
Invariant Submanifolds and Their Se
ondFundamental FormsHiroshi Endo
Abstra
tWe study the se
ond fundamental form of invariant submanifolds of a 
onta
tmetri
 manifold with �� belonging to the k-nullity distribution and with 
onstant��-se
tional 
urvature. Then we shall show that some Kon's results are spe
ial
ases of ours.Mathemati
s Subje
t Classi�
ation: 53C15Key Words: 
onta
t metri
 manifold, 
ompa
t minimal submanifold, Simons' typeformulae.1 Introdu
tionIn [12℄, Simons 
lassi�ed 
ompa
t minimal submanifolds of a sphere into three 
ate-gories with respe
t to the length of the se
ond fundamental form. Then he got a veryimportant formula (Simons' type formula) with respe
t to minimal submanifolds (see[12℄, pp. 81). Kon [9℄ studied, by using Simons' type formula, the pin
hing problemfor the length of the se
ond fundamental form of a 
ompa
t invariant submanifoldin Sasakian manifolds of 
onstant ��-se
tional 
urvatures and got the 
ondition forits invariant submanifold to be totally geodesi
. Moreover, he studied an invariantsubmanifold with trivial normal 
onne
tion.On the other hand, the present author [8℄ got the 
urvature tensor of a 
onta
tmetri
 manifold with �� belonging to the k-nullity distribution and with 
onstant ��-se
tional 
urvature. The purpose of this paper is to lead Simons' type formula for these
ond fundamantal form of invariant submanifolds of a 
onta
t metri
 manifold with�� belonging to the k-nullity distribution and with 
onstant ��-se
tional 
urvature andto show that some Kon's results [9℄ are spe
ial 
ases of ours.2 Conta
t metri
 manifoldsLet �M be an (2r+1)-dimensional 
onta
t metri
 manifold and (��; ��; ��; �g) be its 
onta
tmetri
 stru
ture. Then we haveBalkan Journal of Geometry and Its Appli
ations, Vol.3, No.1, 1998, pp. 9-21
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10 H.Endo��2 = �I + �� 
 ��; ���� = 0; �� Æ �� = 0; ��(��) = 1;< �� �X; �� �Y >=< �X; �Y > ���( �X)��( �Y ); < �X; �� >= ��( �X);d��( �X; �Y ) =< �� �X; �Y >; �X; �Y 2 X ( �M);where we denote the metri
 tensor �eld by <;> instead of �g and the Lie algebra ofve
tor �elds on �M by X ( �M). On su
h a manifold we de�ne �h = �12L�� �� (L denotes theLie di�erentiation). Then �h is symmetri
, �h anti-
ommutes with �� (i. e., ���h+�h�� = 0),�h�� = 0, �� Æ �h = 0 and Tr �h = 0, where Tr �h is the tra
e of �h. It is well-known that theve
tor �eld �� is a Killing ve
tor �eld if and only if �h vanishes. Also(2:1) �r �X �� = �� �X + ���h �X (and thus �r�� �� = 0);where �r is the Riemannian 
onne
tion of <;> (e.g., [7℄, 
f. [1℄). A 
onta
t metri
manifold �M for wi
h �� is Killing is 
alled a K-
onta
t manifold. We also re
all thaton a K-
onta
t manifold it is valid �R( �X; ��)�� = �X � ��( �X)��, �X 2 X ( �M), where �Ris the 
urvature tensor of �M . A 
onta
t stru
ture on �M2r+1 gives rise to an almost
omplex stru
ture on the produ
t �M2r+1�R, where R is the real line. If this almost
omplex stru
ture is integrable, the 
onta
t metri
 manifold is said to be Sasakian.Equivalently, a 
onta
t metri
 manifold is Sasakian if and only if�R( �X; �Y )�� = ��( �Y ) �X � ��( �X) �Y ; X; Y 2 X ( �M):The k-nullity distribution (e.g., see [13℄) of a Riemannian manifold (M;<;>) fora real number k is the distributionN(k): p! Np(k) = f �Z 2 Tp( �M)j �R( �X; �Y ) �Z = k(< �Y ; �Z > �X� < �X; �Z > �Y )gfor any �X; �Y 2 Tp( �M). From now on, if we don't refer something else, we supposethat �M is a 
onta
t metri
 manifold with �� belonging to the k-nullity distribution,i.e.,(2:2) �R( �X; �Y )�� = k(��( �Y ) �X � ��( �X) �Y ); �X; �Y 2 X ( �M):In parti
ular, if �M is Sasakian, then k = 1.Then the following lemma is needed later ([11℄, [13℄ and [8℄).Lemma 2.1 Let �M be a 
onta
t metri
 manifold with �� belonging to the k-nullitydistribution. Then we have(2:3) �Q�� = (2nk)��; �h2 = (k � 1)��2 (and hen
e k � 1);(2:4) ( �r �X ��) �Y = � < �X + �h �X; �Y > �� + ��( �Y )( �X + �h �X) (and thus �r�� �� = 0);(2:5) �( �r �X�h) �Y + ( �r �Y �h) �X = (1� k)(2 < �X; �� �Y > �� + ��( �X)�� �Y � ��( �Y )�� �X)+ ��( �X)���h�Y � ��( �Y )���h �X;for any ve
tor �elds �X; �Y 2 X ( �M), where �Q is the Ri

