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Abstract

We study axiom-preserving isotopic liftings of the symplectic geometry which
permit the representation of nonhamiltonian vector fields in the inertial frame
of the observer without the need of Darboux’s reduction to a Hamiltonian form
in frames which are no longer inertial and not realizable in experiments.
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1 Introduction

Despite momentous advances, the symplectic geometry still remains with fundamental
open problems particularly motivated by physical needs.

This is due to the fact that the symplectic geometry (see, e.g., ref.s[1,7] for tech-
nical presentations and ref.[10], Sect.2.3, for a review and literature) was historically
build on systems entirely representable with a Hamiltonian [10]; these systems were
originally called exterior systems [10, 11], are today called (locally) Hamiltonian vector
fields, and represent a finite number of isolated point-like particles moving in vacuum
under action-at-a-distance, potential interactions.

Physical systems of current interests are instead given by the more general interior
systems [10,11], which are given by a finite set of extended particles moving within
physical media. Unlike the former, the latter systems require 2n first-order differential
equations which are arbitrarily nonlinear in the wvelocities, integro-differential and
variationally nonselfadjoint.

As an example, missiles in atmosphere have nowadays reached such speeds to
experience resistive forces proportional up to the tenth power of the speed; their equa-
tions of motion are characterized by ordinary differential equations representing the
trajectory of the center-of-mass x(t) plus corrective terms due to the shape of the satel-
lite usually given by surface integrals, thus being in that sense ”integro-differential”;
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and, finally, they are ”variationally nonselfadjoint” in the sense of violating the inte-
grability conditions for the existence of a potential, as well as, more generally, of a
Hamiltonian [10].

It is evident that interior systems are outside the representational capabilities
of the symplectic geometry on a number of mathematical and physical grounds. In
particular, they are nonhamiltonian, both locally or globally.

Mathematically, the topology of the symplectic geometry can only represent local-
differential systems, thus requiring a suitable integro-differential broadening.

Even after approximating nonlocal-integral terms via power series expansions in
the valocities, thus regaining the local-differential character, the symplectic geometry
remains afflicted by the following problematic aspects of physical character related to
Darboux’s theorem [3].

As it is well known (see, e.g., [1,7,10]) Darboux’s Theorem essentially states that,
when a (local-differential and well behaved) systems 2n first-order ordinary differential
equations in the vector field form X (b) is not Hamiltonian in the 2n-differential local
coordinates b = {x,p} of the cotangent bundle (phase space), there always exist a
new coordinate system o’(b) in which the system is Hamiltonian.

With the understanding that the mathematical correctness of Darboux’s Theorem
is beyond and possible doubt, and the theorem is now well established in the history
of geometry, the physical problematic aspects are due to the fact that Darboux’s
transformations.

(1.1) b= {z,p} = V(b) = {2'(z,p),p (x,p)},

are necessarily (noncanonical and nonlinear). This implies the inapplicability to a Dar-
bouz’s frame b of contemporary relativities, such as Galilei’s relativity and Einstein’s
special relativity, because the latter only apply to inertial frames, while Darboux’s
frames b’, being the nonlinear images of the inertial ones, are highly noninertial.

Even ignoring the abandonment of conventional relativities, Darboux’s frames are
not realizable in actual experiments. As an example, if the coordinates = are those
of the experimenter, their Darboux’s images are expressions, say, of the type 2’ =
a exp(Bx x p), where o and 8 are suitable constants. Nonlinear expressions of the
latter type are manifestly not realizable in an actual experiment, thus restricting
Darboux’s theorem to the sole mathematical significance.

This establishes the physical need of achieving a generalization/covering of the
symplectic geometry which is “directly universal” for interior systems, that is, capa-
ble of representing all well behaved systems of the class considered ("universality”),
directly in the inertial frame of the observer (”direct universality”), without any use
of the transformation theory.

Note that all studies of direct universality are necessarily local as well as in fized
local coordinates, features which are tacitly assumed hereon.

A first form of direct universality of the conventional symplectic geometry was
apparently reached for the first time in monograph [11]. Suppose that a given vector
field Z(b), is non Hamiltonian in b, i.e., there exist no function H (b) such that Z(b) w =
dH (b), where w is the exact, nondegenerate, canonical, symplectic two-form [1,7,10].
Then, it was proved in [11] that, under certain continuity and regularity conditions,
there always exists a general, exact, nondegenerate symplectic two-form (b) such
that the following identity holds Z(b)1Q(b) = dH (b). In the latter case the system is
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derivable from a first-order Pfaffian action, the underlying equations are Birkhoff’s
equations [2] and Z(b) is called a (locally) Bikhoffian vector field [11].

