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Abstract

Let g be a Nilpotent Lie algebra over a field K of characteristic 0 whose
dimension is ten and the dimension of its maximal abelian ideal go is nine. The
aim of the present paper is to give the characteristic elements of these Nilpotent
Lie algebras.
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1 Introduction

The determination of characteristic elements of a given Nilpotent Lie algebra is an
open problem. In this paper we estimate the characteristic elements of the nilpotent
Lie algebras of dimension ten whose maximal abelian ideal is of dimension nine.

The whole paper contains four paragraphs. The first paragraph is the introduction
and the second is the preliminaries. In the third paragraph are described the nilpotent
Lie algebras of dimension ten whose the dimension of maximal abelian ideal is nine.
The characteristic elements of these Nilpotent Lie algebras are estimated in the forth
paragraph.

2 Preliminaries

We denote a base of a Nilpotent Lie algebra g of dimension n by {X7,...X,,}.For this
Lie algebra g we have the relation

n
(1) [X“XJ] = Zcijk Z).] = ]-> ey
k=1
where cfj are the structure constants of the Lie algebra g.

The invariants of g are the functions F'(z) which satisfy the relations
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2) [Xi,F(z)] =0, i=1,2,..n.

It has been discussed [4] to derive, which we adopt of replacing the X’ s by c¢-
number differential operators

(3) X, >z = kacfjaa:i,

which have the same commutation rule and act on a space of continuously differen-
tiable functions of n real variables. The commutation relations (2) are replaced by the
set of partial differential equations

4) 2:F () = 0,

which can be usually solved by the standard methods.Therefore, the solutions of (2)
are obtained from those of (4) by the replacements z; — X; provided that the factors
X; in F(z) can be ordered so that (4) implies (2). This method gives the invariants
of the algebra g. We have used here the base {X},...X,,} instead of {ey,...ep} . This
method has been used to construct the partial differential equations which form a
system.

Definition. Let Der(g) be the Lie algebra of derivations of g. The torus on g is
a commutative subalgebra of Der(g) consisting of semi-simple endomorphismus. A
torus T' is called mazimal, if it is not contained strictly in any other torus.

Let T be a maximal torus on g. Then g can be decomposed as follows

(5) 9= ¢°,

BeT*

where T* is the dual of T' and ¢? is defined by

(6) 9’ ={z € g/t(z) = B(t)z, VteT}.

The decomposition (5) is called weight system. The other notions, which are the
center of g, T-msg, root system, Generalised Cartan Matriz and Dynkin diagram, are
contained in the paper [5].

All the above characteristic elements will be given for the nilpotent Lie algebras,
over a field of characteristic zero and of dimension ten, whose maximal abelian ideal
is of dimension nine.

3 Nilpotent Lie algebras of dimension ten whose
maximal abelian ideal is of dimension nine

The Nilpotent Lie algebras of dimension ten whose maximal abelian ideal is of di-
mension nine are the following:

g10,1 : [61762] = €3, [61763] = €4, [617 65] = €g, [617 67] = €3, [ely 69] = €10
g10,2 : [61762] = €3, [61763] = €4, [617 64] = €5, [617 66] = ey, [ely 67] = €3,

le1,e9] = €10
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gio,3: le1,e2] =es3,[e1,e3] = eq,[e1,e4] = es,[e1,e5] = eq, [e1,e7] = es
[61,69] = €10
gio,4 - [61762] = €3, [61763] = €4, [61765] = €6, [61766] = ér, [61768] = €9,

[61,69] = €10

gio5:  [e1,e2] = es3,[er,e3] = eq,[e1,e4] = €5, [e1,e5] = eq, [e1,e7] = es,
le1, e8] = eg, [e1,e9] = €10
gio,6:  [e1,e2] = es3,[e1,e3] = eq,[e1,e4] = e5,[e1,e5] = eq, [e1,e6] = €7,

[e1,es] = eg, [e1,e9] = €10

gio,7 : [61762] = €3, [61763] = €4, [61,64] = €5, [61,65] = €6, [61,66] = ér,
[61,67] = €g, [61,69] = €10

gdio0,8 * [61,62] = €3, [61,63] = €4, [61,64] = €5, [61,65] = €6, [61,66] = €,

[e1,e7] = es, [e1, es] = eq, [e1,€9] = €10
4 Characteristic elements
We calculate the invariants of these Lie algebras. Firstly , we consider the Lie algebras

g1o,7 and gio8.
We consider the system of partial differential equations

e a—F+e aF+e 8F+e 6F+e 6F+e 6F+e aF—O
ot e T 86 ©CBer | Ches | TBes T “der ey
oF OF OF OF
“ ey 662 e 863 T 864 e 865 0
OF OF OF
er B ,—€s Ber , —€10 de 0
68F+68F+ 8F+ 8F+ 8F+ 8F+ 8F+ OF 0
: es— er— eg— — =
g10,8 36 1 Hen o 5864 6665 "5 oo 8 56 - 9868 €10 De
8F OF OF OF
- =0,—es— =0,—es— =0, —eg— =
© Bey 862 e 863 T 864 e 865 0
OF oF oF oF
—er—=0,—esm—=0,—eg— =0, =0.
e 866 o8 867 oo 868 105, 869

