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Abstract

In the present paper we determine all semi-symmetric conformal metrical
N-linear connections, which preserve the nonlinear connection N, in the bundle
of accelerations. We study the group of transformations of these connections
and its invariants.
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1 Introduction

The differential geometry of higher order Lagrange spaces was introduced and studied
by R.Miron and Gh.Atanasiu in [8] — [13].

The applications of the Lagrange geometry of order k£ in Physics and Mechanics
are quite numerous and important, [8].

The study of higher order Lagrange spaces is grounded on the k-osculator bundle
notion. The bundle of accelerations corresponds in this study to k = 2, [1], [10].

In the present paper we define the notion of semi-symmetric conformal metrical
N-linear connection on E = Osc?M and we determine the set of all semi-symmetric
conformal metrical N-linear connections, which preserve the nonlinear connection N,
on E. (§2) The group of their transformations preserving a nonlinear connection N,
gives us important invariants (§3).

As to the terminology and notations we use those from [14], which are essentially
based on M.Matsumoto’s book [6].

2 Notion of semi-symmetric conformal metrical N-
linear connection in the bundle of accelerations

Let M be a real n-dimensional C'*°-differentiable manifold and (Osc?M,w, M) its
2-osculator bundle, or the bundle of accelerations.
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The local coordinates on E = Osc?M are denoted by (2?,y(1)?, y(2)7).
If Nisa nonlinear connection on E, with the coefficients N(l)ij, N(2)ij, then let

DI(N) = (LJk, Cq ]k, O(Q)jk) be an N- linear connection on E.
We consider a metrical d-structure on E, defined by a d-tensor field of the type
(0,2), marked as g;;(z", yMi y()%) This d-tensor field is symmetric and nondegener-
ate.
To the metrical d-structure g;; on E, we associate Obata’s operators

. 1 .. . . . .
(2.1) 0 = 500,07 = 9s39™), Xf = 5(8:05 + gs59"),

DN =

where (g%/) is the inverse matrix of (g;;). They have the same properties as the ones
associated with a Finsler space [14].

Let S2(E) be the set of all symmetric d-tensor fields of the type (0,2) on E. It is
easy to show that, the relation

(22) Qjj ~ bij p=4 Elp(x,y(l),y(2)) S .7:(E) | ajj = €2pbij; (J,ij,bij S SQ(E)

is an equivalence relation on S»(FE).

Definition 2.1. The equivalence class § of S(E)/~., to which the metrical d-structure
gij belongs, is called conformal metrical d-structure on E.

Definition 2.2. An N-linear connection DI'(N) = (L;k,C( ]k,C’(Q)jk) on E is said
to be compatible with the conformal metrical d-structure g, or a conformal metrical
N-linear connection on E, if

(23) gz]|k - 2wkgm: Jij | k 2>\ k:gz]a (Oé = 152)7

where wy, = wi(z,yM,y®) and A0y = Aoy (2, ¥y, y?), (@ =1,2) are covariant d-
(a)

vector fields and I, | , (@ =1,2) denote the h-and v,-covariant derivatives, (o = 1, 2)

with respect to DI'(IV).

Definition 2.3. An N-linear connection DT'(N) = (L}, C’(l)Jk, C()x) on E, is called

semi-symmetric if the torsion d-tensor fields T(o) ik S(a) ik (a = 1,2) have the form

(2.4)
1 : : : 1

(T(0);01 = T(0)x95), S(a)’ j = —I(S(a)jtslic — S(rd}), o =1,2),

Ty s = —

n—1
where T(O)j ( ) jl’ S(a)J S(a) i ( = 1,2) ' '
Definition 2.4. An N-linear connection DI'(N) = (LY, Cyjr>Cayji) on Eis called
a semi-symmetric conformal metrical N-linear connection if the relations (2.3) and
(2.4) are verified.

Ifo; = ﬁT(O)j, T(a)j = ﬁs(a)j, (a = 1,2) and if we apply the Theorem 5.4.3.,
[8], we obtain:

Theorem 2.1 The set of all semi-symmetric conformal metrical N -linear connec-
tions DT'(N) = (L]k,C ]k,C’(Q)jk) which preserve the nonlinear connection N, on
E is given by
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0 0
(25) lek :lek +29;<:Z'U7‘70(a)]l'k :C(a)]l'k +2Q?c§'7—(a)r; (a = 172);

0 o
where DT'(N) = (L]k, C ]k’ C'(2)j’k) is an arbitrary conformal metrical N -linear con-

nection on F, whose d- tensor fields T(gy, Say, (@ =1,2) are vanish.

3 Group of transformations of semi- symmetric con-
formal metrical N-linear connections on £ = Osc>M,
which preserve the nonlinear connection N.

Let us consider the transformations DT'(N) —s DT(N) of semi-symmetric con-

formal metrical N-linear connections on E, which preserve the nonlinear connection
N.