Note that the coordinates of the experimenters are preserved in the above direct
universality, and the representation of nonhamiltonian systems is achieved via the use
of the most general possible exact symplectic form €(b), rather than the canonical
one w.

Subsequent studies indicated that the above direct universality is still afflicted by
problematic aspects, again, of physical nature. In fact, the quantization of interior
systems via their Birkoffian representation (or, equivalently, the lifting of the sym-
plectic quantization via the general, rather than the canonical, two-form), exhibits
insurmountable difficulties in the physical interpretation of the emerging operator
formalism (see [16], App.2.B).

At any rate, being based on the conventional symplectic geometry, the Birkoffian
mechanics is strictly local-differential and, thus generally inapplicable to the nonlocal-
integral interior systems.

The latter problems forced this author to seek yet another generalization of the
symplectic geometry, this time, achieving direct universality for interior systems via
the sole use of the canonical two-form.

Even though not necessarily unique, effective methods for the study of this problem
are given by the so-called isotopies, which were first introduced in ref. [9] of 1978 in
the form here need, and which are today defined as maps of linear, local-differential
and Hamiltonian systems into their most general possible nonlinear, nonlocal-integral
and nonhamiltonian form, yet capable of restoring linearity, locality and canonicity
in certain generalized spaces over generalized fields.

The isotopies of the symplectic geometry, or isosymplectic geometry for short, were
submitted, apparently for the first time, by the author in memoir [13] of 1988 and
subsequently studied in various works (see monograph [15] for a recent account).

This first formulation of the isosymplectic geometry was based on the isotopic
degress of freedom of the product, based on the lifting of the 2n-dimensional trivial
unit of the symplectic geometry, I = diag.(1,1,...,1), into a nondegenerate, real-
valued and symmetric matrix f(l) = T(_l)l whose elements have a well behaved but

otherwise arbitrary functional dependence. The lifting of the unit / — I then implies
the corresponding lifting of one-forms

0=pxdr— 0=pxdr :piT(il)jdxj, ,7=1,2,....n,

with corresponding liftings of the canonical two-form
1 ~ 1 .
w=df = iwwdb” ANdbY — w=df = §wWT(‘§)l,dba AdbY v, 1,2, ..., 2n,

where T(g) is a new matrix derivable from T(l) via certain simple algebra [15].

The above isotopies permitted the first alternative formulation of Darboux’s theo-
rem for the representation of nonhamiltonian systems in the reference of their exper-
imental observation and via the use of the canonical symplectic structure. However,
the formalism was still afflicted by insufficiencies due to the change of the unit in the
transition from one- to two-forms [15].

In this note we study a resolution of the latter, seemingly final difficulty as per-
mitted by the isotopies of the differential calculus or isodifferential calculus for short,
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submitted by the author at the International Workshop on Differential Geometry and
Lie Algebras, held at the Aristotle University in Thessaloniki in December 1994, and
then published in ref.s [19].

More specifically, this note is devoted to the reformulation of the isosymplectic
geometry via the isodifferential calculus for the representation of interior systems in
which the coordinates of the observer b = (z,p), the canonical symplectic structure
and the generalized unit are kept unchanged. As we shall see, the emerging broadening
of the conventional formulation of the symplectic geometry results to have a novel
integro-differential topology, thus being naturally able to represent interior systems.

To render this note self-sufficient we shall briefly review in Sect.2 the main as-
pects of the isotopic methods, and then pass in Sect.3 to the new formulation of the
isosymplectic geometry.

Our entire presentation is, not only local, but in the fized local coordinates x of
the observer without use of the transformation theory. To avoid misrepresentations,
the study of global, coordinate-free formulations is recommended only after achieving
the desired direct universality in the inertial frame of the observer.

As we shall see, the isotopic formulation of the symplectic geometry is such that
the abstract formulations of the conventional and symplectic geometries coincide. We
merely have two different realizations of the same abstract axioms: the conventional
symplectic version [1,7,10], and the broader isotopic one.

It should be stressed that this note has been written by a theoretical physicist
and, in any case, the studies are in their first infancy, thus requiring comprehensive
mathematical reformulations by interested mathematicians.

