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Abstract
The Chern-Rund connection from Finsler geometry is settled in the
generalized Lagrange spaces. For the geometry of these spaces, we refer to
[5].
Mathematics Subject Classification: 53C60
Key words: Finsler connections, generalized Lagrange spaces, Chern—Rund con-
nection.

Introduction

In a recent paper, [1], we showed that in a Finsler space the connection intro-
duced by S.S. Chern in 1948 is the same with the connection proposed by H.
Rund ten years later and bearing his name. Accordingly, we proposed the name
of Rund be replaced with that of Chern, but several geometers including S.S.
Chern himself, suggested to call it from now on a Chern-Rund connection.

As S.S. Chern and D. Bao showed in [2], the Chern-Rund connection is
very convenient in treating of many global problems in Finsler geometry. This
fact determined us to come back to the subject.

The efforts made in defining a covariant derivative and accordingly, a paral-
lel displacement in Finsler space led to a concept generically called a Finsler con-
nection. Among the Finsler connections there exist four, which are remarkable
by their properties named the Cartan, Berwald, Chern—Rund and Hashiguchi
connections, respectively. These are usually put together in a nice commutative
diagram (cf. [3, Ch. III)).

The most utilized is the Cartan connection because it is fully metrical i.e.
h— and v—metrical, in spite of the fact it has torsion.

But there are some problems involving the Berwald connection which is by
no means metrical or the Hashiguchi connection which is only v—metrical.

The Chern—Rund connection being h—metrical and free of torsion is the
nearest to the Levi-Civita connection a fact which explains its adequacy for
global problems in Finsler geometry.
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The Finsler connections are also suitable for the geometries more general
than the Finslerian one as the Lagrange geometry or generalized Lagrange geo-
metry. Our purpose is to review Finsler connections and to settle the Chern—
Rund connection in this more general framework.

First, we give in §1 a definition of Finsler connection by local components
and introduce its compatibility with a generalized Lagrange metric. Then, in
82, a Finsler connection is defined as a pair (N,V), where N is a nonlinear
connection on 7'M and V is a linear connection in the pull-back bundle 77! :
M—TM with 7 : TM— M, the tangent bundle over a manifold M. These
definitions are equivalent. The four remarkable connections mentioned above
are characterized. A special attention is paid to the possibility of determining
N from V.

1 Finsler connections. A definition by local com-
ponents
Let M be a smooth i.e. C°° manifold of finite dimension n and 7:TM — M

its tangent bundle. A local chart (U, (z')) on M induces a local chart
(r=1(U), (2%,9")) on TM, where 2° = 2 o 7 and (y°) are provided by

u=y' oo, p="(w).

A change of coordinates (z¢,y")— (&%, §*) on TM has the form

(1.1)

The indices 7, j, k, ... will run from 1 to n and Einstein’s convention on summation
is implied. B

Let L : TM—R be a scalar function on T'M. Then L(Z(x),y(y)) =
L(z,y), from which, taking partial derivatives and using (1.1), one gets

~k
(1.2) oL _ 0% oL
oyt Ozt Ogk

oL 9i* oL Pz IL

oz 0z 0iF  owiox? ok

(1.3)

oL
According to (1.2), the set of functions <81 (z, y)) may be regarded as the com-
Y

%L
ponents of a covector field on TM. From (1.2), it follows that (88](93, y))
Yoy
may be also viewed as the components of a (symmetric) tensor field on T'M.



Finsler Connections 3

Thus on T'M there exist geometrical objects whose law of transformation un-
der (1.1) is the same as of the corresponding objects on M. These were called
d-objects (d is from distinguished) in [4], Finsler objects in [3] and sometimes
M—objects.

The geometry of d—objects is essentially involved in the study of those met-
rical structures which are more general than Riemannian structures i.e. Finsler
structures, Lagrange structures, generalized Lagrange structures (see [4]).

Coming back to (1.3), we see that the behaviour of the operators Fr is
x
0
drastically different from that of i Let us introduce a correction of i 0,
y’L :L-Z
. . )
(1.4) 0;L = 0;L + Nj (l‘,y)ak, 6k =
Oyk

such that, with respect to (1.1):

ik -
( ) oxt k
i.e. (6;L) to appear as the components of a covector field on T'M. Then the
functions (NF(z,y)) have to satisfy

oz -, j oz o2zh .
oxt 7 YOz OxtoxI

(1.6)

Note that (N7 (x,y)) are not the components of a (1,1)-tensor field on T'M but
the difference of two sets of this type is so.

As it is well-known, when M is paracompact, there exists on M a linear
connection, say of local coefficients (I'%; (z)). Then Nj(z,y) = T (x)y’ verify
(1.6). This example assures also the existence of a nonlinear connection within
a generally accepted hypothesis on M.