i operator on �M .



Invariant Submanifolds and Their Se
ond Fundamental Forms 11If �X is a unit ve
tor whi
h is orthogonal to ��, we say that �X and �� �X span a��-se
tion. If the se
tional 
urvature �H( �X) of all ��-se
tions is independent of �X, wesay that �M is of pointwise 
onstant ��-se
tional 
urvature.Then we get the following theorem [8℄.Theorem 2.1 Let �M be a 
onta
t metri
 manifold with �� belonging to the k-nullitydistribution. If �M is of pointwise 
onstant ��-se
tional 
urvature �H, then the 
urvaturetensor has the following form:(2:6)4 �R( �X; �Y ) �Z = ( �H + 3)(< �Y ; �Z > �X� < �X; �Z > �Y ) + ( �H � 1)(��( �X)��( �Z) �Y� ��( �Y )��( �Z) �X + ��( �Y ) < �X; �Z > �� � ��( �X) < �Y ; �Z > ��++ < �� �Y ; �Z > �� �X+� < �� �X; �Z > �� �Y � 2 < �� �X; �Y > �� �Z + 4(K � 1)(��( �Y )��( �Z) �X� ��( �X)��( �Z) �Y + ��( �X) < �Y ; �Z)�� � ��( �Y ) < �X; �Z)��)+ 4(< �h�Y ; �Z > �X� < �h �X; �Z > �Y+ < �Y ; �Z > �h �X� < �X; �Z > �h �Y+ ��( �X)��( �Z)�h �Y � ��( �Y )��( �Z)�h �X + ��( �Y ) < �h �X; �Z > ��� ��( �X) < �h �Y ; �Z > ��) + 2(< �h �Y ; �Z > �h �X� < �h �X; �Z > �h�Y+ < ���h �X; �Z > ���h�Y� < ���h�Y ; �Z > ���h �X);where �H is 
onstant on �M if n 6= 1.3 Invariant submanifoldsLet �M = �M2r+1(��; ��; ��;<;>) be a 
onta
t metri
 manifold. A submanifold M =M2n+1 of �M is said to be invariant if(i) �� is tangent to M everywhere on M ;(ii) ��X is tangent to M for any tangent ve
tor X to M .It is well-known that any invariant submanifold M with indu
ed stru
ture tensor(�; �; �;<;>) of �M is also 
onta
t metri
 manifold and is minimal in �M (e.g., [3℄, [4℄).If we de�ne an operator h = � 12L�� in an invariant submanifold M(�; �; �;<;>) of a
onta
t metri
 manifold �M(��; ��; ��;<;>), then we have the results that h is symmetri
,h anti-
omutes with � (i.e., �h+h� = 0), h� = 0, �Æh = 0 and Tr h = 0. Moreover, bythe de�nition of �h, we 
an see that �hX is tangent to M and �hX = hX for X 2 X (M)(see [5℄).Let X (M)? be the set of all ve
tor �elds normal to M . We denote by �r the 
o-variant di�erentiation in �M and r the one inM determined by the indu
ed metri
 onM . If we denote by A the se
ond fundamental form ofM , then the Gauss-Weingartenformulas are given by�rXY = rXY +B(X;Y ); �rXN = �AN (X) +DXN;X; Y 2 X (M); N 2 X (M), where < AN (X); Y >=< B(X;Y ); N > and D is thelinear 
onne
tion in the normal bundle T (M)?. The 
ovariant derivative of B is givenby



