The Equations of Structure of an N-Linear
Connection in the Bundle of Accelerations

Gheorghe Atanasiu

Abstract

The study of higher order Lagrange spaces founded on the notion of
bundle of velocities of order k£ has been recently given by Radu Miron and
author in [2]-[5]. The bundle of acceleration correspond in this study to
k=2.

In this paper we shall give the equations of structure of an N-linear
connection in the bundle of accelerations.
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1 The bundle of accelerations ([2],[3])

Let M be a real n-dimensional C°°-manifold and (Osc>M, 7, M) its 2-osculator
bundle, or the bundle of accelerations. The canonical local coordinates on the
total space E = Osc®?M are denoted by (z?, 3", 3(?"). A coordinate transfor-
mation (z?, y(M? y(2?) — (77,47, §)%) on E is given by

7t =32t ..., 2"), rank || g% |I=n,

(1.1) gt = % yi

Y gD . ek .
272 = #y(m + Q%y(%

If N is a nonlinear connection on E and J is the tangent structure of second
order [2], then Ny = N, Ny = J(Np) are two distributions geometrically defined
on F, everyone of local dimension n. Let us consider the distribution V5 on F
locally generated by the vector fields {ay%} Consequently, the tangent space

to E at a point u € E is given by a direct sum of the vector spaces:

(1.2) Tu(E) = No(u) ® Ny(u) & Vo(u), Yu€ E.
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An adapted basis to the direct decomposition (1.2) is given by

0 1) o0 .
(13) {Ma Wa W} (Zzlvan)7
where

1) 0 . .
(14) PR “oymr N Loy@r
and

1) 0 0
i _ T

The systems of functions N, N’ are called the coefficients of the nonlinear

) ™7 (@)
connection V.

If we consider the projectors h,v1,vy determined by (1.2) and denoting
VX = X% (a=1,2), we can uniquely write

(1.5) X=Xx" 4 Xxv X2 (V)X eXE).
Thus, we have

i H (0)z v (1)2 v (2)7

The coordinates X () (a =0,1,2), change under (1.1) as follows:

9T @

o . (a=0,1,2).

(1.5") X =

Each one of them is called a distinguished vector field, shortly a d-vector field.
Let us consider the dual basis of (1.3):

(1.3) {dz, 6yt 5yD1} (i =1,..,n).

Then for a field of 1-form w on E, we can put

(1.6) w=wf 4w 4 w®2,
where
(1.6") ol = wfo)dxi, W = wgl)éy(l)i, w2 = w§2)§y(2)i,

and with respect to (1.1) we have

(o) _ O _(a)
(1.6") Wi = o5 @i
Each one of them is called a distinguished covector field, shortly a d-covector
field.

(a=0,1,2).
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Analogously, we can define a distinguished tensor field on E of type (r,s)
(shortly, a d-tensor field).

Now, we consider the 2-tangent structure J on Osc?M = E and a nonlinear
connection N on E.

We define an N-linear connection on E as a linear connection D on E which
preserves by parallelism the horizontal distribution N and which is compatible
with the structure J(i.e., DxJ =0, VX € X(E)).

In the adapted basis (1.3) it is sufficient to give

5 6

5 o
w5 sy L Gyl B

(1.7) S Sy G gyt

D

y(O)z — xl)

)

(«=0,1,2, f=1,2 and

in order to obtain all the coefficients

of an N-linear connection D.
In the algebra of the d-tensor field generated by

v

the h-covariant derivates will be noted with
(@)
will be noted with ” | 7, a =1, 2.
Applying (1.4) and (1.4") we obtain
Theorem 1.1. If N is a nonlinear connection on E with the coefficients

N, N%;, then the following relations hold
@

DI(N) = (L},., Chns Clm

(1) (2)

0

dxt’

5
Sy(i’

0

) (2)i° dxi7 5y(1)i7 53/(2)1} ’
Y %

7| 7 and the v,-covariant derivatives

ON™ ON™ ON™
(1.8) 1) i _ Z (1) LN w? r w? 0 n
' Sxt’ dad an oxJ m" 8y(1)7' " 8y(2)7' ay(l)m
ONT ONT AN
+ (]XZ + N} (]2\1] + N} (]XJ 0
Oz W' oyMr ' Gy@r | Gy@m (7
ONT ON™
(1.9) i L I SO w’ L-ﬁ-
) oxt’ §y(1)j B ay(l)j m? ay(z)T 6y(1)m
oNT ONT oNT  ONT QN
n @' ol ) e @ e @ e @ 9
ay(l)] axi (1)7' 8y(1)’r‘ (2)1 ay(Q)T (1)‘7 ay(Q)’l‘ 8y(2)m ’
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ONT ONT
(1 10) i 0 o m 0 (2) 0
' 57" 9y @i |~ 9y@i gyDm | gy gy@m’
ONT ONT
b s 1 B r 7 9
(1.11) {53/(1)# 5y(1>j] = (Z) oy T N gy | gy@m (-
2,7
ON7"
(11 s a1 0o
’ §y(1)i7 8y(2)j B 8y(2)j 6y(2)m’

where 3 ; ) is the symbol of alternate sum.