The local vector fields (;), ¢ = 1,2,...,n, given by (1.4) are linearly inde-
pendent and in a point u € T'M they span an n—dimensional subspace H,T M
of T,TM.

Let 7, ., be the tangent mapping (the Jacobian) of 7. Then V,TM = ker 7, ,,
is called the vertical subspace of T,,TM. A vertical vector is of the form
X*(x, )0 such that under (1.1) one has

~ oxkF .
1.7 Xk = X"
(1.7) e
We immediately have
(1.8) T, TM =V, TM & H,TM.

Furthermore, 7., restricted to H, TM gives an isomorphism of it with T (,) M
such that 7, ,(5;) = ai’r(u)'

Conversely, if a supplement of V,,7M in T:,TM is specified by a basis (d;),
i = 1,2,...,n, which is carried by 7. to (8;), then letting §; = 9; — NF9;, the
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=k
condition 0; = %gk implies (1.6) for (NF). One says that (Nf(x,y)) are the
coefficients of a nonlinear connection.

A reason for this term is that when (NF) are linear with respect to (y) i.e.
NE(z,y) = G?i(x)yj, then (Gfl) are the coefficients of a linear connection on
M.

Summarizing the foregoing discussion we may formulate the following two
equivalent definitions for a nonlinear connections.

Definition 1.1. A nonlinear connection is a set of functions (Nj(z,y)) defined
on each domain of local chart on TM such that an overlaps, (1.6) holds good.
Definition 1.2. A nonlinear connection is a smooth distribution w—v H,TM
supplementary to the vertical distribution u—V, T M i.e. (1.7) holds good for
every u € T'M. .

X3

Let (vi(x,y)) be the components of a d-vector field. Then <§;(m,y)>
are the components of a d-tensor field of type (1,1). In other words the partial
derivatives with respect to (y%) are covariant. However, in some circumstances,
these have to be replaced by

o'

(1.9) vi\j = BN + C]ij(xay)vkv

where (C,ij(x,y)) are the components of a d-tensor field. One of them is as
follows.

First, we introduce
Definition 1.3. A d-tensor field of type (0,2) of components (g;;(z,y)) which
is a) symmetric, i.e. g;; = g¢;;, b) nondegenerate i.e. det(g;;(z,y)) # 0 and
¢) the quadratic form g;;(z,y)¢%¢/ (€ € IR™) has constant signature is called a
generalized Lagrange metric (GL—metric for brevity).

Extending (1.9), the covariant derivative of (g;;) is given by

)

(1.10) g. ,|]C = (‘3jvi — C’ﬁcghj - C]hkgih-

One says that the GL-metric (gij(x,y)) is v—covariant constant if 9ilk = 0. For
the general vi|j, the condition gij|k = 0 can be fulfilled with

c 1 . . .
(1.11) C?j = §ghk(3igkj + 09t — Ok gij)-

The partial derivatives with respect to (z°) are far to be covariant derivatives.
A correction of them could be 0;v" + H,’Cj(m,y)vk, but (Hy;(z,y)) have a com-
plicated law of transformation A better one is

(1.12) vi|j =5v' + F,ij(:b,y)vk,

since then (F,f:j (z,y)) changes under (1.1) as the local coefficients of a linear
connection on M. These derivatives can be extended to any d—tensor field. For
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instance, the v—covariant derivative of (g;;(x,y)) is given by (1.10) and its h—
covariant derivative is

(1.13) Gijlk = OkGij — Fi}lbcghj - thkgih

The GL-metric (gi;(z,y)) is said to be h-—covariant constant if g;;;, = 0.
It is easy to check that the equation g;;, = 0 is satisfied with

(1.14) Pl = %gkh(&‘ghj +0;9in — Ongij)-

The foregoing discussions suggest
Definition 1.4. A Finsler connection is a triad FT' = (N;(x,y),F;k(x,y),
Cix(2,y)), where N} (x,y) are the coefficients of a nonlinear connection, F; (z,y)
are like the coefficients of a linear connection on M and C’;k(m, y) are the com-
ponents of a d—tensor field.

We have also got a first example of Finsler connection CT' = (N;(x,y),

ék(wv y)a Cék(‘ra y))
Definition 1.5. Let FT be a Finsler connection and (g;;(z,y)) a GL-metric.
FT is said to be h-metrical if g;;;, = 0, v-metrical if gij|h = 0 and metrical if

the both equations hold.
In the above we have proved
Proposition 1.1. The Finsler connection CT is metrical.
The following d—tensor fields are called the torsions of FT :

Th = Fiy— Fi,, Rl = 8Ni— N}, Ci,

(1.15) jz‘ ), Nt i i i i
Ph = 0N} — Fi,, 5. =Ci —Ci.