12 H.Endo(rXB)(Y; Z) = DX(B(Y; Z))�B(rXY; Z)�B(Y;rXZ):For X;Y 2 X (M), the Gauss-Weingarten formulas implies(3:1) ( �R(X;Y )Z)T = R(X;Y )Z �AB(Y;Z)(X) +AB(X;Z)(Y );where T is the tangential proje
tion on M . For any tangent ve
tor �eld W on M weobtain the Gauss equation(3:2) < ( �R(X;Y )Z;W > = < R(X;Y )Z;W > � < B(Y; Z); B(X;W ) > ++ < B(X;Z); B(Y;W ) > :On the other hand, using the Gauss-Weingarten formulas, we get(3:3) (R(X;Y )N)? = R?(X;Y )�B(AN (Y ); X) +B(AN (X); Y );where X;Y 2 X (M), N 2 X (M)? and R?(X;Y ) = [DX ; DY ℄�D[X;Y ℄.We need the following lemma later.Lemma 3.1 [([3℄, [5℄)℄. Let M be an invariant submanifold of a 
onta
t metri
 mani-fold �M . Then the se
ond fundamental form A of M satis�es AN� = ��AN , AN� = 0,N 2 X (M)?.Let �M be a 
onta
t metri
 manifold with �� = � belonging to the k-nullity distri-bution. Then, by (2.2), we have�R(X;Y )� = k(��(Y )X � ��(X)Y ) = k(�(Y )� �(X)Y ):Here, from the Gauss equation and Lemma 3.1 we �nd �R(X;Y )� = R(X;Y )�. There-fore we get R(X;Y )� = k(�(Y )X � �(X)Y ), so that, M is also a 
onta
t metri
manifold with � belonging to the k-nullity distribution. So, we have the followingidentities:(3:4) Q� = 2nk�; h2 = (k � 1)�2 (and hen
e k � 1);(3:5) (rX�)Y = � < X + hX; Y > � + �(Y )(X + hX);(3:6) �(rXh)Y + (rY h)X = (1� k)(2 < X;�Y > � + �(X)�Y � �(Y )�X+ �(X)�hY � �(Y )�hX;for any ve
tor �elds X;Y 2 X (M), where Q is the Ri

i operator on M .Here we have the following.Lemma 3.2 Let �M be a 
onta
t metri
 manifold with �� belonging to the k-nullitydistribution. If M is an invariant submanifold of �M , then the following are satis�ed(3:7) �AN = A�N ;(3:8) ( �rXh)N = 0;(3:9) hAN = A�hN ;(3:10) ANh = hAN ; X; Y 2 X (M); N 2 X (M)?:



Invariant Submanifolds and Their Se
ond Fundamental Forms 13Proof. At �rst we prove (3.7). From the Gauss formula we see that(3:11) ��( �rXY ) = �(rXY ) + ��B(X;Y ):On the orher hand, by (2.4) and the Gauss formula, we �nd(3:12) ��( �rXY ) = �rX(��Y )� ( �rX ��)Y= �rX(�Y )+ < X + hX; Y > � � �(Y )X � �(Y )hX= (rX�)Y + �(rXY ) +B(X;�Y )+ < X + hX; Y > � � �(Y )X � �(Y )hX:Taking the normal parts of (3.11) and (3.12), we get ��B(X;Y ) = B(X;�Y ). Thus we�nd �AN = A�N .Next we prove (3.8) and (3.9). By Weingarten formula, we get the following twoequations:(3:13) �rX(�hN) = �A�hN (X) +DX(�hN);(3:14) �rX(�hN) = ( �rX�h)N + �h( �rXN)= ( �rX�h)N + �h(�AN (X) +DXN)= ( �rX�h)N � �hAN (X) + �hDXN):On the other hand, we haveL�( �rX ��)N � �rX (L� ��)N � ( �r[�;X℄ ��)N = 0;from whi
h, we obtain( �rX�h)N = �12L�( �rX ��)N + 12( �r[�;X℄ ��)N:Here, from (2.4), we see that ( �rX ��)N = ( �r[�;X℄ ��)N = 0. Thus we get ( �rX�h)N = 0.Taking the tangential parts of (3.13) and (3.14), we �nd our result.Last we prove (3.10). Using the Gauss formula, we get(3:15) �rX (�hY ) = ( �rX�h)Y + �h( �rXY )= ( �rX�h)Y + �h(rXY +B(X;Y ))= ( �rX�h)Y + �h(rXY ) + �h(B(X;Y )):On the other hand, we �nd(3:16) �rX(�hY ) = �rX (hY )= rX (hY ) +B(X;hY )= (rXh)Y + h(rXY ) +B(X;hY ):From (3.15) and (3.16), we have



