t is a direct consequence of the Lemma 4.7. 1

5 Applications

In the previous section, we got an “abstract” result of our embedding problem.
(cf. Theorem 4.9) Now, we are going to give some practical examples of the abstract
space M.

Definition. =~ We define the Baire classes Ba(K; E), (o < w;) as follows: let
Ba(K; E), = C(K; E) and, for each ordinal o < wy, let Ba(K; E),, denote the set of
all functions F' € B(K; E) that are pointwise limits of uniformly bounded sequences
in Ug<oBa(K; E),; and finally, we set Ba(K; E) = Ua<w, Ba(K; E)

For all C' € R, we introduce the continuous mapping

o

1, if c € [0,C],

R 1
0c Ry — [0,1] c— { 0, otherwise.
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The following lemma is easy to establish.

Lemma 5.1 For every C' € Ry, ordinal a € 10, w1] and F' € Ba(K; E),, (0c o
|-|| o F) - F belongs to Ba(K; E),, .

In particular, (B¢ o ||-|| o F') - F is an element of Ba(K; E) for all C € Ry and
F € Ba(K; E).

Lemma 5.2 For every ordinal o € |0,wi[ and F € Ba(K; E),, there is an
uniformly bounded sequence (F}) in Us<oBa(K; E) 5 with pointwise limit F' and such
that

1Eoll e < [1FMlc, VreN.

Proof.  Of course, there exists an uniformly bounded sequence (H,) of the set
B :=Us<oBa(K; E) 5 which pointwise converges to F'. Let us set F,. = (07 o ||| o
H,) - H, for all r € N. Hence the sequence (H,) is uniformly bounded in B, by
Lemma 5.1. That is, for all x € K, one successively has

lim F, (2) = lim by, (| H, @)]]) - Ho(2) = 0y, (|F(@)]) - Fla) = F(a).

Furthermore, for all x € K and r € N, one also has
|E @) = |04, (@) - Ho()|

Thus on the one hand, if | H,(x)|| € [0, | F|| ],
()l = 1 Hr ()] < ']l
and the other hand, if |H,(z)| € ||| F|x , +ool,

1 @) = (E N A NH @)D - 1He ()l = 1 -

Finally, we get || F|| < || F]|x for all » € N. 1

Proposition 5.3 For every ordinal o € 10, wy[, the set Ba(K; E), is a vector
sublattice of B(K; E) containing the space C(K; E) and the space Ba(K; E), is a
Banach lattice under the supremum norm.

Furthermore, the set Ba(K; E) is a vector sublattice of B(K; E) containing the
space C(K; E) and the space Ba(K; FE) is a Banach lattice under the supremum
norm.

Proof. 1t is clear from the above definition and the Theorem 5.2 of [1] that
each set Ba(K; E),, as well as the set Ba(K; E), is a vector sublattice of B(K; E)
containing the space C(K; F).

Next, we show that each space Ba(K; E) , is complete under the supremum norm.
It suffices to prove that every absolutely convergent series norm converges. More
precisely, we show that if a sequence (F;) in Ba(K; E), | satisfies ||F,[[, < 277
for all » € N, then the series >7°, F, belongs to Ba(K;E)_,. By virtue of the

o
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Lemma 5.2, for every r € N, there exists an uniformly bounded sequence (F}. ;)ken
in B := Ug<oBa(K; E) 5 with pointwise limit F, and such that

HFrkHK < HFT’HK7 Vk e N.

Let us set k(z,0) = 1 for all x € K. That is, for all s € N, there is a natural number
k(x,s) > k(x,s — 1) such that

<27 Vk > k(x,s).

fjlpr,k(x) - Zl Fi(z)

Now, we consider the sequence (3;_; Fs) . it is clear that this sequence belongs

to the set B and, of course, it is uniformly bounded since, for every s € N, one has

S Pl < S IE N, <1
r=1 r=1

Let € € ]0,+oo[. Then there is so € N such that 3 -27% < e. For every natural
number s > k(z, s¢), we successively have

<

fjl Fou(z) — fjl Fu(z) Zl Fo(z) — Zl Fu(z)

S Fix)

r=so+1

S Eu()

r=so+1

+ +

< 97RO L9 9T < o

Hence the sequence (3;_; F.s), . Pointwise converges to 3277, F.

Finally, let us show that the space Ba(K; F) is complete under the supremum
norm. We prove that if the sequence (F,) in Ba(K; E), verifies ||F,[, < 27" for
all 7 € N, then one has Y22, F, € Ba(K; E). Observe that, for every r € N, there
is anordinal a, < wy such that F, € Ba(K; E)amu Moreover, it is well known that
there exists an ordinal o < w; such that o, < « for all » € N. Of course the cone
Ba(K; E), | contains the set { F}. : r € N} and since we already know that the space
Ba(K; E),, is a Banach lattice, we have that .72, F,. € Ba(K; E)

Hence the conclusion. 1

ar

We now show that the mapping J (cf. this notation at the beginning of Section
4) can be additive on the set Ba(K; E)_, the positive cone of the Banach lattice
Ba(K; E). For this purpose, we need the following definition.

