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Abstract

A generalized flag manifold is a homogeneous space G/ K whose isotropy sub-
group K is the centralizer of a torus in G. We show that the Einstein equation
for a G-invariant metric on G/K is invariant under the group of inner automor-
phisms of the Lie algebra of G that preserve the Lie algebra of K and a fixed
Cartan subalgebra of K.
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1 Introduction

A metric g on a Riemannian manifold M is called an FEinstein metric if Ric(g) =
cg, where Ric(g) is the Ricci tensor of the metric g, and ¢ is a constant. In [1] we
presented new G-invariant Einstein metrics for certain homogeneous spaces G/K
called generalized flag manifolds. These metrics were non-Kéhler and different from the
normal metric [9]. The methodology we used there was the reduction of the Einstein
equation to an algebraic system of equations through a Lie theoretic description of the
Ricci curvature Ric(g) and the G-invariant metric g. Let g and k be the Lie algebras
of G and K respectively, and h a fixed Cartan subalgebra of k. In this paper we show
that the Einstein equation for a generalized flag manifold is invariant under the group
of inner automorphisms of g that preserve h and k.

2 Generalized flag manifolds: Lie theoretic
description
Let G be a compact, connected and semisimple Lie group. A generalized flag manifold

is a homogeneous space M = G /K whose isotropy group K is the centralizer of a torus
in G. Equivalently, M is the adjoint orbit Ad(G)w (w some element in g) of w under
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the action of the adjoint representation Ad of G in g [5, 8]. Since G is semisimple
and compact, the Killing form B(X,Y) = trad(X)ad(Y") of g is nondegenerate and
negative definite on g, thus giving rise to an orthogonal decomposition of g as the
direct sum g = k @ m. This sum is Ad(K)-invariant, i.e. [m, k] C m. Moreover the
tangent space T, M of M can be identified with m. This identification is given by

d
X»—)X*(p):a(exth-p) , X em, pe M.
t=0

We fix a Cartan subalgebra hC of the complexified Lie algebra kC; then the
Cartan decompositions of gC and kC are given as follows:

gC=hC+ 3 g kC=nC+ Y g mC= 3 g,
a€ER aERK aERM

where R and Rk are the root systems of the pairs (gC,hC) and (kC, hC) respec-
tively. The root system R is decomposed as R = Ryx U Rjs where Ry is the set
of complementary roots. The spaces g(® are the 1-dimensional root spaces whose

elements X, are characterized by the equation [H,X,| = a(H)X,, H € hC. we
also recall that for any root a we can choose elements E, € g(® (a € R) which
have the properties B(Ey,E_o) = —1, [Eo, E_o4] = —H,, where H, is determined
by the equation B(H,,H) = a(H) for all H € hC, as well as [Eqy, Eg] = NogEots
for a, B € R, a+ € R, with coefficients N, g (structural constants). The set

{Eq : a € Ry} constitutes a basis for mC.

3 Invariant metrics

Having the decomposition gC - kC @ mC associated with the generalized flag
manifold M = G/K and the decomposition R = Rx U Ry of the root system R, we

set h=gn hC and define
t=2kC)Nh={Xeh:4(X)=0 Vée Rl
If h* and t* are the dual spaces of h and t, consider the restriction map
k:h" = t*
a k(a) = alg

and set Ry = k(R) = k(Rp) (note that k(Rg) = 0). The elements of Ry are called
t-roots. The benefit from these is that there is a one-to-one correspondence between

t-roots 7 and irreducible adg(kc)—invariant submodules MTC = Y. CE, of m©®
Kk(a)=1
[6, 2].
Now, a G-invariant metric on M = G /K can be described by an adg(k)-invariant

scalar product g on m, and we extend without any change in notation to mC. Let
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{w® : a € R} be the vector space basis in (mC)* which is dual to the basis {E, : a €
Ry }. We fix a system of positive roots RT = R};URL, where R}} = RkgkNR™T, Rj\;[ =
Ry NRT, and set Rt+ = k(R™T). The following proposition gives a description of the
invariant metrics on M.

Proposition 1 [3].Any real adg(kc)—invariant scalar product g on mC has the form

g= Z Jaw* Vw™ = Z gr Z w* Vw9,

a€RY, reR;;r acr=(T)

1
where wV p = 5(m®p+p®¢d); Jda € RY, and go = g5 if aly = Bl¢ so the invariant

Riemannian metrics on a generalized flag manifold M = G/K depend (modulo the
scale factor) on |R;_,r| parameters.

