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Abstract

In this study we consider Veronese Submanifold V™ which is a projective
m-space P isometrically imbedded in RmHsm(m+L) by its first standard imbed-
ding. We also consider the normal sections of V™. Finally we show that V™ is
of AW (3)-type.
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1 Introduction

Let M be an n-dimensional submanifold in (m + d)— dimensional Euclidean space
R"% Let V, v, and V denote the covariant derivatives in T (M), N(M) and R*¢

respectively. Thus % x is just the directional derivative in the direction X in R
Then for tangent vector fields X, ¥ and Z and normal vector field v over M we

have %X Y =VxY +h(X,Y) and %X v=-A,X+ 6)( v where h is the second
fundamental form and A, is the shape operator of M [3].

For tangent vector fields X,Y, Z, W over M we define V h and VV h as usual by
Vx h(Y,Z) = (Vx h)(Y, Z) + h(VxY,Z) + h(Y,Vx Z),

Vw (Vx B)(Y.2)) = (VwVx (Y, 2) + (Vx B)(VwY, Z)-

—(vx WY, VwZ) + (Vy b)(Vw X, Z).

2 Normal sections

Let M be a smooth n-dimensional submanifold in (n+d)-dimensional Euclidean space
R"". For a point z in M and a non-zero tangent vector X € T, M, we define the
(d + 1)—dimensional affine subspace E(z,X) of R"™ by

E(z,X) =z + span{X, T+ M}.
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In a neighborhood of = the intersection MNE(x, X) is a regular curve v : (—¢,¢) —
M. We suppose the parameter ¢t € (—¢,¢) is a multiple of the arc-length such that
~v(0) = 2 and 4'(0) = X. Each choose of X € T'(M) yields a different curve which is
called the normal section of M at x in the direction of X, where X € T,(M) [5]. For
such a normal section we can write

(1) v(t) =z + A1t)X + N(t),

where N(t) € Tt M and \(t) € R.
Definition 1. The submanifold M is said to have pointwise k-planar normal sections
(Pk— PNS) if for each normal section v, the higher order derivatives 4'(0), v"(0),...,
y(k+1)(0) are linearly dependent as vectors in R" ™,

If £ = 1, then M is totally geodesic. Taking k = 2, we note that submanifolds with
pointwise 2-planar normal sections have been classified. They have parallel second

fundamental form (i. e. V h = 0) or hypersurfaces [6], [1]. Taking k¥ = 3, we note that
submanifolds with pointwise 3-planar normal sections have been studied by various
mathematicians (see [7],[2]).
Proposition 1. Let «(t) be a normal section of an n—dimensional submanifold M
in R"™. Then M has Pk — PNS if and only if for every normal section, the normal
vectors N"'(0), N"'(0),..., N*+1)(0) are linearly dependent.
Proposition 2. Let v(t) be a normal section of M at point v(0) = z in the direction
of 4/(0) = X. Then

N"(0) = h(X, X),

N’”(O) = (§X h)(XaX)>

NE(0) = AN (0)R(X, X) + 3h(Apx,x)X, X) + (VxVx h)(X, X).
Proof. Let M be an n-dimensional submanifold of R"*¢. Let X be a unit vector
tangent to M at x € M and let v(s) be a normal section of M at p in the direction
of X with its arc-length and v(0) = z. We denote T' = 7/(s) the unit vector tangent
to the normal section. Then we have
¥'(s) =vr T = V7T + W(T,T)
¥"'(s) =VrVr T = VoVeT + WT,V1T) — AperryT+ Vr (W(T,T))
A (s) =VrVrVr T = VoVrVeT + 2h(VrVeT, T) — h(Aner )T, T)
~Vr(AnrnT) = 34nv 7. T + 6(Vr h)(VoT, T)
—A T + h(VrT,VeT) + (Vovr h)(T,T),
(Vrh)(T,T)
at s = 0. After some calculation we obtain

~(0) =X , N'(0) =0

7"(0) = h(X, X) = N"(0)
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7"(0) = VxVxX = Apx,x) X + (Vx h)(X,X) = X"(0)X + N"(0)

A (0) = (terms in T, M)+4A™) (0)A(X, X)+3h(Anx.x) X, X)+(Vx Vx h)(X, X) =
=\ (0)X + N™)(0).