Definition.  The space E has the condition (x) if the norm convergence and
the order convergence for the sequences of E are equivalent. (cf. [20], [21] and
[22] for the examples of such spaces E.)
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Lemma 5.4 If the space E has the condition (x), then the space Ba(K; E) is a
vector sublattice of the vector lattice M.

In particular, the mapping J is additive on the cone Ba(K; E), and one has
Ba(K; E)” = Ba(K; E).

Proof.  We first show that the inclusion Ba(K; E) C M holds. It suffices to
prove that one has Ba(K; E), , C M, for every ordinal o < wy.
The case a = 0 is trivial. If « differs from 0, we proceed by recurrence. That

is, suppose that Ba(K; E),; , C Mgy for all ordinal 3 < . Let us prove that one

has Ba(K; E),, C My . Let F' € Ba(K;E), . Then there exists an uniformly

bounded sequence (F;.) in (Ug@Ba(K; E)ﬂ)+ which pointwise converges to F'. That

is, by hypothesis, the sequence (F;) belongs to the set Z, = (Us<aMp), with
pointwise limit F'. Since the space E has the condition (x), this sequence pointwise
order converges to F'. In particular, one has V>, Fi(z) | F(x) for all z € K. Hence

one gets F' € Z,; what suffices.

It is clear that the space Ba(K; E) is a vector sublattice of M.

The additivity of the mapping J on the cone Ba(K; E), is a direct consequence
of the Theorem 4.9.

The equality of the lemma is straightforward. 1

Theorem 5.5 If the space E has the condition (x), then the mapping

J: (Ba(K: E), |-|lx) — C(K;E)"  F J(F)
15 a linear continuous injection and a Banach lattice homomorphism such that
J(F)=J(F), VFeBa(K;E),

and
J(f) =V(f), VfeC(K;E).

In particular, the mapping

J: (Ba(K; E),||.) — C(K; E)" F— J(F)

15 a linear continuous injection and a vector lattice homomorphism.
Furthermore,

a) For all increasing (vesp. decreasing) sequence (F) in Ba(K; E) with pointwise
limit F' € Ba(K; E), one has J(F) = lim, J(F}).

b)  For all order bounded subset D of Ba(K;E), J(D) is a T—bounded (resp.
||| —bounded) of C(K; E)".

Proof. By virtue of Lemma 4.7, Proposition 5.3 and Lemma 5.4, it is clear
that the mapping J is a linear injection and a Banach lattice homomorphism. That
is, this mapping J is continuous by the Theorem IL.5.3. of [13].

The particular case is a direct consequence of Proposition 4.6 and the assertions
a) and b) are immediate by Lemma 4.7. 1



Canonical embedding of function spaces into the topological bidual of C(K; E) 59

Corollary 5.6 If the space E has the condition (%), then the Banach lattice
Ba(K; E) is algebraically isomorphic to a vector sublattice of C(K; E)".

In the sequel, we give a second example of the space M. (cf. the next definition
and the Theorem 5.12)

Notation. We denote by So(K; E) the convex conical hull
{ZXAkekiAk: openin K, e, € B, r EN}.
k=1

Of course, this set is contained in the space LSC(K; E).

We also denote by By(K;E) the uniform closure of the vector sublattice
So(K; E) — So(K; E) in the Banach lattice FB(K; E).

Proposition 5.7 The set Bo(K; E) is a Banach lattice contained in the space
BS(K; E)™ and containing the space C(K; E).
In particular, the mapping J is additive on the cone Bo(K; E), .

Proof.  Of course, the set Bo(K; E) is a Banach lattice. (cf. [1], Theorem
5.4(ii).)

Furthermore, it is well known that one has the inclusion C(K; E) C Bo(K; E).
( [2], Proposition 1V.4.19)

Let us show that the inclusion Byo(K; E) C BS(K; E)™ holds. So, we prove that

one has Bo(K; ), C BS(K;E),. Let F € Bo(K; E), . Then there exists a sequence
(F,) in So(K; E) that uniformly converges to F'. Hence some subsequence (F, )ken
of the sequence (F).) order converges to F'. In particular, one has Hy := V.~ Fr, | F.
Consequently, one has Hy € LSC(K; E) and F < Hj, for all k € N. Final_ly, (Hy) is

a sequence in LS(K; /)| such that H}, | F' and so, one gets F' € BS(K; ), .
That is, the additivity of the mapping J on the cone Bo(K'; E), becomes clear.y

Definition. Denoting by Bo(K; E), the Banach lattice Bo(K; E) (cf. the
above notation) we again define by transfinite induction, the Borel class Bo(K; E),,
(v < wy) to be the set of all functions F € B(K;E) that are pointwise limits
of uniformly bounded sequences in Ug<oBo(K; E),;. Finally, we set Bo(K; E) =
Ua<w, Bo(K; E),,.