The solutions of the above linear systems of partial differential equations give the
invariants, which are :

Jl07 ¢ €s,€10, 1067 — €g€s, 2eges — €2, 3eses — 3egeger + €5, 2eses — 2ezer + 2eqe6 — €32,
desed — 2eiel — deserel + degeZeg — et
Seges — beseres — Seseges + Heiese? + Heregel — begesed + 3.

glos: €10,2€e10es — €3, 3ere3, — 3esegern + €3, 2e2e10 — 2e3€9 + 2e4e8 — 2e5e7 + e%,
deged, — 2e2,e2 — degere?, + degelern — eg,

4 2,2 34 5
Sesely — Begegely, — beresedy + berelyed + Segeiel, — Herpeses + €3,
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5 6
36ese3, — 36esegety + 18egeses, — berelyes + 6edges — Yezesed, + beipesey — €,

21063610 — 2106469610 + 2106568610 — 2106667610 + 2106961067 — 2106768610+
210egedes, — 210e3ese?, + 84egeipey — 12€].

From the above we have the
Theorem. The invariants of the Lie algebras g10,i,i=1,2,...8 are the following

. 2
gio,1 - €4,€6,€8,€10, 2ese4 — €3,€3€6 — €4€5,€E568 — €7€6, E€7€10 — €8€9.
. 2 2
Jgio,2 . €s5,€8,€10, 2ezes — ey, 2egeg — e7,€4€10 — €5€9, €710 — €3€9.
. 2
gio,3 : €6,€8, €10, 2egeq — €5,€5€10 — €6€9, €568 — €7€6, E€7€10 — €8€9,
2 3
3eseg — 3eseges + ex.
: 2 29 29 2
gio,4a - €4,€7,€10,4€2€4 — €3, 2€8€10 — €9, 4€5€7 — €g, €3€7 — €4€6,€3€10 — €4€9.
. 2 2 2 3
Jgio,s ¢ €6,€10, 2egeq — €5,€5€10 — €6€9, 2ejpe8 — €9, 367610 — 3egegerg + €9,

3636% — 3eqeges + eg, 2ese6 — 2e3e5 + ei.
. 2 2 2 3
gio,6 @ er,el0,2eser — eg, 610 — €7€y, 2e10€8 — €y, 3e4y — eseser + €5,
3 2 2 2 2 4
dege; — 2eze; — deqsege; + deseger — e,
Sesel — Begesel — Begegel + Selege? + begele? — Seseler + e
267 — 4€5€7 — 3€6€E7 566€7 4€g€E~7 5€6€T 6"
. 2 2 3 2
gio,r : es,e10,2ei0er — egeg, 2eses — €7,3e5eg — 3egeger + ey, 2eseg — 2eser + 2eses — €5,
deged — 2elel — deseqel + degeles — e,

Seseg — begeres — beseges + begeses + Sereges — Segeges + €.

gio,8 @ €10,2e10es — eg, 3676%0 — 3egegeg + eg, 2ese19 — 2eseg + 2e4e8 — 2ese7 + eg,
deged, — 2e3 ez — degerel, + degetery — ey,
Sesety — begegery — Beregely + bereloel + Segezel, — Sejoeses + ej,
36esel, — 36esegel, + 18eseaes, — bereloen + 6€5yes — 9elelel, + beroesey — €f,
210ezeSy — 210ese9e], + 210esegel, — 210egerely + 210egei es — 210ereiel, +
210egeges, — 210ezesel, + 84egerpey — 12e].
Now we shall determine all the other characteristic elements associated to the
above eight Nilpotent Lie algebras ¢10,1,...910,8-
We shall estimate these elements only for the Lie algebra g19,;. With the same
method we can estimate all these for the other Lie algebras.

Let T be the maximal torus on g1o,1 such that {e1,...e;, } are root vectors. If t € T,
then we have

(7) t(ei) = Bi(t)ei

From the fact that ¢ € T C Derg and if we apply ¢ to the Lie bracket [e1, e2] = e3
of the Lie algebra gig9,1 we obtain

t(es) = [t(e1), e2] + [ex, t(e2)],

which by means of (7) implies
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Bs(t)es = [Bi(t)er, ea] + [e1, Ba(t)ea] = (B1(t) + Ba(t))[e1, e2] = (B1(t) + B2(t))es

which finally gives

(8) B3 = B1 + Ba.
From the other Lie brackets of the Lie algebra g19,1 we have the relations
9) Br+ Bz = B, B1+Bs = Ps, b1+ Br = Ps, B1+ Bo = Pro-

The solutions of (8) and (9) give

Bs =1+ P2, Ba=2B1+ B2, B =P1+ Bs, Bs =1+ Pr, Bio= B1+ By.