14 H.Endo(3:17) ( �rX�h)Y + �h(B(X;Y )) = (rXh)Y +B(X;hY ):Inter
hanging X and Y in the above equation, we �nd(3:18) ( �rY �h)X + �h(B(Y;X)) = (rY h)X +B(Y; hX):Subtra
ting (3.17) from (3.18) and using (2.5), we obtain B(X;hY ) = B(Y; hX), fromwhi
h ANh = hAN .Using Lemma 3.2, we get the following lemma.Lemma 3.3 Let �M2r+1 be a 
onta
t metri
 manifold with �� belonging to the k-nullitydistribution. If M2n+1 is invariant submanifold of �M2r+1. Then we have Tr hA2 = 0and (Tr ha)2 � 2n(1� k)Tr A2.Proof. At �rst, h is represented by the following matrix form (see [13℄, pp. 446):
h = 0BBBBBBBBBB�

�1 0. . . �n ��1 . . . ��n0 0
1CCCCCCCCCCAwhere �i = p1� k; (1 � i � n). From (3.10) we 
an take the same orthogonalmatrix as h's one to orthogonalize A. Therefore, from Lemma 3.1, A is expressed asin the following:

A = 0BBBBBBBBBB�
�1 0. . . �n ��1 . . . ��n0 0

1CCCCCCCCCCAThus, we get Tr hA = 2p1� k(�1 + � � �+ �n) and Tr hA2 = 0, from whi
h(Tr hA)2 = 4(1� k)(�1 + � � �+ �n)2� 4n(1� k)(�21 + � � �+ �2n)= 2n(1� k)Tr A2:The following two theorems are known ([5℄, [2℄).Theorem 3.1 Let M be an invariant submanifold of a 
onta
t manifold �M . ThenAN = ANh if and only if (rXAN )� = 0.



Invariant Submanifolds and Their Se
ond Fundamental Forms 15Theorem 3.2 Let M2n+1 be a 
onta
t metri
 manifold with R(X;Y )� = 0 for allve
tors X and Y . Then M2n+1 is lo
ally the Riemannian produ
t of a 
at (n + 1)-dimensional manifold and an n-dimensional manifold of positive 
urvature 4.By Theorem 3.2, we get the following lemma.Lemma 3.4 Let �M2r+1 be a 
onta
t metri
 manifold with �� belonging to the k-nullitydistribution, and let M2n+1 be an invariant submanifold of �M . If the se
ond funda-mental form A of M2n+1 is 
ovariant 
onstant, them either M2n+1 is totally geodesi
,or M2n+1 is lo
ally the Riemannian produ
t of a 
at (n + 1)-dimensional manifoldand an n-dimensional manifold of 
onstant 
urvature 4.Proof. By Theorem 3.1 and out assumption, we get AN = ANh. Therefore, fromLemma 2.1, i.e. follows that An = ANh = ANh2 = AN (k � 1)�2. By Lemma 3.1 we�nd ANX = (k � 1)AN (�X + �(X)�) = (1� k)ANX:This implies kANX = 0, from whi
h k = 0 or ANX = 0. In the 
ase of ANX = 0,X 2 X (M), M2n+1 is totally geodesi
. When we have k = 0, by Theorem 3.2,M2n+1is lo
ally the Riemannian produ
t of a 
at (n + 1)-dimensional manifold and an n-dimensional manifold of 
onstant 
urvature 4.We now suppose that the ambient manifold �M is a 
onta
t metri
 manifold with�� belonging to the k-nullity distribution and with 
onstant ��-se
tional 
urvature �H .Then we have(3:19)R(X;Y )Z = �H + 34 (< Y;Z > X� < X;Z > Y ) + �H � 14 (�(X)�(Z)Y��(Y )�(Z)X + �(Y ) < X;Z > � � �(X) < Y;Z > �+ < �Y;Z > �X� < �X;Z > �Y � 2 < �X; Y > �Z)+(k � 1)(�(Y )�(Z)X � �(X)�(Z)Y + �(X) < Y;Z > ���(Y ) < X;Z > �)+ < hY;Z > X� < hX;Z > Y+ < Y;Z > hX� < X;Z > hY + �(X)�(Z)hY��(Y )�(Z)hX + �(Y ) < hX;Z > � � �(X) < hY;Z > �)+ 12 (< hY;Z > hX� < hX;Z > hY+ < �hX;Z > �hY� < �hY;Z > �hX) +AB(Y;Z)X �AB(X;Z)Y;(3:20) (rXB)(Y; Z)� (rY B)(X;Z) = 0;
(3:21) Ri
(Y; Z) = �n( �H + 3) + ( �H � 1)2 + (k � 1)� < Y;Z > ++ �(2n� 1)(k � 1)� (n+ 1)( �H � 1)2 � �(Y )�(Z)++ 2(n� 1) < hY;Z > �Pi < B(X; ei); B(Y; ei) >;