Lemma 5.8 For every C' € Ry, ordinal o € |0, w1[ and F € Bo(K; E),,, (0c o
|-[| o F) - ' belongs to Bo(K; E),.

In particular, (B¢ o ||-|| o F') - F is an element of Bo(K; E) for all C' € Ry and
F € Bo(K; E).

Proof.  a) Suppose that @ = 0. For every F' € By(K; E), there exists a sequence
(F) in the vector lattice Mo(K; E) = So(K; E) — So(K; E) that uniformly converges



60 E. N. Ngimbi

to F. Then there is M € ]0,+oo] such that ||F,||,, < M and hence, one has
(Oc o ||| o Fy) - Fr € Mo(K; E) for all » € N. That is, one successively gets

[(Bc o] o Fr) - B = (Bc o ||| o F) - Fllx

< sup [fo (|| F-(2)]]) = O(E @) DI - [1F7llc
+sup ([ F@)I) - 15 = Fllc

< Msup [0c(|E-@)) = be(1F @)D+ 115 = Fli

and the last right side of these inequalities converges to 0. Finally, the sequence
(Oc o ||| o Fy) - F, uniformly converges to (¢ o ||-|| o F') - F' and so, one has (6¢ o
|-]| o F) - F € Bo(K; E) by virtue of the Proposition 5.7

To show the case a # 0, one proceeds by transfinite recurrence. 1

Lemma 5.9 For every ordinal a € ]0,wi[ and F' € Bo(K;E),, there is an
uniformly bounded sequence (F}) in Us<oBo(K; E) 5 with pointwise limit F' and such
that

IE < I, ¥reN.
Proof.  The proof is similar to that of the Lemma 5.2. 1

Proposition 5.10 For every ordinal o € [0, w:[, the set Bo(K; E), is a vector
sublattice of B(K; E) containing the space C(K; E) and the space Bo(K; E),, is a
Banach lattice under the supremum norm.

Furthermore, the set Bo(K; E) is a vector sublattice of B(K; E) containing the
space C(K; E) and the space Bo(K; FE) is a Banach lattice under the supremum
norm.

Proof.  The proof is similar to the one of Proposition 5.3. 1

Lemma 5.11 If the space E has the condition (x), then the space Bo(K; E) is
a vector sublattice of the vector lattice Ml with M = Bo(K; E).

In particular, the mapping J is additive on the cone Bo(K; E)+ and one has
Bo(K; E)” = Bo(K; E).

Proof.  The proof is similar to the one of Lemma 5.4. 1

Theorem 5.12 [f the space E has the condition (x), then the mapping
J: (Bo(K; E), ||l ) — CUK; B F e J(F)

15 a linear continuous injection and a Banach lattice homomorphism such that

J(F)=J(F), VF €Bo(K;E),
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and

J(f)=¥(f), VfeC(K;E).

In particular, the mapping

J: (Bo(K; E),|.) — C(K; E)’ F— J(F)

15 a linear continuous injection and a vector lattice homomorphism.
Furthermore,

a) For every increasing (vesp. decreasing) sequence (F;) in the space Bo(K'; E) with
pointwise limit F € Bo(K; E), one has J(F) = lim, J(F,).

b) For every order bounded subset D of Bo(K; E), J(D) is a T—bounded (resp.
||| —bounded) subset of C(K;E)".

Proof.  The proof is similar to the one of Theorem 5.5. 1

Corollary 5.13 If the space E has the condition (%), then the Banach lattice
Bo(K; E) is algebraically isomorphic to a vector sublattice of C(K; E)".

Remarks.  a) There are other examples of spaces M without the condition (k) of the
Banach lattice F. In fact, with the same initial space as in the construction of the space
Ba(K; E) (resp. Bo(K; E)),one introduces for every ordinal o € |0, w1[ the class A, (resp.
B, ) as the set of all functions F' € E(K ; E) that are pointwise order limits of sequences
in Ug<aAg (resp. Ug<aBpg); and afterwards one sets Ml = Up<y Aq (Tesp. Ug<uw, Ba).

b) By virtue of a), the vector lattices C(K; E), A, B and C(K; E)"” are bigger and
bigger.

Moreover, by virtue of Condition () on the Banach lattice E, Corollaries 5.6 and
5.13, it is clear that the Banach lattices C(K; F), Ba(K; E), Bo(K; E) and C(K; E)" are

bigger and bigger.

c) Every function in the space Ba(K; E) (resp. Bo(K;FE)) is Baire (resp. Borel)
-mesurable. However, we do not know if the converse is true.

d) It would be interesting to get a generalization of our results for K a (locally) compact
space and E a complete locally convex lattice with the Lebesgue property.
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