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Abstract

The set of all manifolds which are Ricci-semisymmetric and satisfy R ·S = 0
contains the set of manifolds which are semisymmetric and satisfy R ·R = 0 as a
proper subset. However, considering only those manifolds (Mn, g) which can be
immersed as a hypersurface of some ambient space, one might ask whether this
can lead to nonsemisymmetric Ricci-semisymmetric hypersurfaces. In particular
for Euclidean ambient spaces En+1, this is commonly known as the Problem of
P.J. Ryan, and has been an open question since 1972. We discuss a number of
contributions to the study of the equivalence of semisymmetry and Ricci-semi-
symmetry for hypersurfaces.
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1 Introduction

A semi-Riemannian manifold (Mn, g), n = dim M ≥ 3, is called semisymmetric if

R ·R = 0 ,(1)

holds on M . It is well known that the class of semisymmetric manifolds includes the
set of locally symmetric manifolds (∇R = 0) as a proper subset. For precise defini-
tions of the symbols used, we refer to Section 2.

A semi-Riemannian manifold (Mn, g), n ≥ 3, is said to be Ricci-semisymmetric, if
the following condition is satisfied

R · S = 0 .(2)

Again, the class of Ricci-semisymmetric manifolds includes the set of Ricci-symmetric
manifolds (∇S = 0) as a proper subset. It is clear that every semisymmetric manifold
is Ricci-semisymmetric. The converse statement is however not true.

Although the conditions (1) and (2) do not coincide for manifolds in general, there
has been a long standing question:
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Question 1.1 Are the conditions R ·R = 0 and R ·S = 0 equivalent for hypersurfaces
of Euclidean spaces?

This question has been first raised by P.J. Ryan in 1972 (cfr. Problem P 808 of [15]
and references therein), and has been an open problem ever since. Question 1.1 is
commonly refered to as the Problem of P.J. Ryan. We discuss a number of results
which contributed to the solution of the above mentioned question, and situate a
selection of results concerning generalised problems which are closely related to the
original question.

The present paper is organised as follows. In Section 3 we recall how a negative
answer to Question 1.1 was obtained. Indeed, in [2] it has been established that the
conditions of semisymmetry and Ricci-semisymmetry are not equivalent for hyper-
surfaces in Euclidean spaces by giving an example of a hypersurface M5 of E6 which
satisfies R ·S = 0, but does not fulfill R ·R = 0; this result will be the subject of The-
orem 3.1. In [3] it has been shown that this example of [2] is not an isolated case, but
belongs to an infinite family of which it is the simplest representative. By Theorem
3.2 we thus show how to construct for all dimensions n ≥ 5 nontrivial hypersurfaces
Mn of En+1 for which R ·S = 0 but R ·R 6= 0. In Section 4 we broaden the scope and
enlarge the original question to the study of the equivalence of more general curvature
conditions in more general ambient spaces; we list a number of results in this context.
Finally, we also give a few explicit examples of solved equivalence problems in the
ambient spaces En+1 and Sn+1.

2 Preliminaries

Let (Mn, g) be an n-dimensional, n ≥ 3, semi-Riemannian connected manifold of
class C∞. We denote by ∇, S and κ the Levi-Civita connection, the Ricci tensor and
the scalar curvature of (Mn, g), respectively. We define on Mn the endomorphisms
R̃(X, Y ), X ∧ Y and C̃(X,Y ) by

R̃(X, Y )Z = [∇X ,∇Y ]Z −∇[X,Y ]Z ,

(X ∧ Y )Z = g(Y, Z)X − g(X, Z)Y ,

C̃(X, Y ) = R̃(X, Y ) +
1

n− 2

(
κ

n− 1
X ∧ Y − (X ∧ S̃Y + S̃X ∧ Y )

)
,

respectively, where X, Y, Z ∈ Ξ(Mn), Ξ(Mn) being the Lie algebra of vector fields
on Mn, and the Ricci operator S̃ of (Mn, g) is defined by S(X, Y ) = g(X, S̃Y ). The
(0, 4)-tensor G is defined by G(X1, . . . , X4) = g((X1 ∧ X2)X3, X4). The Riemann
curvature tensor R and the Weyl curvature tensor C of (Mn, g) are defined by

R(X1, X2, X3, X4) = g(R̃(X1, X2)X3, X4) ,

C(X1, X2, X3, X4) = g(C̃(X1, X2)X3, X4) ,

respectively. Further, for a symmetric (0, 2)-tensor field D on Mn, we define the
endomorphism X ∧D Y of Ξ(Mn) by