16 H.Endo(3:22) S
 = n2( �H + 3) + n( �H + 1) + 4n(k � 1)�Xi;j < B(ei; ej); B(ei; ej) >;where feig is an orthonormal basis of M , Ri
 is the Ri

i 
urvature on M and S
 isthe s
alar 
urvature on M (see [8℄).4 Simon's type formula of invariantsubmanifoldsIn this se
tion, we assume that �M = �M2r+1(��; ��; ��;<;>) be a 
onta
t metri
 manifoldwith �� belonging to the k-nullity distribution and with pointwise 
onstant se
tional
urvature �H , and letM =M2n+1(�; �; �;<;>) be an invariant submanifold of �M . Weput p = r � n. First we have (2.6). Sin
e any invariant submanifold M of a 
onta
tmetri
 manifold �M is minimal, its se
ond fundamental form A satis�es(4:1) r2A = �A Æ ~A�A� ÆA+ �R(A) + �R0;where �R(A) and �R0 are de�ned by setting(4:2)< �R(A)W (X); Y > = 2n+1Pi=1 f2 < �R(ei; Y )B(X; ei);W > ++ 2 < �R(ei; X)B(Y; ei);W > �� < AW (X); �R(ei; Y )ei > � < AW (Y ); �R(ei; X)ei >< �R(ei; B(X;Y ))ei;W > �2 < AW (ei); �R(ei; X)Y >g;< �R0(X); Y >= 2n+1Xi=1 �< �rX ( �R)(ei; Y )ei;W > + < �rei ( �R)(ei; X)Y;W >� ;where X;Y 2 Tm(M),W 2 Tm(M)? and e1; : : : ; e2n+1 is a frame in Tm(M) (see [12℄,pp. 81). The operator ~A is de�ned by(4:3) ~A = At ÆA;where At is the transpose of A. Let v1; v2; : : : ; v2p be a frame for Tm(M)?. Then theoperator A� is de�ned by setting A� = P2pi=1 ad Aiad Ai. Here we denote avi by Aito simplify. ~A and A� are symmetri
 and positive semi-de�nite operators. Sin
e �Mis of 
onstant ��-se
tional 
urvature �H , from (2.1), (2.6), (3.3), (3.4), Lemma 3.1 andLemma 3.2 we get, after lengthly 
omputation,< �R(AW )(X); Y >+< �R0W (X); Y > = (n+2) �H+3n�2(k�1)2 < AWX;Y >+ 2n < hAWX;Y >�2TrhAW <X; Y >+ 2�(X)�(Y )TrhAW�TrhAW <hX; Y> :Hen
e we get by (4.1) and Lemma 3.1



