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Abstract

The study of higher order Lagrange spaces founded on the notion of
bundle of velocities of order k has been recently given by Radu Miron and
author in [2]-[5]. The bundle of acceleration correspond in this study to
k = 2.

In this paper we shall give the equations of structure of an N -linear
connection in the bundle of accelerations.
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1 The bundle of accelerations ([2],[3])

Let M be a real n-dimensional C∞-manifold and (Osc2M, π, M) its 2-osculator
bundle, or the bundle of accelerations. The canonical local coordinates on the
total space E = Osc2M are denoted by (xi, y(1)i, y(2)i). A coordinate transfor-
mation (xi, y(1)i, y(2)i) → (x̃i, ỹ(1)i, ỹ(2)i) on E is given by

(1.1)





x̃i = x̃i(x1, ..., xn), rank ‖ ∂x̃i

∂xj ‖= n,

ỹ(1)i = ∂x̃i

∂xj y(1)j

2ỹ(2)i = ∂ỹ(1)i

∂xj y(1)j + 2 ∂ỹ(1)i

∂y(1)j y(2)j

.

If N is a nonlinear connection on E and J is the tangent structure of second
order [2], then N0 = N , N1 = J(N0) are two distributions geometrically defined
on E, everyone of local dimension n. Let us consider the distribution V2 on E
locally generated by the vector fields { ∂

∂y(2)i }. Consequently, the tangent space
to E at a point u ∈ E is given by a direct sum of the vector spaces:

(1.2) Tu(E) = N0(u)⊕N1(u)⊕ V2(u), ∀u ∈ E.
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An adapted basis to the direct decomposition (1.2) is given by

(1.3)
{

δ

δxi
,

δ

δy(1)i
,

∂

∂y(2)i

}
(i = 1, ..., n),

where

(1.4)
δ

δxi
=

∂

∂xi
−N

(1)

r
i

∂

∂y(1)r
−N

(2)

r
i

∂

∂y(2)r

and

(1.4′)
δ

δy(1)i
=

∂

∂y(1)i
−Nr

(1)i
∂

∂y(2)r
.

The systems of functions N
(1)

i
j , N

(2)

i
j are called the coefficients of the nonlinear

connection N .
If we consider the projectors h, v1, v2 determined by (1.2) and denoting

vαX = Xvα (α = 1, 2), we can uniquely write

(1.5) X = XH + Xv1 + Xv2 , (∀)X ∈ X (E).

Thus, we have

(1.5′) XH = X(0)i δ

δxi
, Xv1 = X(1)i δ

δy(1)i
, Xv2 = X(2)i ∂

∂y(2)i
.

The coordinates X(α)i, (α = 0, 1, 2), change under (1.1) as follows:

(1.5′′) X̃(α)i =
∂x̃i

∂xj
X(α)j , (α = 0, 1, 2).

Each one of them is called a distinguished vector field, shortly a d-vector field.
Let us consider the dual basis of (1.3):

(1.3′) {dxi, δy(1)i, δy(2)i} (i = 1, ..., n).

Then for a field of 1-form ω on E, we can put

(1.6) ω = ωH + ωv1 + ωv2 ,

where

(1.6′) ωH = ω
(0)
i dxi, ωv1 = ω

(1)
i δy(1)i, ωv2 = ω

(2)
i δy(2)i,

and with respect to (1.1) we have

(1.6′′) ω
(α)
i =

∂x̃j

∂xi
ω̃

(α)
j , (α = 0, 1, 2).

Each one of them is called a distinguished covector field, shortly a d-covector
field.
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Analogously, we can define a distinguished tensor field on E of type (r, s)
(shortly, a d-tensor field).

Now, we consider the 2-tangent structure J on Osc2M = E and a nonlinear
connection N on E.

We define an N -linear connection on E as a linear connection D on E which
preserves by parallelism the horizontal distribution N and which is compatible
with the structure J(i.e., DXJ = 0, ∀X ∈ X (E)).