(X ∧D Y )Z = D(Z, Y )X −D(Z, X)Y ,
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where X, Y, Z ∈ Ξ(Mn). Evidently, we have X ∧g Y = X ∧ Y . For a (0, k)-tensor
field T on Mn, k ≥ 1, and a symmetric (0, 2)-tensor field D on M , we define the
(0, k + 2)-tensor fields R · T and Q(D, T ) by

(R · T )(X1, . . . , Xk; X, Y ) = −T (R̃(X, Y )X1, X2, . . . , Xk)
− · · · − T (X1, . . . , Xk−1, R̃(X,Y )Xk) ,

Q(D, T )(X1, . . . , Xk; X, Y ) = −T ((X ∧D Y )X1, X2, . . . , Xk)
− · · · − T (X1, . . . , Xk−1, (X ∧D Y )Xk) .

Curvature conditions involving tensors of the form R ·T only, are called curvature
conditions of semisymmetric type; examples are R · R = 0, R · S = 0, but also e.g.
C ·R = 0, which is easily constructed following the same pattern. Curvature conditions
involving tensors of both the forms R ·T and Q(D, T ), are called curvature conditions
of pseudosymmetric type. In the sequel we will touch upon some results for certain
generalizations of the semisymmetric and Ricci-semisymmetric manifolds, namely the
pseudosymmetric and Ricci-pseudosymmetric manifolds respectively.

A semi-Riemannian manifold M is said to be pseudosymmetric if at every point
of M the following condition is satisfied

(∗) the tensors R ·R and Q(g, R) are linearly dependent.
This condition is equivalent with the existence of a real-valued function LR, defined
on the set UR = {x ∈ M |R− κ

n(n− 1)
G 6= 0 at x}, such that

R ·R = LRQ(g, R)(3)

holds on UR. The class of pseudosymmetric manifolds contains the semisymmetric
manifolds as a proper subset.
Manifolds satisfying the condition

R · S = LSQ(g, S) ,(4)

on the set US = {x ∈ M |S − κ

n
g 6= 0 at x}, with S the Ricci tensor, are called Ricci-

pseudosymmetric. Manifolds satisfying (4) are equivalently characterized by the fact
that at every point of M the following condition is satisfied

(∗∗) the tensors R · S and Q(g, S) are linearly dependent.
Again, the class of Ricci-pseudosymmetric manifolds includes the set of Ricci-

semisymmetric manifolds as a proper subset. It is clear that every pseudosymmetric
manifold is Ricci-pseudosymmetric; the converse statement is however not true.

For a concise introduction to the geometrical motivation for the concept of pseu-
dosymmetry, and a survey of properties with references to more detailed literature,
see e.g. [8].

3 The problem of P.J. Ryan in Euclidean spaces

Whereas the conditions R ·R = 0 and R · S = 0 are equivalent on any 3-dimensional
manifold, for n > 3 we have the following results. It had been proved in [16] that
(1) and (2) are equivalent for hypersurfaces which have positive scalar curvature in
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a Euclidean space En+1, n > 3. In [14] this result was generalized to hypersurfaces
of a Euclidean space En+1, n > 3, which have nonnegative scalar curvature and also
to hypersurfaces of constant scalar curvature. [14] also proves that (1) and (2) co-
incide for hypersurfaces of Riemannian space forms with nonzero constant sectional
curvature. Further, in [13] it was proved that (1) and (2) are equivalent for hyper-
surfaces of a Euclidean space En+1, n > 3, under the additional global condition of
completeness. In [6], it has been shown that the conditions (1) and (2) are equivalent
for hypersurfaces of the Euclidean space E5.

In [2] a negative answer to Question 1.1 was given for hypersurfaces of a Euclidean
space En+1, n ≥ 5. Indeed, [2] gives an example of a hypersurface M5 of E6 which
satisfies R ·S = 0, but which is not semisymmetric. The existence of such a hypersur-
face M5 of E6 which is Ricci-semisymmetric, but does not fulfill R ·R = 0, is recalled
in Theorem 3.1 here below. This proves that the conditions R · R = 0 and R · S = 0
are not equivalent for hypersurfaces of Euclidean space in general, thus solving the
Problem of P.J. Ryan.

W.r.t. a local orthonormal frame {ei}n
i=1 which diagonalises the shape operator A,

with principal curvatures λi(i = 1, ...n), the only nonzero components of the Riemann-
Christoffel curvature tensor R and the Ricci tensor S (which is diagonal) are

Rijji = λiλj , i 6= j , 1 ≤ i, j ≤ n ,

Sii = λi


∑

i 6=j

λj


 .