Invariant Submanifolds and Their Se
ond Fundamental Forms 17(4:4)� < r2A;A > = < A Æ ~A;A > + < A� ÆA;A > � (n+2) �H+3n�2(k�1)2 kAk2; �2nPW Tr h(AW )2 +PW (Tr hAW )2;where kAk denotes the length of the se
ond fundamental from A. From (4.3) Lemma3.2 we 
an see easily that �� ~A = ~A��. And ~A is symmetri
, positive semi-de�nite atea
h point m 2 M . Hen
e we 
an 
hoose an orthogonal basis v1; : : : ; vp; ��v1; : : : ; ��vpof Tm(M)? with respe
t to whi
h the matrix form of ~A is of the formA = 0BBBBBBBB� a21 0. . . a2p a21 . . .0 a2p
1CCCCCCCCAWe 
an see that12p(2 pXt=1 a2t )2 �< A Æ ~A;A >= 2 pXt=1 a4t = 2(( pXt=1 a2t )2 � pXt6=s a2ta2s)(also see [12℄, pp. 93, pp. 94). From this we have(4:5) 12pkAk4 �< A Æ ~A;A >� 12kAk4:Here we de�ne the operator A� = 2pPi=1(Ai)2 whi
h is also a symmetri
, positive semi-de�nite operator. Taking a basis e1; : : : ; en; �e1; : : : ; �en, � 2 Tm(M), by Lemma 3.1and (3.7) we have �AaAb�Aa = �AaAbAa. Therefore we obtain< A� ÆA;A >= 2pXa;b=1 k[Aa; Ab℄k2 = 2Tr (A�)2:Sin
e A� is symmetri
 positive semi-de�nite and �A� = A��, by using a suitableframe A� is represented by the matrix formA� = 0BBBBB� �1 0. . . �2n0 0;

1CCCCCAwhere �n+t = �t, �t � 0. Then we have< A� ÆA;A >= 2 2nXi=1 �2i � 1n ( 2nXi=1 �i)2 = 1nkAk4;



18 H.Endo< A� ÆA;A > = 2(( 2nPi=1 �i)2 � 2nPi6=j �i�j)= 2( 2nPi=1 �i)2 � 8 nPt6=s�t�s� < A� ÆA;A > :Consequently we get the following inequality(4:6) 1nkAk4 �< A� ÆA;A >� kAk4:Therefore (4.4), (4.5), and (4.6) and Lemma 3.3 imply(4:7) � < r2A;A >� [ 32kAk2 � 12((n+ 2 �H + 3n) + (2n� 1)(1� k)℄kAk2:If M is 
ompa
t, then we get� ZM < r2A;A >= ZM < rA;rA > :Theorem 4.1 Let �M2r+1 be a 
onta
t metri
 manifold with �� belonging to the k-nullity distribution and with 
onstant ��-se
tional 
urvature �H, and let M2n+1 be a
ompa
t invariant submanifold of �M2r+1. Then either M2n+1 is totally geodesi
 in�M2r+1, or M2n+1 is lo
ally the Riemannian produ
t of a 
at (n + 1)-dimensionalmanifold and an n-dimensional manifold of 
onstant 
urvature 4, or at some pointm 2M2n+1 the following inequality holdskAk2(m) > 13((n+ 2) �H + 3n� 2(2n� 1)(1� k)):Proof. From (4.7), we getZM [ 32kAk2 � 12((n+ 2) �H + 3n) + (2n� 1)(1� k)℄kAk2 � ZM < rA;rA >� 0:Suppose kAk2 � 13((n + 2) �H + 3n � 2(2n � 1)(1 � k)) everywhere. Then the se
-ond fundamental form of M2n+1 is 
ovariant 
onstant, from whi
h M2n+1 is totallygeodesi
, or M2n+1 is lo
ally the Riemannian produ
t of a 
at (n + 1)-dimensionalmanifold and an n-dinemsional manifold of 
onstant 
urvature 4. Therefore, ex
eptfor this possibility, at some point m 2M2n+1,kAk2(m) > 13((n+ 2) �H + 3n� 2(2n� 1)(1� k)):If �M2r+1 is of 
onstant ��-se
tional 
urvature �H , then the s
alar 
urvature S
 ofM2n+1 is given by (3.22). Consequently we get the following 
orollary.Corollary 4.1 Under the same assumption as in Theorem4:1, M2n+1 is totallygeodesi
 in �M2r+1, or M2n+1 is lo
ally the Riemannian produ
t of a 
at (n + 1)-dimensional manifold and an n-dimensional manifold of 
onstant 
urvature 4, or atsome point m 2M ,S
(m) < n2( �H + 3) + n( �H + 1) + 4n(k � 1)� 13((n+ 2) �H + 3n� 2(2n� 1)(1� k)):Remark 4.1 In the 
ase of whi
h �M2r+1 is Sasakian, we have k = 1. Then Theorem4.1 and Corollary 4.1 be
ome the results of Kon ([9℄; pp:136).
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ond Fundamental Forms 195 Invariant submanifolds with trivial normal
onne
tionIn this se
tion, we study, in the same way as Kon leads, invariant submanifolds withtrivial normal 
onne
tion. Let �M be a 
onta
t metri
 manifold with �� belonging tothe k-nullity distribution and with 
onstant ��-se
tional 
urvature �H , and let M be aninvariant submanifold of �M . Throughout in this se
tion, we assume that the normal
onne
tion of M trivial, i. e., R? = 0. By the assumption and (3.3) we obtain< ( �R(X;�Y )V )?; ��V >= � < B(AV (�Y ); X); �V > + < B(AV (X); �Y ); ��V >;where X;Y 2 Tm(M) and V is a unit ve
tor in Tm(M)?. From (2.6) the left handside of this be
omes< ( �R(X;�Y )V )?; ��V >= 12(1� �H) < �X; �Y >;and by Lemma 3.1 and Lemma 3.2 we see that� < B(AV (�Y ); X)��V > + < B(AV (X); �Y ); ��V >= 2 < AV (X); AV (Y ) > :Hen
e we get(5:1) (1� �H) < �X; �Y >= 4 < AV (X); AV (Y ) > :From this we obtain the following result.Proposition 5.1 Let �M be a 
onta
t metri
 manifold with �� belonging to the k-nullitydistribution and with 
onstant ��-se
tional 
urvature �H. If the normal 
onne
tion ofan invariant submanifold M of �M is trivial, then �H � 1 and equality holding if andonly if M is totally geodesi
 in �M .Lemma 5.1 Let �M be a 
onta
t metri
 manifold with �� belonging to the k-nullitydistribution and with 
onstant ��-se
tional 
urvature �H, and let M be an invariantsubmanifold of �M with trivial normal 
onne
tion. Let V and W be unit ve
tors inTm(M)?. If V is orthogonal to W , then(5:2) AV AW +AWAV = 0:Proof. We may 
onstru
t a new unit ve
tor (V +W )=p2 in Tm(M)?. In view of(5.1) we see that for any ve
tors X;Y 2 Tm(M)< AVAW (X); Y > + < AWAV (X); Y >= 0;whi
h proves (5.2).Theorem 5.1 Let �M2r+1 be a 
onta
t metri
 manifold with �� belonging to the k-nullity distribution and with 
onstant ��-se
tional 
urvature �H. If M2n+1 is invariantsubmanifold of �M2r+1 and the 
odimension of M is greater than 2, then the following
onditions are equivalent:(I) the normal 
onne
tion of M is trivial, i.e., R? = 0;(II) �H = 1 and M is totally geodesi
 in �M .



