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Abstract

Two subclasses A(p, n, a) and B(p, n, «) of analytic functions in the open
unit disk are introduced. The object of the present paper is to give a number
of quasi-convolution properties of functions belonging to each of the classes
A(p,n,a) and B(p,n, a).

1 Introduction and Definitions

Let 7 (p,n) be the class of functions f(z) of the form:

f(z) =2 — Z ag 2" (a, > 0; pneN:={1,2,3,---}), (1.1)
k=p+n

which are analytic in the open unit disk
U:={z:2€C and |z] <1}.

Let 7 (p,n, «) denote the subclass of 7 (p,n) consisting of functions f(z) which
also satisfy the inequality:

%{Z‘§E2>}>a (zeu; O§a<z%> (1.2)
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for some a (0 < a < 1/p). We note that a function f(z) belonging to the class
7 (p,n, «) is p-valently starlike in U.

For the class 7 (p, n, ), Yamakawa [6] has shown that, if f(z) € 7 (p,n) satisfies
the inequality:

> 1
> (2k — apk — p)a, < p(1 — ap) (0 <a< —) , (1.3)
k=p+n p

then f(z) € T(p,n,«). Applying this fact, Yamakawa [6] gave the following equiv-
alence relations:

f(z) € A(p,n,a) < f(z) € T(p,n) and

S (2K —apk—p) ax < p(1 - ap) <0ga<l>; (1.4)

f(z) € B(p,n,) & f(2) € T(p,n) and
i k(2k — apk — p) ax < p*(1 — ap) (oga<1>. (1.5)

Let the functions f;(z) given by

Lo == Y ayt (=12) (1.6)

k=p+n

be in the class 7 (p, n). Then the quasi-convolution (or modified Hadamard product)
(f1* f2)(z) of the functions fi(z) and f2(z) is defined here (and in what follows) by

(f1* f2)(z) = 2" = i a1 a2 2", (1.7)

k=p+n

The quasi-convolution (1.7) was introduced and studied earlier by Owa ([1] and
[2]), and by Schild and Silverman [3] for p = 1. [See also Srivastava et al. ([4] and
[5]).] In the present paper we aim at giving several quasi-convolution properties of
functions in the subclasses A(p, n, «) and B(p, n, o) characterized by (1.4) and (1.5),
respectively.

2 A Set of Lemmas

We begin by recalling the following lemmas due to Yamakawa [6], which will be
needed in proving our main results (Theorem 1 and Theorem 2 below).

Lemma 1 (Yamakawa [6]). If f;j(z) € A(p,n,a;) (7 =1,2), then (f1* f2)(2) €
A(p,n, 3), where

g pt2n—apptm]lp+2n = aplp+n)] —p(l = a1p)(1 = asp)(p + 2n)
p{lp+2n —arp(p +n)][p+2n — azp(p + )] — p(1 — a1p)(1 — azp)(p + 7(%2)}1'
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The result is sharp for the functions f;(z) given by

_ P _ p(l—osz) p+n .
fj(z> =z p+2n — Osz(p—i-n) 2t (] = 172> (22>

Lemma 2 (Yamakawa [6]). If f;(z) € B(p,n, ;) (j = 1,2), then (f1 * f2)(z) €
B(p,n,3), where

8= [p+2n—01 p(p+n)][p+2n—a2p(p+n)](p+n) —p*(1—a1p) (1—asp) (p+2n) (2.3)
p{[p+2n—a1p(p+n)][p+2n—azp(p+n)](p+n)—p?(1—c1p)(1—azp)(p+n)} )

The result is sharp for the functions f;(z) given by

(2) = 2P — p2(1 _Oéjp> Zp+n _
M = i 2n— a1 ) g e

3 Main Results and Their Conseguences

One of our main results is contained in

Theorem 1. If f;(z) € A(p,n, ;) for each j =1,--- ,m, then

(fl *fQ**fm)(z) S A(panaﬁ)a

where

— — = — . (3.1)

1
P Lt 20— agp(p )] = prt(pn) 11— agp)

a1 (1 - az)

The result is sharp for the functions f;(z) (j =1,---,m) given by

o PAmp) e g
fj(z> =z p+2n — Osz(p—i-n) 2Pt (] =1 7m>' (32>

Proof. Our proof of Theorem 1 is by induction on m. Indeed the assertion
of Theorem 1 holds true when m = 1. For m = 2, we find from Lemma 1 that

(f1* f2)(2) € A(p,n, 3) with

g lpt2n—aipp+n)]lp+2n = ap(p +n)] —p(l — arp)(I — azp)(p + 2n)
p{lp+2n —aap(p +n)] [p+ 2n — agp(p +n)] — p(1 — aap)(1 — azp)(p + ?g}?))
1 n(1—a1p)(1 — asp) :

p p+2n—ap(p+n)lp+2n— app+n)] —p(l—ap)(l —ap)(p+n)

Therefore, Theorem 1 is true also for m = 2.
Next we suppose that Theorem 1 is true for a fixed natural number m. Then,
applying Lemma 1 once again, we see that

(frs fosx-oo fma)(2) = (frx foxoo ) (2) * fnin(2) € Alpinyy), - (34)
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where

1 n(l—am41p)(1—PBp)
7= 0 7 bren—amppprmpr2n—bp(ptn)]—p(l—am1p)(1—Bp) (ptn)
m—+1
np™ 1 I (1—ayp) (35)
j=1
m—+41 m—+41 .
[1 p+2n—ajp(p+n)]—p™(p+n) [ (1—a;p)

j=1 j=1

D =

Therefore, Theorem 1 is true also for m + 1. Thus, by mathematical induction, we
conclude that Theorem 1 is true for any natural number m.