2 Elements of isotopic methods

The fundamental isotopies from which all others can be uniquely derived are those
of the unit [9], i.e., the liftings of the n-dimensional unit I = diag.(1,1,1,...) of the
Euclidean geometry (in the same dimension) into real-valued and symmetric n x n

matrices | = (f;) = I' whose elements f; have an unrestricted functional depen-

dence in coordinates x, velocities v = %, accelerations a = %}v local density u, local

temperature 7, and any needed characteristics of the interior problem,

(2.1) I—>f:f(x,v,a,;177,...):.7t.

The above liftings were classified by Kadeisvili [5] into: Class I (generalized units
that are nondegenerate, Hermitian and positive-definite, characterizing the isotopies
properly speaking); Class II (the same as Class I although Iis negative-definite,
characterizing the so-called isodualities; Class III (the union of Class I and II); Class
IV (Class III plus the zeros of the generalized unit, I= 0); and Class V (Class IV plus
unrestricted generalized units, e.g., realized via discontinuous functions, distributions,
lattices, etc).

All isotopic structures also admit the same classification which will be omitted for
brevity. In this note we shall study isotopies of Classes I and II, at times treated in
a unified way via those of Class III whenever no ambiguity arises. The isotopies of
Classes IV and V are vastly unexplored at this writing.
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The isotopies of the unit evidently imply corresponding compatible isotopies with
the totality of conventional mathematical methods underlying the symplectic geome-
try. Regrettably, we cannot provide here a review of the isotopic methods and refer
the reader to the recent treatment [19].

We merely recall that a field F(n, 4+, x) of real, complex of quaternionic numbers
with element n, sum + and multlphcatlon X, is lifted under isotopies in the isofield
F(n -+, ><) of the isonumbers i = n x I Wlth conventional sum + and isoproduct
x = xTx. Under the condition I =771, 1 is then the correct left and right unit of
F'. In this case F' verifies all conventional axioms of a field (even though I is outside
the original F') and the listing F' — Fis isotopic.

Similarly, a metric space S(x,g, R) with local chart z and metric g(z) over
thereals R(n,+, x) must be lifted, for evident reasons of compatibility, into the
isospace S(Z, §, R) of isocoordinates # = x (in their contravariant form) and isometric
g =T(z,i,i,..) x g(z) over the isofield R.

The ordinary differential calculus must also be lifted under isotopies into the isod-
ifferential calculus which is characterized by the isodifferentials

(2.2) di* = IF(x, . )dat,  diy = TP (x,...)dx;.

and isoderivatives

oo _ Of(@ 2 Of (@ . F(g* +di*) — f(¢*
(2.3) f’(qk) = éjf-k) |wk_qk_ Tk' ai(ﬂ) ih=g= L1 dak 0k ( sz]z ( )
with properties
ip of .. Of + of 6f
df(m)lcontrav - xkd Tkil da? = 8$kdx Tjd ]
. COf o w0f oy, Of Of o
df(x)lw'uar. = axkd k=1 oz, T d a oo dry = O 2, Jd i
PR@E) g P @) OPF(@) o 0% (@)
(2.4) o — 5, 0ty _5i, Ot i 0T i
0zJ 0z 0xJ 0z

The notion of isocontinuity on an isospace was first studied by Kadeisvili [5] and
resulted to be easily reducible to that of conventional continuity for Class III isotopies
because the isomodulus |f( )\ of a function f(2) on the isospace E(%,d, R) over the
isofield R(n, +, x) is given by the conventional modulus
| £(&) | multiplied by the a well behaved isounit I.

The notion topology of n-dimensional isomanifold was first studied by Tsagas and
Sourlas [20] and it is today called the Tsagas-Sourlas isotopology.

The isotopies imply simple, yet nontrivial generalizations of all conventional math-
ematical structures, with no exception known to this author. This implies also a com-
patible lifting of functional analysis whose study was initiated by Kadeisvili in ref.[5]
under the name of functional isoanalysis (see [15] for brevity).
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3 Isosymplectic geometry

. We are now equipped to study the isotopies of the symplectic geometry, or isosym-
plectic geometry [13] for short, as characterized by the isodifferential calculus of the
preceding section.

Unless otherwise stated, our formulation is local and in the fixed coordinates of the
observer. All quantities are assumed to satisfy the needed continuity conditions, e.g.,
of being of class C*> and all neighborhoods of a point are assumed to be star-shaped
or have an equivalent topology. For the conventional symplectic geometry we shall use
the local formulation of ref.[7]. We shall first study the isosymplectic geometry of Class
I representing matter and then study its antiautomorphic image under isoduality for
the characterized of antimatter.