Theorem 3.1 Two semi- symmetric conformal metrical N -linear connections on E,

DI(N) = (L]k,C'(l)JL,C() ), DT(N) = (L]k,C( )]k,C@)M) are related as follows:

(31) LZ —Ll _6lwk+20k307"7c(a)3k C( _6@ k+202§ Yoy

(a=1,2),
where we have 0, = 0. — W, Y(a)yr = T(a)yr = Aa)r> (@ =1,2).
Theorem 3.2 The set C°y of all the transformations given by (3.1) is a transfor-

mation group of the set of all conformal metrical N-linear connections on E, which
preserve the nonlinear connection N, together with the mapping product.

The transformation ¢ : DI' —s DT given by (3.1) is expresed by the product of
the following two transformations:

(82) Lj, = Lj — 6iwes Craply = Claytie — 0w (@ = 1,2),

(3:3) Ljy = Lj +2000:, C oy = Crayi + 290 Y(a)r (@ =1,2).

Theorem 3.3 The group C*y, is the direct product of the group C*y (of all transfor-
mations (3.2)) and the group C™y (of all transformations (3.3)).

One can notice that the invariants of the group C?, will be invariants of each of
these subgroups, and reciprocally.

In our previous paper [16], starting from the tensor fields Khijk, P(a)hijk:’ (a =
1,2), S(22)hijk7 where
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( Khijk = Rhijk - C(l)ésR(Ol)sjk - C(z)fzsR(oz)Sjka

i ONw; s INo™y

P(l)hijk = Ajk{P(l)hijk - O(l)hs 6y(1)kJ - C( 2)h (N(1) m 5y(1)k t+

6N, °. ON,
(34) { +5EE - Taky,

. , i ON,®; . Ny,
P(z)hljk = jk{P(z)thk - C(l)ﬁs 5y8k - C(Z);:LS(N(I)Sm @(égk -

_ (2) J )}
\ 8y(2)k )
we obtained the following important invariants of the group of transformations of
semi-symmetric metrical N-linear connections, which preserve the nonlinear connec-

tion NV, on E:
. . . Ko,
H,% =K'y + ﬁAjk{Q%(Krk - 2(7197;;))},

. . . ’P o .
(3.5) N(a)hljk = P(a)hljk + %Ajk{ﬂz'rh(P(a)rk - %)}: (a=1,2),

. . . S .
M(22)hzjk = S(22)hzjk + %Ajk{gﬁ(s(m)rk - 2((2;)7!]1)’6 )b

where
Ky = Khiji’ Playnj = P(a)hiji’ S(a2)nj = S(zZ)hiji’
K = g" Khj, Pla) = 9" Playnj> S22y = 9" S(a2)nj, (= 1,2).

If we replace Khijk’ P(a)hijm (a = 1,2), S(22)hijk by the tensor fields K*hijk,
P*(a)hljk’ (a= 1,2),5*(22)h’jk defined by:

15 s
Kh]k_Kh]k 6Ks]k’

3.6) { Ploonie = Playn'se ~ wOhPlaysT (@ =1,2),

S*(Zz)hijk = S(22)hijk 5 5(22 )s jk?

we can obtain the invariants of the group of transformations of semi-symmetric con-
formal metrical N-linear connections on E, which preserve the nonlinear connection
N

Theorem 3.4 Let
Ky = K7, iji’ Playni = ,P(*oz)hiji’ (@=1,2), Slazyns = S(22)hiji’ K= gth*hj
7)( =g" 7) a)hj (=1,2), SEk22) = gh]SEk22)hj‘
Forn > 2 the following tensor fields
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4

L . N K*g.
H* Yy = K7 Y + %Ajk{Q%(K rk 2(n31k))}7

* 3 * 3 3 * ’P*a gr
) 4 Now'ie =Pl + w22 Am G Pl — 3o} (@=1,2),

« i « i ir (gx Sam)9r
M(22)h ik = S(22)h ikt %Ajk{ﬂjh(s@Q)rk o 2((n)—1)k)}’

\
determined by of semi-symmetric conformal metrical N -linear connections, which pre-
serve the nonlinear connection N, on E, are invariants of the group C°y:

Proof. We can easily show that H*, ijk, N(*a)hijk’ (a =1,2), M(*22)hijk are invari-
ants of C*. Owing to Theorem 3.3, it suffices to prove the theorem for C".

From Theorem 2.3 of [16], the tensor fields K%, P(ays’ > (@ = 1,2), S99, of
a semi-symmetric metrical N-linear connection DI'(N), are transformed on the basis
of the relations (3.3) of DI'(N) to DI'(N) as follows:

I_(hijk = Khijlc + 2-’41'16{9%‘7%}:
(3.8) ’ﬁ(a)hijk = Playnjr T 2Aik{ Q0P ri ), (@ =1,2),

5(22);; ik = S(zz)fiz kT QAjk{Q%T(Z)Tk}’

where ok, pia)rks T(2)rk, (@ = 1,2) are some d-tensor fields determined from DI'(V).
Since 23" = 0, the tensor fields K*), ijk, P(*‘a)hijk, (a =1,2), S(*22)hijk obey the same
transformation laws as (3.8), Hence, (3.7) follows from the well-known elimination
method used in Theorem 2.4 of [16].
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