Remark 1.1. R;k is the integrability tensor of the horizontal distribution. It
measures also the curvature of the nonlinear connection N.
The d—tensor fields

(1.16) D} = Fiy* — Ni, dj =6, + Cj;y/",

where (6;) is Kronecker’ symbol, are called h—deflection and v—deflection of FT,
respectively. '

From (1.6) we infer that G;k = 9; N} transform under (1.1) as F;k Thus
BT = (N},G%;,0) is a Finsler connection. Tt will be called the Berwald connec-
tion. This connection is neither v—metrical nor h-metrical and is free of torsions
if and only if N is integrable (R}, = 0) and symmetric (9;N{ = OiN;).

The connection CT will be called the Cartan connection. It is h—metrical,
h—symmetric ( ]?;k(x, y) = F i;(%,y)), v-metrical and v-symmetric. The Finsler

connection HT' = (N}, G’ (z,y), Cc’}w (x,y)) will be called the Hashiguchi connec-
tion. This is v—metrical, no h—metrical and has torsion. The Finsler connection

CRT = (N;,}?‘ “x(2,9),0) will be called the Chern-Rund connection. This is
h—metrical but not v—metrical.
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Summarizing, for a fixed nonlinear connection N and a GL-metric
(9i5(z,y)) we have four typical Finsler connections: BT',CT', HI' and CRT.

Let us replace TM by ToM = TM \ 0.

A GL-metric (g;;(x,y)) on TyM reduces to a Finsler metric if there ex-
ists a fundamental Finsler function F' : ToM—R, such that g;;(z,y) =

1. .
§8i8jF %(2,y)). Taking as N the Cartan nonlinear connection of coefficients

C . . . . . . . .

Nj= %33‘7207 Voo = ViV Y Vi = %gm(@ghk +Okgjn — Ongjk), the afore men-
tioned Finsler connections reduce to the four remarkable connections in Finsler
geometry (3, [Ch. III]).

The form of D} in (1.6) shows that one may associate to any FT' a new
Finsler connection (F,f;jyka;-, F{;, C};) whose h-deflection is just D?, when this
is prescribed. In particular, for D; = 0 a Finsler connection without h—deflection
is obtained. In Finsler geometry BT, CT', HI" and C'RI" are h—deflection free. So
we have an explanation why the nonlinear connection was noted quite late in
Finsler geometry.

2 Another definition of Finsler connections

Let be 77'TM = {(u,v) € TM x TM,7(u) = 7(v)} fibered over TM by
7(u,v) = u. The local fiber in (u,v) is Tr(,)M. A section in (r7YTM, 7, TM)
is locally of the form X = X*'(x,y)0; with (0;) the natural basis in T, M. It
follows that under (1.1) we have

~. ot _
2.1 X' = Xk
(2.1) pe

X will be called a 7—vector field on TM. It can be identified with the d-vector
field (X%(x,y)). More general, the tensorial algebra of the pull-back bundle
771TM can be thought of as algebra of d-tensor fields on TM. There exists a
remarkable 7-vector field C' : u—(u,u), which locally is 4°0; and so it can be
identified to the Liouville vector field € = 49;.

Theorem 2.1. There exists a one—to—one correspondence between the set of
Finsler connections FT' and the set of pairs (N, V) with N a nonlinear connec-
tion on TM and V a linear connection in the pull-back bundle 71T M.
Proof. If FT is specified by (N}, F};, Ch), we take N = (N}) and define V by

Jk?
In the natural basis V takes the form
(2.3) Vo,0; = T540i, Vg 0i = C}.0i.
(2.4) e =Fh + NCly,.

Conversely, given N = (N?) and V specified by (2.3) it results that
(N?, ., C3y,) with Yy given by (2.4) is a Finsler connection.
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A GL-metric (gij(x,y)) defines a metrical structure g in the bundle
YT M:

(2.5) 9= gij(x,y)da’ ® da’.

Conversely, any metrical structure in the bundle 7='TM defines by (2.5)
a G L-metric.

One easily checks
Theorem 2.2. In the correspondence FT' «—— (N, V) we have

a) FT is h-metrical if and only if Vxg =0,

b) FT is v—metrical if and only if V,xg =0,

¢) FT is metrical if and only if Vxg =0,

for every X € X(T'M).

Let p : TTM—7"'TM be the morphism of vector bundles given by
p(Xy) = (U, TeuXu), Xy = T,TM, u € TM. It follows that ker p, = V,TM
ie. p(d) = 0 and p(6;) = ;. Alternatively, we may define a morphism
o : TTM—7"'TM on basis by 0(§;) = 0, 0(d;) = d;. We say that

TP(X7Y) - VXP(Y) - VYP(X) - p[X7 Y]a

(2:6) T,(X,Y)=Vxo(Y) - Vyo(X) — o[X,Y], X,Y € X(TM),

are torsions of V.