Let M(E) = M(E(9, R)) be an n-dimensional Tsagas-Sourlas isomanifold [20]
on the isoeuclidean space E(x 5, R) over the isoreals R = R(,+, X) with n x n-
dimensional isounit [ = (I 9,4, = 1,2,...,n, of Kadeisvili Class I and local chart

& = {&F}. A tangent isovector X (1) at a pointATAn € M(E) is an isofunction defined
in the neighborhood N (712) of 7 with values in R satisfying the isolinearity conditions

X (ax f + Bxg) = axXp(f) + 8% X (9),

3.1 Xa(fxg) = i) x X (9) + (i) Xon (),

for all f,§ € M(E) and &, 8 € R, where x is the isomultiplication in R and the use
of the symbol “means that the quantities are defined on isospaces.

The collection of all tangent isovectors at m is called the tangent isospace and
denoted TM (E) The tangent isobundle is the 2n-dimensional union of all possible
tangent isospaces when equipped with an isotopic structure (see below).

The cotangent isobundle T* M (E ) is the 2n-dimensional dual of the tangent isobun-
dle with local coordinates b = {f)“} ={2% pr}, w=1,2,...,2n. Since p is indepen-
dent of #, the isounits of the respective differentials are generally different, i.e., we can
have dz = Idz and dp = Wdp, 1 #+ W, in which case the total isounit of T*M(E)
is the 2n-dimensional Cartesian product ILy=1xW.

For reasons which will be clarified later on, in this note we assume the following
particular form of the isounit of the cotangent isobundle

(3.2) f2 - (f2#1>) _ < Ixn ann ) _ TQ—l _ (TQMD)_l = T—l’

Onxn TTIX’IL

where I is the isounit of the coordinates dz = I dx, and T is the isounit of the
momenta, dp Tp I- Ldp. In different terms, we select the particular case in which
W=1"1

An zsobasz's of T*M (E) is, up to equivalence, the (ordered) set of isoderivatives
o= {abu} = {Ty,” (%V }. A generic elements X € T*M(E), called vector isofield, can

then be written X = X“(m)é% = X*‘Tzul’a‘z,‘,.

The fundamental one-isoform on T*M (E) is given in the local chart b by

(3.3) 0 = R(b)db" = R, (b)1} ,db” = prdi* = ppifdi’, R° = {p,0}.
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The above expression, which can be written 6 = pdAa: = pif;:dazj to emphasize the
differential origin of the isotopies, should be compared with the originally proposed
one-isoform 6 = pxdx = pyTFdz’ [13] obtained via the isotopic degrees of freedom of
the product. The preference of the isodifferential calculus over the isomultiplication
is then evident for a geometric unity of the conventional and isotopic formulations.

The space T*M (E’), when equipped with the above one-form, is an isobundle
denoted Tl*M(E) The isoezact, nowhere degenerate, isocanonical isosymplectic two-
isoform is given by

R . 1 - -
O =db = Sd(Rdb") = Sw,db A db” =

DN | =

(3.4) = di* A dpy, = IFdi' ATl dp; = di* A dpy.

The isomanifold 7% N (E)7 when equipped with the above two-isoform, is called
isosymplectic isomanifold in isocanonical realization and denoted TyM(E). The
isosymplectic geometry is the geometry of the isosymplectic isomanifolds.

The last identity in (3.4) show that the two-isoform & formally coincides with
the conventional symplectic canonical two-form w, and this illustrates the selection of
isounit (3.2). The abstract identity of the symplectic and isosymplectic geometries is
then evident. However, one should remember that: the underlying metric is isotopic;
Pr = Tk"pl-, where p; is the variable of the conventional canonical realization of the
symplectic geometry; and identity @ = w no longer holds for the more general isounit
ILy=IxW, IT#W-

Note that the isosymplectic geometry has the Tsagas-Sourlas Integro - differential
topology and, as such, it can characterize interior systems when all nonlocal- integral
terms are embedded in the isounit.

A wvector isofield X (i) defined on the neighborhood N (1) of a point 1 € Ty M (E)
with local coordinates b is called (locally) isohamiltonian when there exists an iso-
function H on N (si2) over R such that

(3.5) Wy XY () db" = dH (1) = ——db".