In the adapted basis (1.3) it is sufficient to give

(1.7) D δ

δxj

δ

δy(α)i
= Lm

ij

δ

δy(α)m
, D δ

δy(β)j

δ

δy(α)i
= C

(β)

m
ij

δ

δy(α)m

(α = 0, 1, 2, β = 1, 2 and y(0)i = xi)

in order to obtain all the coefficients

DΓ(N) =
(

Li
jm, C

(1)

i
jm, C

(2)

i
jm

)

of an N -linear connection D.
In the algebra of the d-tensor field generated by

{
1,

δ

δxi
,

δ

δy(1)i
,

∂

∂y(2)i
, dxi, δy(1)i, δy(2)i

}
,

the h-covariant derivates will be noted with ” | ” and the vα-covariant derivatives

will be noted with ”
(α)

| ”, α = 1, 2.
Applying (1.4) and (1.4′) we obtain

Theorem 1.1. If N is a nonlinear connection on E with the coefficients
N
(1)

i
j , N

(2)

i
j, then the following relations hold

(1.8)
[

δ

δxi
,

δ

δxj

]
=

∑

(i,j)








∂N
(1)

m
i

∂xj
+ N

(1)

r
i

∂N
(1)

m
j

∂y(1)r
+ N

(2)

r
i

∂N
(1)

m
j

∂y(2)r


 ∂

∂y(1)m
+

+




∂N
(2)

m
i

∂xj
+ N

(1)

r
i

∂N
(2)

m
j

∂y(1)r
+ N

(2)

r
i

∂N
(2)

m
j

∂y(2)r


 ∂

∂y(2)m



 ,

(1.9)
[

δ

δxi
,

δ

δy(1)j

]
=




∂N
(1)

m
i

∂y(1)j
−N

(1)

r
j

∂N
(1)

m
j

∂y(2)r


 ∂

∂y(1)m
+

+







∂N
(2)

m
i

∂y(1)j
−

∂N
(1)

m
j

∂xi


 + N

(1)

r
i

∂N
(1)

m
j

∂y(1)r
+ N

(2)

r
i

∂N
(1)

m
j

∂y(2)r
−N

(1)

r
j

∂N
(2)

m
i

∂y(2)r


 ∂

∂y(2)m
,
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(1.10)
[

δ

δxi
,

∂

∂y(2)j

]
=

∂N
(1)

m
i

∂y(2)j

∂

∂y(1)m
+

∂N
(2)

m
i

∂y(2)j

∂

∂y(2)m
,

(1.11)
[

δ

δy(1)i
,

δ

δy(1)j

]
=

∑

(i,j)








∂N
(1)

m
i

∂y(1)j
+ N

(1)

r
i

∂N
(1)

m
j

∂y(2)r


 ∂

∂y(2)m



 ,

(1.12)
[

δ

δy(1)i
,

∂

∂y(2)j

]
=

∂N
(1)

m
i

∂y(2)j

∂

∂y(2)m
,

where
∑

(i,j) is the symbol of alternate sum.

2 The torsion and curvature d-tensor fields

The torsion tensor of the N -linear connection D on E = Osc2M ,

(2.1) T (X, Y ) = DXY −DY X − [X,Y ], ∀X,Y ∈ X (E)

has a number of horizontal and vertical components corresponding to DH , Dv1

and Dv2 .
We put

(2.2)

T
(

δ
δxj , δ

δxi

)
=

(0)

T
(0)

m
ij

δ
δxm +

(1)

T
(0)

m
ij

δ
δy(1)m +

(2)

T
(0)

m
ij

∂
∂y(2)m

T
(

δ
δy(1)j , δ

δxi

)
=

(0)

P
(1)

m
ij

δ
δxm +

(1)

P
(1)

m
ij

δ
δy(1)m +

(2)

P
(1)

m
ij

∂
∂y(2)m

T
(

∂
∂y(2)j , δ

δxi

)
=

(0)

P
(2)

m
ij

δ
δxm +

(1)

P
(2)

m
ij

δ
δy(1)m +

(2)

P
(2)

m
ij

∂
∂y(2)m

T
(

∂
∂y(2)j , δ

δy(1)i

)
=

(0)

P
(12)

m
ij

δ
δxm +

(1)

P
(12)

m
ij

δ
δy(1)m +

(2)