For the normal parts we obtain the result.
Definition 2. Submanifolds are of AW (3) type if

(2) IN"(O)]I” N (0) =< N"(0), N (0) > N"(0).

(see [2]).

3 Veronese submanifolds

In this section we will consider the Veronese submanifold which is the first standard
imbedding of the real projective space P™ in R™*27(m+1)  The notation here is
essentially the same as in [4].

Let M (m+1;R) be the space of (m+1) x (m+1) matrices over R. It is considered
as an (m + 1)?>-dimensional Euclidean space with the inner product < A4, B >=
§tmceABT, where BT is the transpose of the matrix B.

Someone consider P as the quotient space of the hypersphere
S"={CeR™":(T¢=1}
obtained by identifying ¢ with (A, where ( is a column vector and A € R such that
Al = 1.

Define a mapping

$:8S™ - Hm+1;R)={Ae€ M(m+1;R): AT = A}

as follows
G GG = Colm
(3) FO=¢"= - - - =
CmCO CmCl - |Cm|2
for

(=(G)eS"CcR™', 0<i<m.

Then it is easy to verify that @ induces a mapping ¢ of P™ into H(m + 1;R):

(4) e(m(¢)) = 2(Q) = ¢,
where m : 8™ — P™ is a Riemannian submersion [4]. We simply denote ¢(7(¢)) by
o(C)-

From (3) the image of P™ under ¢ is given by

p(P™y={Ae Hm+ 1;R): A? = A and traceA = 1}.



4 K.Arslan and C.Ozgiir

Let A = (¢T be a point in p(P™). Consider the curve
(5) A(t) =¢¢Ts e R™

in o(P™) with A(0) = A and A4'(0) = X € Ta(P)™). From A%(t) = A(t) one gets
XAT + AXT = X. So we have

(6) TA(P™) ={X € Hm+ 1;R): XAT + AXT = X}.

Proposition 3 [4]. Let Y be a vector field tangent to P™ and X € T'4(P™). Consider
acurve A(t) in o(P™) so that A(0) = A and A'(0) = X. Denote by Y (¢) the restriction
of Y to A(t). Then

ARQY () + Y () A(R) =Y ().

Corollary 4. Let A(t) = ¢¢T; ¢ € R™ be a curve in p(P™). Then

(7) A(0) = X =¢a” +ag”,
where
(8) €0)=¢¢(0) =a.

Proof. Let A(t) = (¢T be a curve in p(P™) with A(0) = A and A'(0) = X € T4(P™).
Differentiating (5) we get

(9) A'(t) = ¢'¢ + ()T

Substituting (8) into (9) we obtain (7).

A vector v in H(m + 1;R) is normal to P™ at A if and only if < X,v >= 0 for
all X in T4(P™). Thus, v is in T4 (P™) if and only if trace(Xv) = 0 for all X in
TA(P™). Therefore by (6) we obtain

(10) Ty(P™) ={ve Hm+1;R): Av = vA}.

Proposition 5 [4]. If Y is a vector field as in the previous proposition and X €
TA(P™), then

Vx Y =Y'(0) = A(Vx ¥) + (Vx Y)A + XY + VX,

~

(11) h(X,Y)= (XY +VX)(I - 24),

and
VxYV =2XY+YX)A+ AVx Y)+ (Vx Y)A,

where J, is the second fundamental form of P™ in H(m+1;R) at A, V and ¥ denote
the induced connection on P™ and the Riemannian connection of the Euclidean space
H(m + 1;R) at A respectively.