2 The torsion and curvature d-tensor fields

The torsion tensor of the N-linear connection D on E = Osc*M,

VX,Y € X(€)

has a number of horizontal and vertical components corresponding to D¥, D"t

j 9

7

IR 52]((;1)1‘) = %ng# +(£)Zmij5y<% +<Z)zmijm
- 6?]?1)75) = g)mij% +:1§imijﬁ +§imijm
7

(2) 9

(2)

(6 s\N_pm. o  Pm s Pm. 0o
g3 5zt | T Wsgm T sy T Gy

(2) 9

5 (IR 5 w. 5 '
5zt | — P ij Sxm +(]2‘_: ij Sy(Dm +(]23) ij oy@m

o)

o)

(2) 9

(2.1) T(X,Y) = DxY — Dy X — [X,Y],
and D2,
We put
5 8N _ W s W 6 m
T (55 55) = I iisem + T gytom + 175 gyt
§ J T O
T( 2
(2.2) Byti o @)
T ( 2
9y (12)
T( 5
6y<1)J o
d

9 ) (gy>m o) + %v)m ) + Sm
@i | — 9 Spm ©J 5o () m ©J Gy (2)m
9y (3 7om @ o @ 7o

Then, by (2.1), (1.7) and Theorem 1.1, we have

Theorem 2.1. The torsion tensor of an N-linear connection DI'(N)

m
7@

(L;’J?, m C?;) s characterized by the d-tensor fields with local components:
) '
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(O)m m m (O)m m (O)m m
T :Lij_LjivP ij = Cij, Pij = C™j
(0) (1) Mm@ (2)
ON™; SN,
(1) i I
m..
(2.3) & T e Sat
@ SN™; BN'mj SN, 5NT.7‘
m . _ @ (® m oW
(%—; ij T T §zi Sxt + {1\{ 7” dxd Szt ’
SN™; ON™; ON"; SN™;
%}m“ - _m (}?m” - am O @
B T Gy g A H T Sy TN My T Symi
ON™, aN™, aNT
(2.4) P & Sm & LN & _m
L T ey i T gymy TN gy §i
m
(0>m w m (2>m a(jlv) ) m
P™y; =0, P™;=CMy, P ij = g7 — Cjis
(12) (12) (2) (12) (1)
ON™; SN™;
(0) (1) (2) 1 (1)
S ] — 07 S 1] — C (%] C Jiy S(l) i = Sy Sy 9
(25) e 1 &) &) v v
. . @ m m
S™Miy; =0, SM;=0, S™Mi; = C™My — C™ s
() 2) 2) () (2)
Also, we can use the notations
© - @ @, @ @
Tmiy=T"5, T™i;=R"ij, T™ij = R,
(0) (0) (0) (0) (0)
ey = gy g < B, B =
iy — YR iy — YR ij = P(2)4j
(1) (1) (1) (1) ()

Theorem 2.2. An N-linear connection DT'(N)

torsion if and only if

()
Ly =L%, C™ij;=0, R™;=0,
(2 6) () (0)
. ('v)m ("r)m (’Y)m
(F; i =0, (P) i =0, (S) i =0, a<pB;ofy=12
B apB o

It is to notice the fact that an N-linear connection D is called semi-symmetric

if

(27) X YT = XMy )~y (X
[T(X1, Y] = X0 (Y2) — Y0 (X)),

VX, Y e X(€), no0€X*(E), a=o0E.
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Denoting by

§ S5\ 66 _pm _6 s ) S _pm _6
R (55 507) 5or = B pasams R(gywwm) Sar *({;r Pq Sz

5 5 5 m 5 5 5 5 m 5
R (5 Ba> s (a)p) 507 = P pasgms R (5 (@)a 3 §y(@p | szr S(a)r Pq S
Yy y () Y y

we have
Theorem 2.3. The curvature tensor field R of an N -linear connection DI'(N) =

(L, O, CF) is characterized by the following d-tensor fields on E:
(1) (2)
sL™ L™
— P rq t ¢
(28) R»,«mpq - (51‘7‘1 - SaP + LT'pLZ; — quL?;‘f'
W @)
+R'pqCTi + RpyC™ vt
(0) (1) % (2)
sL™ W )
2.9 _ 27 om e @,
(2 brea = 5w = Grap T DpaGrit Dpg G
oL™ . @
2.10 m — 7@7 m N m ’ m
(210 <}23>T Pa 9y (2)a grq\p +(1:) pqgm +(123)pqgrt,
acm
' azn’ P gy@a Grali? T gy PG
sCcy o oCT
(2.12) )My = o~ U Ot O OO 4 RO
. o P syMa o sy(Wp TGP tq Gragte T L patiet

ocr,  oCT,
213 rm _ 2) _ 2 t m. ot m
( ) (‘g pq 8y(2)q ay(z)p + g;rpg; tq grqgw

Theorem 2.4. The curvature tensor field R of an N-linear connection D be-
comes zero if and only if