We are now equipped to present the main result of this note, the isotopic alterna-
tive to Darboux’s Theorem for the representation of nonlinear, nonlocal-integral and
nonhamiltonian interior systems within the fixed coordinates of their experimental
observation, which can be formulated as follows.

Theorem 1.Direct Universality of the Isosymplectic Geometry for Inte-
rior Systems: Under sufficient continuity and regularity conditions, all possible vec-
tor fields which are not (locally) Hamiltonian in the given coordinates are always
isohamiltonian in the same coordinates, that is, there exists a neighborhood N(m) of
a point 1 of their variable b = (&,p) under which Eq.s (3.5) hold.

Proof. Let X#(b) be a vector field which is nonhamiltonian in the chart b, and consider
the decomposition
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(3.6) X(b) = "o (0) X5 (1),

where the 2n x 2n matrix (I'*,) is nowhere degenerate and X§' is the maximal, local-
differential and Hamiltonian sub-vector field, i.e., there exists a function H(b) and a
neighborhood N (m) of a point m of b = (x, p) such that

oH | -

(3.7) wap X2 (m)db® = dH(m) = ( g )00

and all nonlocal-integral and nonhamiltonian terms are embedded in I'. Then, there
always exists an isotopy such that
wMVXV( )dbﬂ = Wua ( )XO ( )CZI;H =

(3.8) = dH(m) = gi ib

OH
B8 "
T 357 2 dbH.

In fact, the script XHis only a unified formulation in 2n dimension of two separate
each in n-dimension. Therefore, the quantify I' has the structure

(3.9) P ( Anxn Onxn )

The identification
-1
(3.10) = ( Brixn Onxn )

then implies
(3.11) f“aw,“,f‘”p = Wap,

and identities (3.8) always exist. q.e.d.

Corollary 1.A: For all Newtonian systems we have A = B‘l, i.e., the 2n-
dimensional isounit of the cotangent isobundle has the structure (3.2).

Proof. All Newtonian systems in the 2n-dimensional, first-order, vector field form
can be written in disjoint n-component

(312 (i) = (psalhnsa ) = X0 = (220,

where SA(NSA) stands for variational selfadjointness (nonselfadjointness), i.e., the
integrability conditions for the existence (lack of existence) of a Hamiltonian. Thus

F%4 = —9H/0z, with H = p?/2m + V(z), while there is no such Hamiltonian for
FNS'A.

Then, isohamiltonian representation (3.8) explicitly reads

(00 ) Crsnlimsa )= (5 3 ) (0 5 ) (33 =
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o= ()= (ol ) = (3505 )

From which we have the general solution.
(3.14) T=B=1+FN94/p5* = A7 =171,

where the last identity follows from the fact that, since dH/dp = p/m, A remains
arbitrary and can be therefore assumed to be A = B~!. q.e.d.

It is now important to verify that the above isotopies do indeed preserve all remain-
ing axiomatic properties of the symplectic geometry. For this it is sufficient to prove
the preservation under isotopies of the Poincaré Lemma and of Darboux’s Theorem
[1,7,10].

To prove the preservation of the Poincaré Lemma one can easily construct isoforms
i)p of arbitrary order p. The proof of the following property is a simple isotopy of the
conventional proof (see, e.g. [7]) via the use of the isodifferential calculus.

Lemma 1 (Isopoincaré Lemma): Under the assumed smoothness and regularity
conditions, isoexact p-isoforms are isoclosed, i.e.,

(3.15) dd, = d(dp,_,) = 0.

The nontriviality of the above result is illustrated by the following
Corollary 1.A: Isoexact p-isoform are not necessarily closed, i.e., their projection in
the original tangent bundle does not necessarily verify the Poincare Lemma.

By comparison, we should mention that the original formulation of the isopoincar’e
lemma [13,15], that via the isotopic degress of the product did verify the Poincaré
lemma in both the conventional and isotopic bundle.

To prove the preservation of the Darboux’s Theorem, consider the general one-
isoform in the local chart b

(3.16) O(b) = R, (b)db" = R, (b)I4,(t,b,db/dt, ...)db",
where
(3.17) R={P(#,5),Q(#p)}
The general isosymplectic isoexact two-isoform in the same chart is then given by
Q) = %J(RH(IS)JE“) _ %Qw(i, b, db/di, ..)db" A db,
629 = G e g

One can see that, while at the canonical level the exact two-form w and its isotopic
extension @ formally coincide, this is no longer the case for exact, but arbitrary two
forms Q and () in the same local chart.