Corollary 6. Let A(t) = (¢T be a curve in o(P™) with A(0) = A and A'(0) = X €
T4(P™). Then
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(12) h (X, X) = 2aa” — 2¢a’ at?.
Proof. Differentiating ¢7'¢ = 1 and using (9) we obtain
(13) a’e¢=0.

Substituting (13) and (7) into (11) we get the result.
Theorem 7 [4]. The isometric imbedding ¢ : S™ — H(m + 1;R), determined by (4),
is the first standard imbedding of P™ into H(m + 1,R) and P™ lies in a hypersphere

S(r) of H(m + 1;R) centered at

m+1 2
Definition 3. A real projective m-space P™ isometrically imbedded in

by its first standard imbedding ¢ determined by (4) is called the Veronese submanifold
V™ 4]

I and with radiusr = |/ E(m +1).

Rm+%m(m+1)

4 Normal section of V™
Let A € H(m + 1;R) be a symmetric matrix. Then we can decompose A into
A = gl AgET +[(1- &67) A"+
+ ETAQL - €N+ (1 - €€ A(L - €€7),

where ¢ € R™"! is the constant vector.
Interchanging A with the curve A(t) in o(P™) we get

Alt) = ETAMEET +[(1 - €6M)AMEET +
+ TAMQ - &N+ (1 - &N AN - &),

We consider A(t) as a normal section of V™ at point A(0) in the direction of
A (0). Then by (1) we get

(14) ABX = (1 - €M) A" + e A(t)(1 — €€7)
and

(15) N(t) = €€TAt)Ee™ + (1 - €M) A (1 - &€7).
Combining (14) with (15) we have

(16) At)a = (1 =N A,

where ¢ = ¢(0) and a = ¢ (0).

Theorem 8. Veronese submanifold V'™ is of AW (3) type.

Proof. The normal section A(t) of V™ at point A(0) € V™ in the direction of
A(0) =X =¢ta” +at”

is given by
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A(t) = ()¢t (),
where ((t) € V"™ ¢ R™"" and
(17) ¢ ()¢(t) = 1.

Differentiating (5) and (17) (surpressing the dependence of ¢ on t to simplify the
notation) we get

AW =0T +¢)T =N X + N (t),
(HT¢+¢T¢ =o.

Differentiating the previous equations and (10) respectively we obtain

(18) (C)TC+2()T¢C + (¢ =0,

(19) ATy =¢"¢T+ 20 ()T + T,
and

(20) N (Ba = (1-¢")A (1)

At the point ¢ = 0, substituting (8) into (18)-(20) we have
(21) ¢("==¢|lall

(22) A"(0) =0,

(23) A (0)=-2a|? " +2aa” = N"(0).

Differentiating (19)-(21) we get

(24) CTC+3(¢)TC+3HTC +¢T¢" =0
(25) AT =" +3¢ ()T +3¢ ()T + T,
(26) X' (e = (1- M)A ()€
At the point ¢ = 0, substituting (8), and (21) into (24)-(26) we have
(27) (T (0)¢ =0,
A" (0) ¢"(0)ET =3l al? &t =3 al? ag? +£(¢")T(0)

A (0)X + N (0),

(28) X"(0)a = ¢"(0) = 3alla .

So by the use of (27) we also get
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X"(0)X = ¢"(0)E" +&(¢")T(0) = 3a | a|* € —3¢a” | a |,
which implies
(29) N"(0) =0.

By definition V™ has parallel second fundamental form.
Now we want to show that V™ is of AW (3) type. First, differentiating (24)-(27)
we get

" " (iv)

(30) € TC+4CTC +6(CNTC + 4T +¢T¢T =0,

T (T 67 ()T +4C ("

@) A =¢ )T+ ¢,

(32) A (ta = (1—¢€T)A™ (1)e.

At the point ¢ = 0, substituting (8), (21) and (27) into (30)-(32) we have
¢y =llalte, A7 (0) =0,

(33) A"y =8 la|l* " =8 a|'= N (0).

Comparing (33) with (23) we get N (0) =41 al|? N"(0). So by Definition 2, V™
is of AW (3) type.
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