The following characterizations of the Finsler connections BT, HI', CRT’
and CT follow.

Theorem 2.3. In the correspondence FT' «—— (N, V) we have

a) BI' «— (N, V) with T'x(hX,vY) =0, T,(hX,vY) =0;

b) HT «— (N,V) with T (hX,vY) =0, Ts(vX,vY) =0, V,xg = 0;

¢) CRT «— (N, V) with T ,(hX,vY) =0, T,(hX,hY) =0, Vixg = 0;

d) CT «— (N, V) with T ,(hX,vY) =0, T',(vX,vY) =0, Vxg =0.
Proof. The local expressions of ', and I, in conjunction with Theorem 2.2
give the desired results.

Now the following question appears. Which conditions sould satisfy V in
order to determine N such that the pair (N, V) to correspond to a Finsler con-
nection. An answer is as follows.

Definition 2.1. A linear connection V in the pull-back bundle 77 'T'M is said
to be regular if the subspace {X, | Vx,C = 0, X € X(TM)} of T,TM is
supplementary to V,,TM for every u € T M.

By the definition, every regular connection V induces a nonlinear connec-
tion N on T M. The pair (N, V), as we have seen before, corresponds to a Finsler
connection FT'. This FT has to be of a particular form. Indeed, one has
Theorem 2.4. There exists a bijection between the set of reqular conmections
in T YTM and the set of Finsler connections FT = (N;,F;k,C’;k) satisfying
D% =0 and det(dj},) # 0.

Proof. Let V be specified by (2.3). Using N = (Nj’) provided by the regularity
of V, we define F; as in (2.4). Then 0 = V; C = (y/Fj, — N})9 implies
Dj, = 0. Contracting (2.4) by y/ we get Nj'(d},) = y’T'%; and as (N}') is specified
this equation has to have an unique solution. Hence with necessity det(d’ﬁ) #0.
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Conversely, let (N, V) be in correspondence with FT. The condition D; =0
assures that the subspace {X,|Vx,C =0,X € X(TM),u € TM} is contained
in the horizontal subspace H,TM of N. The condition det(d})#0 implies that
this subspace is supplementary to V, 7M. Thus V is regular and the nonlinear
connection derived from it coincides with N.

Let us assume that (g;;) reduces to a Finsler metric on ToM. Then CT is
characterized by the following Matsumoto’s axioms:

(*) ;k = 07 gij|k = 07 S;k = Oa gij k = 07 D; =0.
It results d} = 07
Combining these with Theorems 2.4 and 2.3, one obtains
Theorem 2.5. Let F* = (M, F) be a Finsler space. There exists a unique
reqular connection V in YTy M satisfying the conditions:

T,(hX,hY) =0, Ty(vX,vY) =0, Vxg=0, X,Y € X(TyM)

where h and v are projectors of N induced by V.

We note that V is determined by F' only.

According to 4 the Chern—Rund connection in a Finsler space is characte-
rized by the following axioms:

We have again d = §}. By Theorems 2.3 and 2.4 we have
Theorem 2.6. Let F* = (M, F) be a Finsler space. There exists a unique
reqular connection V in mYTyM satisfying the conditions:

T,(hX,hY) =0, T,(hX,vY) =0, Vhxg =0, X,Y € X(TyM)

where h and v are projectors of N induced by V.

The systems of axioms for HI' and BI" discussed for minimality in 4 give
similar results in view of Theorems 2.3 and 2.4.

The Finsler connections may be viewed also as special liner connections
on TM or in the Finsler bundle #~'LM, where LM is the principal bundle of
linear frames on M. We refer to 4 and 3, respectively.

Aknowledgement. We are indebted to Prof.Dr. Radu Miron who suggested us
several improvements of the first version of this paper.



Finsler Connections 9

References

[1] M. Anastasiei, On Chern’s connection in Finsler geometry, to appear.

[2] D. Bao, S.S. Chern, On a notable connection in Finsler geometry, Houston
J. Math. 19(1), 1993, 137-182.

[3] M. Matsumoto, Foundations of Finsler geometry and special Finsler spaces,
Kaiseisha Press, Japan, 1986.

[4] R. Miron, M. Anastasiei, The geometry of Lagrange spaces: Theory and Ap-
plications. Kluwer Academic Publishers, FTPH 59, 1994.

[5] R. Miron, T. Aikou, M. Hashiguchi, On minimality of aziomatic systems
of remarkable Finsler connections, Rep. Fac. Sci. Kagoshima Univ. (Math.
Phys. & Chem.) 26, 41-51, 1993.

Faculty of Mathematics,
7 AL.I.Cuza” University of lasi
R-6600 Tagi, Romania