4  The Ricci tensor and the Einstein equation

The Ricci tensor can now be determined by its value on the basis {E, : @ € Ry}
We have the following

Proposition 2 [2]. The Ricci tensor for an invariant metric g described in proposition
1 is given by

Ric(Ey,Ez) =0, a,fE€ Ry ,a+ ¢ Ry
; 2 1 No2z,6 2 2
Ric(Eq, E-o) = (a, ) + Z Na,¢ + 4 Z ——— (95 — (gat+s — 957),
SERK BER?, Ja+B98

atpER

where R, = Ry — k™ (k(a)). Thus the Einstein equation Ric(g) = cg reduces (after
normalizing either one of the g, or ¢ to 1) to an algebraic system of |R;_,r| equations
with |Rz'| unknowns.

5 Inner automorphisms

We recall that Adz, z € G is the derivative of the conjugation C, : g — zgz~! in G.
The group of inner automorphisms of a complex Lie algebra g consists of finite prod-
ucts of the form Adz, z € G, and it is a subgroup of the group of all automorphisms of
g. Further, the Weyl group of the root system R is the set of all linear transformations

on hg = >  RH, induced by inner automorphisms of g that preserves h. We can
a€ER
now state the main theorem.

Theorem. The set of equations that determine the Einstein condition for the general-
ized flag manifold M = G/K as given in proposition 2 is invariant under the group of
inner automorphisms of g that preserve h and k. Equivalently, it is invariant under
those elements in the Weyl group of R that preserve Ry .
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Proof. Without loss of generality we need to examine the effect of w = Adz on the
root elements E,, the structural constants N, g, the components g, of the G-invariant
metric g, and finally on the set of equations that determine the Einstein equation.

STEP 1 Action of Adz on E,.
Since Adz preserves h the equation o*(H) = B(H,Adz(H,)) defines a root a* so
that Adz(H,) = Hy-.

Claim: Adz(E,) = E,-.
We apply Adz to the equation [H, E,] = a(H)E, and obtain

(1) [Adz(H),Adz(E,)] = a(H)Adz(E,).
By the invariance of the Killing form under Adz we have that

a(H) B(H, H,) = B(Adz(H), Adz(H.,))

B(Adz(H), Ha-) = o*(Adz(H)).

(2)

From (1) and (2) we obtain
[Adz(H),Adz(E,)] = a”(Adz(H))Adz(E,),

which implies that Adz(E,) is the root vector E,« corresponding to the root a* up
to a constant. However the E,’s have been chosen so that this constant is normalized
to 1. Notice that a* also satisfies the equation

a*(H) = B(Adz"'(H),H,) = a(Adz""(H)) = w - a(H)

which is the usual definition of the action of an element w in the Weyl group on the
roots.

STEP 2 Transformation of N, g.

The numbers N, g are determined by the equation [Ey, Ey] = NogFEatp (@ +
B € R). Applying Adz to this equation and using step 1 we get [Eq-, Eg-] =
NogEaipys (@ 4+ B* € R), or No« g+ Eqeyp- = NogE(aip)+- The last equation
determines the action of Adz on N, g implicitly.

STEP 3 Transformation of g,.

Let w be an element in the Weyl group of R that preserves Ri. Then the diffeo-
morphism C, preserves K, thus it induces a map C, on G /K. Then Adz restricts to
amap dC. on m = T,(G/K), and consequently it takes an invariant metric g to a
new invariant metric Adz - g defined by

Adz - g(X,)Y) = g(Adz(X),Adz(Y)).
For X = E, and Y = E_,, this gives

Adz - go = g(Eax, E(—a)*) = Ga*.

STEP 4 Transformation of the system of equations.
We apply w = AdZ to the system of equations in proposition 2 and obtain
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N2, ..
@) @)= Y Vgt 3 (g~ (garis — 037 = g
vicn 4 .55, ar+p9p-
K B*€ERY,
a*+é*ER
We need to show that (3) is equivalent to
2 Ng*,ﬁ 2 2y _
@ = Y Not ] Y (g~ (gaess — 9)°) = g
befic pery, Jo+B9B

Since o* = w -« we can replace ¢ and 8 in (4) by * and v* respectively (for some
and v € R). Then we can use the invariance of Rx under w to obtain equation (3).

Example. Let G/K = SU(n)/S({U(n) x --- xU(n,)), n= Enl

According to [3] and [1] the Einstein equation reduces to the followmg system

ny
n;+n;+ < Z gz] (9i — gjl)2) = 9ij
l# i girgji

of %s(s — 1) equations with 1s(s — 1) unknowns g;;, the components of the SU(n)-
invariant metric g. The Weyl group of SU(n) is the group of permutations w of the
set {1,...,n} which acts on the set R = {€; —¢; : i # j} of roots of SU(n) according
to w(e; — €j) = €w(s) — €w(j), and on gi; by wgij = Gu(i),w(j)- The integers n; are
transformed by wn; = n;. Since w preserves Rk the set of equivalence classes
{l9s5] = 9ij ~ g1 & K(e; —€5) = k(er — €)} is closed under w. Thus the equations are
preserved.
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