20 H.EndoProof. From (2.6) and (3.3) it is 
lear that the 
ondition (II) implies the 
ondition(I). Let us assume the 
ondition (I) and that M is not totally geodesi
 in �M . Lete1; : : : ; e2n; � be a �-basis in Tm(M) su
h that en+i = �ei. If AV (ei) = 0 for someunit V 2 Tm(M), then (5.1) implies that M is totally geodesi
. Therefore AV (ei) 6= 0for any V and ei. From (5.1) we 
an see that A(e1); : : : ; A(e2n are linearly independent.On the other hand, by (3.3) and (5.2) we get< ( �R(X;Y )V )?;W >= 2 < AV (X); AW (Y ) >;where X;Y 2 Tm(M) and W is a unit ve
tor in Tm(M)? whi
h is orthogonal to V .Using (2.6), we obtain< ( �R(X;Y )V )?;W >= 12 << X;�Y > ��V;W > :Hen
e we have(5:3) (1� �H) << X;�Y > ��V;W ) = 4 < AV (X); AW (Y ) > :If 2p > 2, we 
an take W whi
h is orthogonal to V and ��V . Then regarding to(5.3), it follows that < AV (X); AV (Y ) >= 0 for any X;Y 2 Tm(M). And by theassumption, AW (ei) 6= 0 for any i (i = 1; : : : ; 2n). Therefore AV (ei) is orthogo-nal to AW (ej) for any i; j. Consequently AV (e1); : : : ; AW (e2n); AW (e1); : : : ; AW (e2n)are linearly independent. But ea
h AV (ei) and AW (ei) are in Tm(M) and we havedim Tm(M) = 2n + 1. This is the 
ontradi
tion. Therefore M is totally geodesi
 in�M and hen
e �H = 1.Remark 5.1 In the 
ase of whi
h �M is Sasakian, Theorem 5.1 turns out a result ofKon ([9℄; pp:138).Referen
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