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AbstratUsing an entended version of the Ionesu Tulea-Marinesu ergodi theoremwe give a re�ned spetral analysis of general lipshitzian kernels.Mathematis Subjet Classi�ation: 46E15, 47A75, 47B06, 47B48Key words: ontration oeÆients, spetral radius, essential spetral radius, Doeblin-Fortet property.1 IntrodutionThe aim of this paper is to obtain some spetral properties of general lipshitziankernels. To state these properties we use a basi tool whih onsists in the extendedversion of the Ionesu Tulea-Marinesu ergodi theorem. We also bring into evidenethat the ontration oeÆients play a key role in the study of lipshitzian kernels.The impat of these oeÆients being so noted, the spetral radius of the transitionoperator in the Banah spae of ontinuous funtions is established. In Setion 3 weobtain a re�ned spetral analysis of general lipshitzian kernels. The main result ofthis paper enables us to onlude that the transition operator is quasi-ompat onthe Banah spae of Lipshitz funtions and moreover to obtain some informationsabout the spetral radius, respetively the essential spetral radius of this operator.2 PreliminariesLet (W;d) be a ompat metri spae. For any funtion f 2 C(W ) = the olletionof all bounded ontinuous omplex-valued funtions on W , setj f j1= supfj f(w) j w 2Wg;s(f) = supn jf(w)�f(w0)jd(w;w0) j w;w0 2W; w 6= w0o ;kfk =j f j1 +s(f):Let L(W ) = ff j f 2 C(W ); kfk <1g be the olletion of all bounded Lipshitzomplex-valued funtions onW . As is well known, C(W ) and L(W ) are Banah spaesunder j j and k k, respetively.Balkan Journal of Geometry and Its Appliations, Vol.3, No.1, 1998, pp. 135-138Balkan Soiety of Geometers, Geometry Balkan Press



136 G.I.SebeLet f(W;W); (X ;X ); u; �g be a quadruple, where1) (W;W) and (X;X ) are arbitrary measurable spaes;2) u :W �X !W is a (W 
X ;W) - measurable map;3) � is a transition measure from (W;W) to (X;X ) i.e.8w 2 W �(w; ) is a �nite positive measure on (X;X )8A 2 X �( ;A) is a measurable funtion on (W;W).We also assume that supfj �( ; A) j1j A 2 Xg <1;supfs(�( ; A)) j A 2 Xg <1:We denote by x(n) the element (x1; :::; xn) 2 Xn. For any n 2 N?, let us de�nereursively the maps u(n) : W �Xn ! W by the equationu(n+1)(w; x(n+1)) = ( u(w; x1); if n = 0;u(u(n)(w; x(n)); xn+1); if n 2 N?:We shall simply write wx(n) for u(n)(w; x(n)), whenever no onfusion is possible.Using this onvention, the above equation beomeswx(n+1) = ( wx1; if n = 0;(wx(n))xn+1; if n 2 N?:For every w 2 W; n 2 N? and A 2 X n let us de�ne�n(w;A) = ( �(w;A); if n = 1;Qn�1i=0 RX �(wx(i); dxi+1)XA(x(n)); if n >1:It is obvious that, for n 2 N? �xed, �n is a transition measure from (W;W) to(Xn;X n).3 Spetral PropertiesLet B(W;W) be the Banah spae of bounded W-measurable omplex-valued fun-tions f on W , under the supremum norm.Let us de�ne the transition operator U : B(W;W)! B(W ;W),Uf(w) = ZX f(wx)�(w; dx):The iterates of the operator U are given byUnf(w) = ZXn f(wx(n))�n(w; dx(n)); n 2 N?:Let us de�ne the ontration oeÆient, (Un), of the operator Un bysup�ZXn d(wx(n); w0x(n))d(w;w0) �n(w; dx(n)) j w;w0 2W; w 6= w0� :



On General Lipshitzian Kernels 137Taking into aount that (Um+n) � (Um)(Un), let us put�(U) = limn!1 (Un)1=n:U ats on C(W ) and L(W ) with spetral radius ~r(U) and r(U) respetively.Clearly, we obtain ~r(U) = limn!1 j Un j1=n1 = limn!1 j Un1 j1=n1 :But the aim of this paper is to give a more re�ned spetral analysis of U . So, wealso onsider the essential spetral radius ress(U) of U . In the sequel we shall obtaindeeper properties of U using an extended version of the Ionesu Tulea-Marinesuergodi theorem.Let us reall this theorem.Theorem [3℄, [5℄. If a bounded linear operator U on a Banah spae Y with spe-tral radius r(U) and essential spetral radius ress(U) has the Doeblin-Fortet propertyDF (r), where r � 0, i.e.,1. U : (Y; k k)! (Y; j j) is a ompat operator2. 8n 2 N?; 9Rn; rn 2 R+ suh thatlimn!1 inf(rn)1=n = r < r(U)kUnyk � rnkyk+Rn j y j; 8y 2 Y;then ress(U) � r < r(U). Moreover U=r(U) is a quasi-ompat operator on (Y; k k).The above theorem allows us to study the ation of the operator U on the lassof Lipshitz funtions and to obtain a muh more preise result.Theorem. If (U) < 1, then the operator U ats on C(W ) and L(W ) and hason C(W ) the spetral radius ~r(U) = limn!1 j Un1 j1=n1 :If �(U) < ~r(U), then U=r(U) is a quasi-ompat operator on L(W ), ress(U) ��(U); r(U) = ~r(U); r(U) is an eigenvalue of U of maximal order between the eigen-values of modulus r(U) and the orresponding eigenfuntion is positive.Moreover, if U is an irreduible operator, i.e. for any w 2W and for any positiveand non-zero funtion f 2 C(W ), there exists an integer n � 1 suh that Unf(w) > 0,then r(U) is the only eigenvalue of modulus r(U) and the orresponding eigenspaeis generated by a strit positive funtion.Aknowledgements. A version of this paper was presented at the First Confer-ene of Balkan Soiety of Geometers, Politehnia University of Buharest, September23-27, 1996.Referenes[1℄ F.E.Browder, On the spetral theory of ellipti di�erential operators, Math. Ann142(1961), 22{130.
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