(214) erpq = P'rmpq = Prmpq = Srmpq = 0, o = 1,2
() (12) ()

3 The equations of structure

Let (C,c), ¢ : I — Osc®>M, C = Imc be a smooth parametrized curve on
Osc?M and let ¢ be the tangent vector field

(3.1) =l 4 e
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We consider the vector field de = édt on the curve c.
According to (3.1) we have

(3.2) de = (de)® + (de)"* + (de)*
and by the adapted bases, we get

)
! _ (1
(3.2") dc = dx 55 Yy oy

ozt

Let D be an N-linear connection and ¥ € X(Of]|SM). We denote Dy.Y
with DY. DY is the covariant differential of the vector field Y on the curve c.
We put

DgeynY = DY,  D(jeynn = DY, Digeprs = DY
and we can write the covariant differential of Y in the form
(3.3) DY = DY + DY + DT,

Now, we take Y = YH =Y? 5‘3” and we obtain

. (1) (2 5
(3.4) DY = (Vi pda™ + ¥ |y 59" + Y7 |, 5y(2)m)6 5

xl

The equality (3.4) is changes correspondingly if Y =Yt or Y = Y2,
If we consider the h- and v,-covariant derivatives of Y?, we have

DY = (@Y +Yiwi;)

where dY? is the usual differential of the functions Y(x, yM), y(z)) in the adapted

bases

B N& Qa4 NE
T oam

sywm ¢ O 5 @m

(3.6) dy 5,0 RO

and w? ;j are the notations of the following covector fields:
(3.7) W'y = LY, da™ 4+ 5, 0y 4 O 6y
(1) (2)

The covector fields w’; are not dependent on the choice of the vector field
Y =YHorY =Y (a=1,2). They are determined by the N-linear connection,
only.

We shall call w';, the connection forms of DI'(N).

To deduce the equations of structure of an N-linear connection DI'(N) =

(L Ol Cyy) we consider the exterior differentials of the 1-form fields
" @

dzt, 6y 5y and of w'; in the adapted bases da?, Syt 5y,
Firstly, we obtain:
Theorem 3.1. The exterior differentials of Sy, 8Y 2 are given by
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(38)  d(oym) =~ me”d:c Nda — (P™y; + LM)dat A Gy —
(0> (1)

(1) . .
—Pmijd.’tz A\ 5y(2)J7
(2)

1@ @) . .
(3.9) d(0yP™) = —Z R™ydx’ Adx? — P™idat A Sy —
20 8
@ ;
(ﬁmij) + Li)dz' A Sy®7 — —me 30y WA §yMT m 150y WA §y23,
) <2>
Using (3.8), (3.9) and (3.7) we have
Theorem 3.2. The equations of structure of an N-linear connection DI'(N)
are given by

d(dz™) — da' Aw™; = —QOm,
(3.10) d(6yMm) — gy A Wm = —_Qm,
d(6y@m) — 5y pwm; = —Q@m,

and by
(3.11) dw™, — W AWy = -Q™,,

© 1) (@
where the 2-forms of torsion O™, Q™, Q" are given by

(0) 1 ) . . . ) .
(3.12) Q"= iTmijdxl Ada? + g;’;daﬂ A Sy 4 g;’;dxl A Sy
1) 1( 1) . Y .
(313) m Rmijdl'l A dz? + Fl’mijdl’l A 5y(1)j
20 &)

(€D , , . . ,
+]13mijdmz Ay 4 55(1)7"1‘3‘53/(1)1 A SyMI 4 CZ}(;y(l)l A Sy
@ @)

) 1@
(3.14) am = fg(};mudx Adx? + Pm”dac A oy

—|—Pm daxt A SyDi 4 L Rm 5y(1 A Sy1i 4
(2)
Pm 5y(1)z Aéy(Q)j + 15(2)m 6y(2)z /\63/

(12)

and the 2-form of curvature 2, is given by
1
(3.15) Q7 = 5 R pgda A dat + Py, ™ pgda® A Sy
+P(2)rmpqd$p A 6y(2)q + %S(l)Tmpqay(l)p A 6y(1)q_|_
+P(12)’r’mpq6y(1)p A Sy2a 4 %S(Q)Tmpq(;y@)p A Sy,

The equations of structure of DT'(N) allow us to get some remarkable ge-
ometrical interpretations for the torsion and curvature d-tensor fields of the
N-linear connection DI'(N).
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