P
(12)

m
ij

∂
∂y(2)m

T
(

δ
δy(1)j , δ

δy(1)i

)
=

(0)

S
(1)

m
ij

δ
δxm +

(1)

S
(1)

m
ij

δ
δy(1)m +

(2)

S
(1)

m
ij

∂
∂y(2)m

T
(

∂
∂y(2)j , ∂

∂y(2)i

)
=

(0)

S
(2)

m
ij

δ
δxm +

(1)

S
(2)

m
ij

δ
δy(1)m +

(2)

S
(2)

m
ij

∂
∂y(2)m

Then, by (2.1), (1.7) and Theorem 1.1, we have
Theorem 2.1. The torsion tensor of an N -linear connection DΓ(N) =(

Lm
ij , C

(1)

m
ij , C

(2)

m
ij

)
is characterized by the d-tensor fields with local components:
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(2.3)





(0)

T
(0)

m
ij = Lm

ij − Lm
ji ,

(0)

P
(1)

m
ij = C

(1)

m
ij ,

(0)

P
(2)

m
ij = C

(2)

m
ij

(1)

T
(0)

m
ij =

δN
(1)

m
i

δxj −
δN
(1)

m
j

δxi ,

(2)

T
(0)

m
ij =

δN
(2)

m
i

δxj −
δN
(2)

m
j

δxi + N
(1)

m
r

(
δN
(1)

r
i

δxj −
δN
(1)

r
j

δxi

)
,

(2.4)





(1)

P
(1)

m
ij =

δN
(1)

m
i

δy(1)j − Lm
ji ,

(2)

P
(1)

m
ij =

δN
(2)

m
i

δy(1)j + N
(1)

m
r

δN
(1)

r
i

δy(1)j −
δN
(1)

m
j

δy(1)i ,

(1)

P
(2)

m
ij =

∂ N
(1)

m
i

∂y(2)j ,
(2)

P
(2)

m
ij =

∂ N
(2)

m
i

∂y(2)j + N
(1)

m
r

∂ N
(1)

r
i

∂y(2)j − Lm
ji ,

(0)

P
(12)

m
ij = 0,

(1)

P
(12)

m
ij = C

(2)

m
ij ,

(2)

P
(12)

m
ij =

∂ N
(1)

m
i

∂y(2)j − C
(1)

m
ji ,

(2.5)





(0)

S
(1)

m
ij = 0,

(1)

S
(1)

m
ij = C

(1)

m
ij − C

(1)

m
ji, S

(2)
(1)

m
ij =

δN
(1)

m
i

δy(1)j −
δN
(1)

m
j

δy(1)i ,

(0)

S
(2)

m
ij = 0,

(1)

S
(2)

m
ij = 0,

(2)

S
(2)

m
ij = C

(2)

m
ij − C

(2)

m
ji

Also, we can use the notations

(0)

T
(0)

m
ij = Tm

ij ,
(1)

T
(0)

m
ij =

(1)

R
(0)

m
ij ,

(2)

T
(0)

m
ij =

(2)

R
(0)

m
ij ,

(1)

S
(1)

m
ij = S

(1)

m
ij ,

(2)

S
(1)

m
ij =

(1)

R
(1)

m
ij ,

(2)

S
(2)

m
ij = S(2)

m
ij

Theorem 2.2. An N -linear connection DΓ(N) = (Lm
ij C

(1)

m
ij , C

(2)

m
ij) is without

torsion if and only if

(2.6)





Lm
ij = Lm

ji , C
(γ)

m
ij = 0,

(γ)

R
(0)

m
ij = 0,

(γ)

P
(β)

m
ij = 0,

(γ)

P
(αβ)

m
ij = 0,

(γ)

S
(α)

m
ij = 0, α < β; α, β, γ = 1, 2.