Then the Nilpotent Lie algebra gi0,1 can be written

Jl01 = g= 951 o) gﬁz ey gB1+B2 D g2B1+52 ® gﬁs@
o) 9314-55 D g57 D 931+57 D gBQ D g51+59’

which also can be written
g10,1 = Ce; ® Cey @ Ces @ Cey ¢ Ces & Ceg @ Cer ® Ceg @ Ceg & Cey,
from which we obtain
[9,9] = Ces & Cey & Ceg & Ces & Ceyg.

Hence
T —msg = {61762,65,67769} = {1‘1,1’2,333,334,935}-

Therefore, the Generalized Cartan Matrix

ai;r a2 a3 ai4 Qais
G21 @G22 G23 0G24 (25
(10) A= a3; azz2 @33 az4 azs |,
41 Q42 Q43 Q44 Q45
as1  as2 G353 QG54 As5

of g10,1 can be computed as follows
—a;; = min{n € N/(adz;)" " z; = 0,z;,2; € T —msg}.

If we take under the consideration the T-msg which is {#1 @2 x3 x4 25} and the
Lie brackets of the Lie algebra gi,1, then the Generalized Cartan Matrix A takes the

form
2 -2 -1 -1 -1

-1 2 0 0 O
A= -1 0 2 0 0
-1 0o 0 2 0
-1 0 0 0 2
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From the above we conclude the following
Theorem. Let g be a Nilpotent Lie algebra of dimension ten over C whose mazimal
abelian ideal g, is of dimension nine. The table below gives the characteristic elements

of such Lie algebras.

dim
type T-ms weight system
g YP z(g) g g Yy
— 451 B2 B1+52 2B31+B2 Bs
€1, €2, g BngrBsEB g ﬁ7@ I ﬁ14r57EB g Bo ?31369@
ion 10,5, 4 es er g gDy DgrDg =
’ 1 é ’ =Ce; ® Cey @ Cez ® Cey ® CesD
o @Ces S5) 067 S5) Ceg S5) Ceg (&) C€10
g= gBl D gﬁz D gﬁ1+52 D g251+52 D g351+52@
10, 6, 5 e, e, @gﬁe D gBH-BG D g2ﬁl+56 D 959 D 9514-59 —
g10,2 3,1 €6,€9 = Ce1 @ Cey @ Cez ® Cey b CesP
@Ces S5) 067 S5) Ceg S5) Ceg (&) C€10
— 45 B2 B1+B2 281182 381182
10,6 o o T tbr S e gy B
3,2 3 €1, €2, Dg ® gD NI @ g7 B g7 TP =
9103 i) ’ er.ey =Ce; ® Cey @ Ces @ Cey @ CesD
PCeg P Cer ® Ceg P Ceg @ Ceyg
g= 951 D 952 D gﬁ1+ﬁ2 D g2ﬁ1+52 D gﬁs@
10, 6, 3 e, e, @gﬁﬂrﬁs D 9251+55 D gﬁs D gﬁ1+58 D 9251+58 —
g1o4 3 es,es = Ce; @ Cey ® Cez @ Cey ® Cesd
@Ces 5) 067 5) Ceg 5) Ceg (&) C€10
— B B2 B1+52 2B31+82 381152
10,7, T o o T it S bt e ot
5,3 2 €1, €2, Dg DT DT D g Dy 7=
gios ’1 ’ es,es = Ce1 ® Cey @ Cez ® Cey b CesP
@Ces 5) 067 5) Ceg 5) Ceg (&) C€10
g= gﬁl D gﬁz D gﬁl+ﬁ2 D gZﬁlJrﬁz D g3ﬁl+52@
150737> ) o1 es, | @gtitha g gBitha g gs @ ghits o 2 =
g10.6 2’ 1’ es =Ce; ©® Cey @ Ces @ Ceyq @ CesD
’ PCeg P Cer ® Ceg P Ceg @ Ceyg
10, 7, g= g51 D g52 D gﬁ1+ﬁ2 D gZﬁlJrBz D g3ﬁ1+52@
5,4, 9 e, es, @g4ﬁ1+ﬁ2 sy g5ﬁ1+52 sy gﬁﬁlJrBz D gﬁg D gﬁ1+ﬁ9 —
gio7 3,2, eo — Ce; @ Cey @ Ces @ Cey @ Ces®
1 @Ces ©® 067 ©® Ceg ©® Ceg &b C€10
10, 8, g= gBl D gﬁz D gﬁl+52 D g251+52 D g351+52®
7,6, @g451+52 D g551+52 D g651+52 D 97514—52@
10,8 5,4, 1 €1, e gt thz =
3,2, = Ce1 @ Cey @ Cez ® Cey b CesP
1 @Ces ©® 067 ©® Ceg ©® Ceg &b C€10
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root system

Cartan matrix

Dynkin diagram

LS T S | -1 2 0 0 0
-1 0 2 0 0 . o
/ SRS | IR
XL Vs
V4 HTH] | =
o1 -\i‘uo /
\.5 -i -‘21 —; —l; 7=g
\ 20 6 2
\/ K/ b
9 e 2 -2 -2 -2 /
-1 2 0 O
\ // -1 0 2 0 | >
WA -1 0 0 2

15



2

Dynkin diagram
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Cartan matrix

root system

16

4
/
!
/

/
D= memorme=n

10

/
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