Note that the isoform ) is isoexact, O = cf@, and therefore isoclosed, Q2 =0
(Lemma 1), in isospace over the isofield R. However, if the same isoform €2 is projected
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in ordinary space and called €2, it is no longer necessarily exact, €2 # df and, therefore,
it is not generally closed, d2 # 0.

Recall that the Poincaré Lemma dS2 = d(d©) = 0 for the case of the two-form
provide the necessary and sufficient conditions for the tensor Q** = [(Q1]*¥ to be
Lie [11]. Tt is easy to prove that this basic property persist under isotopy, although
it characterizes a generalization of Lie’s theory proposed in [9] and today known as
the Lie-Santilli Theory (see, e.q., [6,22] and references quoted therein). We therefore
have the following
Theorem 2. (General Lie-Santilli Brackets): Let

(b) = d6 — d(R,db") = ., db* A db

be a general exact two-isoform. Then the brackets among sufficiently smooth and reg-

ular isofunctions A(b) and B(b) on Ty M(E)

(3.19) o = (85““ - aﬁﬁ> 7

satisfy the Lie-Santilli azioms [9,6,22] in isospace (but not necessarily the same axioms
when projected in ordinary spaces).

The following additional property completes the axiom-preserving character of the
isotopies of the symplectic geometry.
Theorem 3. (Isodarboux Theorem): A 2n-dimensional cotangent isobundle TQ*M(E)
equipped with a nowhere degenerate, exact, c> two-isoform Q) in the local chart b is an
1sosymplectic manifold if and only if there exist coordinate transformations b— 3’(13)
under which Q) reduces to the isocanonical two-isoform @, i.e.,

2 N n 17

(3.20) KL 0 R
ob'> ov'B
Proof. Suppose that the transformation b— b (b) occurs via the following interme-
diate transform b — b”(b) — b'(b”(b)). Then there always exists a transform b — b

such that

(3.21) (96 /06"7) (") = 12 (b(H")),

14

(e
under which the general isosymplectic tensor QW reduces to the Birkhoffian form
when recompute in the b chart

b o, 0 (OR, OR, _
(3.22) %Qw(b(b ))% Iy = (W T o= Qap -

The existence of a second transform 0" — b reducing Qus3 to was is then known
to exist (see, e.g., [11]). This proves the necessity of the isodarboux transform. The
sufficiency is proved as in the conventional case [7]. q.e.d.
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The nonlinear, nonlocal and noncanonical character of the isotopies is evident from
the preceding analysis. It is important to point out that linearity is reconstructed in
isospace and called isolinearity, as shown in Eq.(3.1). Locality is equally reconstructed
in isospace, and called isolocality, because one- and two-isoforms are based on the local
isodifferentials dz and dp Similarly, canonicity is reconstructed in isospace, and called
isocanonicity, because the canonical form ppda® is preserved by the isotopic form
ﬁkajk in isospace. The nonlinear, nonlocal and noncanonical character of isotopic
theories solely emerge when they are projected in the original spaces.

The isotopies of the remaining aspects of the symplectic geometry (Lie derivative,
global treatment, symplectic group, etc.) can be constructed along the preceding lines
and are omitted for brevity.

On closing we should mention that the preceding formulation of the isosymplectic
geometry is solely restricted for the representation of matter. The characterization of
antimatter is made via the antiautomorphic isodual map fg — fg = —I. This results
in the isodual isosymplectic geometry which is characterized by isodual coordinates
l;d, isodual isodifferentials db?, isodual one-isoforms éd(lA))d, isodual two-isoforms &%,
isodual cotangent isobundle T* M d(Ed), and similar isodualities whose explicit con-
struction id left to the interested reader for brevity.

It is evident that the isotopies and isodualities of the symplectic geometry imply
corresponding liftings of classical mechanics, called by the author isohamiltonian me-
chanics and additional liftings of the symplectic quantization and related quantum
mechanics called hadronic mechanics. For the latter aspects and related applications
in classical and quantum mechanics, we refer the interested reader to monography
[16].

Acknowledgements

The author has no words to express his appreciation to all members of the Balkan
Geometry Society for invaluable assistance and support.

References

[1] B.Aebischer, M.Borer, M.Lélin, Ch.Leunberger and H.M.Reimann, Symplectic
geometry, Birkauser-Verlag, Basel, Switzerland (1994).