It is to notice the fact that an N -linear connection D is called semi-symmetric
if

(2.7) [T (XH , Y H)]H = XHη(Y H)− Y Hη(XH)

[T (Xvα , Y vα)]vα = Xvασα(Y vα)− Y vασα(Xvα),

∀X, Y ∈ X (E), η, σα ∈ X ?(E), α = ∞,∈.
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Denoting by

R
(

δ
δxq , δ

δxp

)
δ

δxr = Rr
m

pq
δ

δxm , R
(

δ
δy(β)q , δ

δxp

)
δ

δxr = P
(β)

r
m

pq
δ

δxm ,

R
(

δ
δy(β)q , δ

δy(α)p

)
δ

δxr = P
(αβ)

r
m

pq
δ

δxm , R
(

δ
δy(α)q , δ

δy(α)p

)
δ

δxr = S(α)r
m

pq
δ

δxm

we have
Theorem 2.3. The curvature tensor field R of an N -linear connection DΓ(N) =
(Lm

ij , C
(1)

m
ij , C

(2)

m
ij ) is characterized by the following d-tensor fields on E:

(2.8) Rr
m

pq =
δLm

rp

δxq
− δLm

rq

δxp
+ Lt

rpL
m
tq − Lt

rqL
m
tp+

+
(1)

R
(0)

t
pqC

(1)

m
rt +

(2)

R
(0)

t
pqC

(2)

m
rt,

(2.9) P
(1)

r
m

pq =
δLm

rp

δy(1)q
− C

(1)

m
rq|p +

(1)

P
(1)

t
pqC

(1)

m
rt +

(2)

P
(1)

t
pqC

(2)

m
rt,

(2.10) P
(2)

r
m

pq =
∂Lm

rp

∂y(2)q
− C

(2)

m
rq|p +

(1)

P
(2)

t
pqC

(1)

m
rt +

(2)

P
(2)

t
pqC

(2)

m
rt,

(2.11) P
(12)

r
m

pq =
∂C

(1)

m
rp

∂y(2)q
− C

(2)

m

rq|(1)p
+

(2)

P
(12)

t
pqC

(2)

m
rt,

(2.12) S
(1)

r
m

pq =
δC
(1)

m
rp

δy(1)q
−

δC
(1)

m
rq

δy(1)p
+ C

(1)

t
rpC

(1)

m
tq − C

(1)

t
rqC

(1)

m
tp +

(1)

R
(1)

t
pqC

(1)

m
rt,

(2.13) S
(2)

r
m

pq =
∂C

(2)

m
rp

∂y(2)q
−

∂C
(2)

m
rq

∂y(2)p
+ C

(2)

t
rpC

(2)

m
tq − C

(2)

t
rqC

(2)

m
tp.

Theorem 2.4. The curvature tensor field R of an N -linear connection D be-
comes zero if and only if

(2.14) Rr
m

pq = P
(α)

r
m

pq = P
(12)

r
m

pq = S
(α)

r
m

pq = 0, α = 1, 2.

3 The equations of structure

Let (C, c), c : I → Osc2M, C = Im c be a smooth parametrized curve on
Osc2M and let ċ be the tangent vector field

(3.1) ċ = ċH + ċv1 + ċv2
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We consider the vector field dc = ċdt on the curve c.
According to (3.1) we have

(3.2) dc = (dc)H + (dc)v1 + (dc)v2

and by the adapted bases, we get

(3.2′) dc = dxi δ

δxi
+ δy(1)i δ

δy(1)i
+ δy(2)i ∂

∂y(2)i
.

Let D be an N -linear connection and Y ∈ X (O∫c∈M). We denote DdcY
with DY . DY is the covariant differential of the vector field Y on the curve c.

We put

D(dc)H Y = DHY, D(dc)v1 = Dv1Y, D(dc)v2 = Dv2Y

and we can write the covariant differential of Y in the form

(3.3) DY = DHY + Dv1Y + Dv2T.

Now, we take Y = Y H = Y i δ
δxi and we obtain

(3.4) DY = (Y i|mdxm + Y i
(1)

|m δy(1)m + Y i
(2)

|m δy(2)m)
δ

δxi
.

The equality (3.4) is changes correspondingly if Y = Y v1 or Y = Y v2 .
If we consider the h- and vα-covariant derivatives of Y i, we have

(3.5) DY = (dY i + Y jωi
j)

δ

δxi

where dY i is the usual differential of the functions Y i(x, y(1), y(2)) in the adapted
bases

(3.6) dY i =
δY i

δxm
dxm +

δY i

δy(1)m
δy(1)m +

∂Y i

∂y(2)m
δy(2)m,

and ωi
j are the notations of the following covector fields:

(3.7) ωi
j = Li

jmdxm + C
(1)

i
jmδy(1)m + C

(2)

i
jmδy(2)m

The covector fields ωi
j are not dependent on the choice of the vector field

Y = Y H or Y = Y vα (α = 1, 2). They are determined by the N -linear connection,
only.