Finally, if we take the functions f;(z) (j = 1,--- ,m) given by (3.2), then we
have

‘71(1 — ajp)
(Fiofox % fu)(2) = 22— P 2" I 56
I [p+2n — a;p(p + n) (3.6)
=
= 2P — QP
where, for convenience,
I1(1—a;p)
Q=pn— = . (3.7)
jl:Tl [p+2n — a;p(p +n)
Therefore, in view of (1.4), we obtain
— 2k — Opk —p
> ————Q
k=p+n p(l - ﬁp)
_2p+n) = Bplp+m)—p D 0 asp)
p(1— fp) }31 [p+2n — a;p(p +n)

=1

Y

which shows that the assertion of Theorem 1 is sharp for the functions f;(z) (j =
1,---,m) given by (3.2).

Setting a; =« (j = 1,--- ,m) in Theorem 1, we readily obtain

Corollary 1. If f;(z) € A(p,n,«a) for all j =1,--- ,m, then

(fl *fQ**fm)(z) S A(panaﬁ)a

where . (1 )
np™ (1 —ap)™
B = - = m m—1 m’ (38)
p[p+2n—aplp+n)]” —pmHp+n)(l—ap)
The result is sharp for the functions f;(z) (j =1,---,m) given by
1—
o)=L e o1 (39)

_p+2n—ap(p+n)
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The proof of Theorem 1 can be applied mutatis mutandis in order to derive

Theorem 2. If f;(z) € B(p,n,«a;) for each j =1,--- ,m, then

(fl *fQ**fm)(z) S B(pﬂ%ﬁ),

where

. np™ ' T (1 — a;p)
7=1

== ~ ~ . (3.10)
P pan) {(p + n)m-2 jl:Tl [p+2n — p(p + n)oy] — p™ H1(1 - Oéjp)}

The result is sharp for the functions f;(z) given by

() = P p*(L = ajp) _ptn 1 m
i) = (p+n)[p+2n— plp+ n)ay] G=Lm). (31

Foraj =a (j =1,--- ,m), Theorem 2 immediately yields Corollary 2. If f;(z) €
B(p,n,a) for all j =1,--- ,m, then

(fl * f2 O fm)(z) € B(pﬂ%ﬁ),
where
1 np™ (1 —ap)™

b= T oot 2 —plptmal — =g 012

The result is sharp for the functions f;(z) (j =1,---,m) given by

(2) = P — p*(1-ap) ARl i=1.---.m
i) = (p+n)[p+2n — p(p +n)a] G=1m) (3.13)

Acknowledgments

The present investigation was supported, in part, by the Japanese Ministry of
Education, Science and Culture under Grant-in-Aid for General Scientific Research
(No. 046204) and by the Natural Sciences and Engineering Research Council of
Canada under Grant OGP0007353.



608 J.S. Kang — S. Owa — H.M. Srivastava

References

[1] S. Owa, On certain classes of p-valent functions with negative coefficients, Simon
Stevin 59(1985), 385-402.

[2] S. Owa, The quasi-Hadamard products of certain analytic functions, in Current
Topics in Analytic Function Theory (H.M. Srivastava and S. Owa, Editors),
World Scientific Publishing Company, Singapore, New Jersey, London, and Hong
Kong, 1992, 234-251.

[3] A. Schild and H. Silverman, Convolutions of univalent functions with negative
coefficients, Ann. Univ. Mariae Curie-Sktodowska Sect. A 29(1975), 99-107.

[4] H.M. Srivastava and M.K. Aouf, A certain fractional derivative operator and its
applications to a new class of analytic and multivalent functions with negative
coefficients. I and II, J. Math. Anal. Appl. 171(1992), 1-13; ibid. 192(1995),
673-688.

[5] H.M. Srivastava, S. Owa, and S.K. Chatterjea, A note on certain classes of
starlike functions, Rend. Sem. Mat. Univ. Padova 77(1987), 115-124.

[6] R. Yamakawa, Certain subclasses of p-valently starlike functions with negative
coefficients, in Current Topics in Analytic Function Theory (H.M. Srivastava and
S. Owa, Editors), World Scientific Publishing Company, Singapore, New Jersey,
London, and Hong Kong, 1992, 393-402.

Jin Sook Kang

Department of Mathematics
Pusan National University
Pusan 609-735

Korea

Shigeyoshi Owa
Department of Mathematics
Kinki University
Higashi-Osaka, Osaka 577
Japan

H.M. Srivastava

Department of Mathematics and Statistics
University of Victoria

Victoria, British Columbia V8W 3P4



Quasi-Convolution Properties 609

Canada