[2] G.D.Birkhoff, Dynamical systems, Amer.Math.Soc., Providence, R.I1.(1927).

[3] G.Darboux, Lecons sur la Théorie Genérale de Surfaces, Gauthier-Villars, Paris
(1981).

[4] W.R.Hamilton, On a General Mathod in Dynamics (1834), reprinted in Hamil-
ton’s Collected Works, Cambridge Univ.Press (1940).

[5] J.V.Kadeisvili, Elements of functional isoanalysis, Algebra, Groups and Geome-
tries 9, 283-318 (1992).

[6] J.V.Kadeisvili, Universality of the Lie-Santilli isosymmetries in gravitation, in
Analysis, Geometries and Groups: A Riemann Legacy Volume, H.Srivastava and
Th.M.Rassias, Editors, Hadronic Press, Palm Harbor, F1.153-190 (1993); and An
introduction to the Lie-Santilli isotheory, Math. Methods in Applied Sciences 19
(1996) in press.



72

[7]

R.M.Santilli

D.Lovelock and H.Rund, Tensors, Differential Forms and Variational Principles,
Wiley Intern., New York (1975).

H.Rund, The Freud identity in the Riemannian Geometry, Algebras, Groups and
Geometries 8, 267-274 (1991)

R.M.Santilli, On a possible Lie-Admissible Covering of the Galilei Relativity
in Newtonian Mechanics for nonconservative and Galiler noninvariant systems,
Hadronic J., 1, 223-423 (1978).

R.M.Santilli, Foundations of Theoretical Mechanics, Vol.I: The Inverse Problem
in Newtonian Mechanics, Springer-Verlag, Heidelberg/ New York (1978).

R.M.Santilli, Foundations of Theoretical Mechanics, Vol.Il: Birkhoffian Gener-
alization of Hamiltonian Mechanics, Springer-Verlag, Heidelberg / New York
(1982).

R.M.Santilli, Isotopic lifting of the special relativity for extended deformable par-
ticles, Lett. Nuovo Cimento 37, 545-555 (1983).

R.M.Santilli, Isotopic liftings of contemporany mathematical structures, Hadronic
J.Suppl. 4A, 155-266 (1988).

R.M.Santilli, Isonumbers and genonumbers of dimension 1,2,4,8, their isodu-
als and pseudoisoduals, and "hidden numbers” of dimension 38,5,6,7, Algebras,

Groups and Geometries 10, 273-322 (1993).

R.M.Santilli, Elements of Hadronic Mechanics, Vol.I: Mathematical Foundations,
Ukraine Academy of Sciences, Kiev (1993), second edition (1995).

R.M.Santilli, Elements of Hadronic Mechanics, Vol.II: Theoretical Foundation,
Ukraine Academy of Sciences, Kiev (1994), second edition (1995).

R.M.Santilli and T.Vougiouklis, Isotopies, genotopies and hyperstructures, in
New Frontiers in Hyperstructures, T.Vougiouklis, Editor, Hadronic Press, Palm
Harbor, Fl., p.1-45 (1996).

R.M.Santilli, An introduction to isotopic, genotopic and hyperstructural meth-
ods for theoretical biology, in New Frontiers in Theoretical Biology, C.A.
C.Dreismann, Editor, Hadronic Press, Florida (1996), pages 382, 295.

R.M.Santilli, Nonlocal-integral isotopies of differential calculus, mechanics and
geometries, Rendiconti Circolo Matematico di Palermo, Supplemento (1996), in
press; and Isotopic Lifting of Newtonian Mechanics, Revista Tecnica 18, 271-
284(1995).

G.Tsagas and D.S.Sourlas, Isomanifolds and their isotensor fields, Algebras,
Groups and Geometries, 12, 1-66 (1995).

G.Tsagas and D.S.Sourlas, Isomappings between isomanifolds, Algebras, Groups
and Geometries, 12, 67-88 (1995).



Representation of NonHamiltonian Vector Fields 73

[22] G.Tsagas and D.S.Sourlas, Mathematical Foundations of the Lie-Santilli Theory,
Ukraine Academy of Sciences, Kiev (1993).

Prof.Dr. Ruggero Maria Santilli
Institute for Basic Research
P.O.Box 1577
Palm Harbor, F1. 34682, U.S.A.
ibrrms@pinet.aip.org