We shall call ωi
j , the connection forms of DΓ(N).

To deduce the equations of structure of an N -linear connection DΓ(N) =
(Li

jm, C
(1)

i
jm, C

(2)

i
jm) we consider the exterior differentials of the 1-form fields

dxi, δy(1)i, δy(2)i and of ωi
j in the adapted bases dxi, δy(1)i, δy(2)i.

Firstly, we obtain:
Theorem 3.1. The exterior differentials of δy(1)i, δY (2)i are given by



18 Gh.Atanasiu

(3.8) d(δy(1)m) = −1
2

(1)

R
(0)

m
ijdxi ∧ dxj − (

(1)

P
(1)

m
ij + Lm

ij )dxi ∧ δy(1)j−

−(1)

P
(2)

m
ijdxi ∧ δy(2)j ,

(3.9) d(δy(2)m) = −1
2

(2)

R
(0)

m
ijdxi ∧ dxj − (2)

P
(1)

m
ijdxi ∧ δy(1)j−

(
(2)

P
(2)

m
ij) + Lm

ji)dxi ∧ δy(2)j −−1
2

(1)

R
(1)

m
ijδy

(1)i ∧ δy(1)j − (1)

P
(2)

m
ijδy

(1)i ∧ δy(2)j .

Using (3.8), (3.9) and (3.7) we have
Theorem 3.2. The equations of structure of an N -linear connection DΓ(N)
are given by

(3.10)





d(dxm)− dxi ∧ ωm
j = −Ω(0)m,

d(δy(1)m)− δy(1)j ∧ ωm
j = −Ω(1)m,

d(δy(2)m)− δy(2)j ∧ ωm
j = −Ω(2)m,

and by

(3.11) dωm
r − ωs

r ∧ ωm
s = −Ωm

r,

where the 2-forms of torsion
(0)

Ωm,
(1)

Ωm,
(2)

Ωm are given by

(3.12)
(0)

Ωm =
1
2
Tm

ijdxi ∧ dxj + C
(1)

m
ij dxi ∧ δy(1)j + C

(2)

m
ij dxi ∧ δy(2)j ,

(3.13)
(1)

Ωm =
1
2

(1)

R
(0)

m
ijdxi ∧ dxj +

(1)

P
(1)

m
ijdxi ∧ δy(1)j+

+
(1)

P
(2)

m
ijdxi ∧ δy(2)j +

1
2
S(1)

m
ijδy

(1)i ∧ δy(1)j + C
(2)

m
ij δy(1)i ∧ δy(2)j ,

(3.14)
(2)

Ωm =
1
2

(2)

R
(0)

m
ijdxi ∧ dxj +

(2)

P
(1)

m
ijdxi ∧ δy(1)j+

+
(2)

P
(2)

m
ijdxi ∧ δy(2)j + 1

2

(1)

R
(1)

m
ijδy

(1)i ∧ δy(1)j+

+
(2)

P
(12)

m
ijδy

(1)i ∧ δy(2)j + 1
2S(2)

m
ijδy

(2)i ∧ δy(2)j ,

and the 2-form of curvature Ωm
r is given by

(3.15) Ωm
r =

1
2
Rr

m
pqdxp ∧ dxq + P(1)r

m
pqdxp ∧ δy(1)q+

+P(2)r
m

pqdxp ∧ δy(2)q + 1
2S(1)r

m
pqδy

(1)p ∧ δy(1)q+
+P(12)r

m
pqδy

(1)p ∧ δy(2)q + 1
2S(2)r

m
pqδy

(2)p ∧ δy(2)q.

The equations of structure of DΓ(N) allow us to get some remarkable ge-
ometrical interpretations for the torsion and curvature d-tensor fields of the
N -linear connection DΓ(N).
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