The set of equations for R ·R = 0 (1) amounts to:

λiλjλk(λi − λj) = 0 , i 6= j, j 6= k, k 6= i, 1 ≤ i, j ≤ n .(5)

Analogously, the set of equations for R · S = 0 (2) amounts to:

λiλj(λi − λj)


 ∑

k 6=i,k 6=j

λk


 = 0 , i 6= j , 1 ≤ i, j, k ≤ n .(6)

We remark that a solution of (5) is indeed automatically a solution of (6). Theorem
3.1 shows that there exists a 5-dimensional hypersurface of E6, for which the principal
curvatures are a solution of (6), but do not satisfy (5).

Theorem 3.1 There exists an isometric immersion of a 5-dimensional manifold M5

into E6 with a metric

ds2 = e2x1 (
(dx1)2 + cos2 φ(x2, x3)(dx2)2 + sin2 φ(x2, x3)(dx3)2

+ cos2 ψ(x4, x5)(dx4)2 + sin2 ψ(x4, x5)(dx5)2
)

,(7)

and principal curvatures (0, b, b,−b,−b); where b(x1) = e−x1
, and φ and ψ are solu-

tions of the equation
∂2ζ

(∂xi)2
− ∂2ζ

(∂xj)2
= − sin(2ζ) ,(8)

for (i, j) = (2, 3), and (4, 5), respectively. M5 satisfies R · S = 0, but is not semisym-
metric.
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Before proceeding, we observe that in Euclidean spaces there do not exist Ricci-
pseudosymmetric hypersurfaces which are not already pseudosymmetric or Ricci-
pseudosymmetric. We organise this observation in the following

Proposition 3.1 A nonpseudosymmetric Ricci-pseudosymmetric hypersurface Mn

of a Euclidean space En+1 (n ≥ 5) must necessarilly be Ricci-semisymmetric.

Proof. We recall the fact that the Ricci-pseudosymmetric manifolds (4) include the
pseudosymmetric manifolds (3) as a proper subset. A Ricci-pseudosymmetric mani-
fold which is not pseudosymmetric is called properly Ricci-pseudosymmetric. Remark
3.1 of [4] indicates the form of the diagonalized shape operator for properly Ricci-
pseudosymmetric hypersurfaces of Euclidean spaces:

A = Op ⊕ (1− r)β Iq ⊕−(1− q)β Ir with p + q + r = n, p > 0, q > 1, r > 1 .(9)

However, by inspection, one can verify that this set of principal curvatures actually
satisfies the equations (6). Indeed, 6 possibilities have to be checked, corresponding
to

(0, 0) , (0,−(1− q)β) ,
(λi, λj) = (0, (1− r)β) , ((1− r)β,−(1− q)β) ,

((1− r)β, (1− r)β) , (−(1− q)β,−(1− q)β) .

As soon as one of the principal curvatures is zero, or both principal curvatures are
equal, (6) is fulfilled since either a factor λi or the factor (λi − λj) vanishes. The
only remaining situation to be verified is when (λi, λj) = ((1 − r)β,−(1 − q)β); but

in this case, a straightforward calculation shows that then the factor
(∑

k 6=i,k 6=j λk

)

vanishes. Consequently, a hypersurface with diagonalized shape operator (9) would in
fact be Ricci-semisymmetric. 2

Corollary 3.1 A Ricci-semisymmetric manifold which is not semisymmetric is called
properly Ricci-semisymmetric. Hypersurfaces of Euclidean spaces with diagonalized
shape operator of the form (9) are properly Ricci-semisymmetric.

Proof. Indeed, in view of Proposition 3.1, hypersurfaces of Euclidean spaces with
diagonalised shape operator of the form (9) are Ricci-semisymmetric. On the other
hand, they cannot be semisymmetric, since otherwise the hypersurface would auto-
matically be pseudosymmetric; this however contradicts the known fact (Remark 3.1
of [4]) that hypersurfaces with diagonalised shape operator of the form (9) are prop-
erly Ricci-pseudosymmetric and thus nonpseudosymmetric. Alternatively, one can also
verify directly that the set of principal curvatures in (9) does not satisfy the equations
(5); this indeed confirms that the hypersurface is not semisymmetric. 2

Corollary 3.2 A properly Ricci-semisymmetric hypersurface of a Euclidean space
must necessarily have a diagonalized shape operator of the form (9).

Proof. Therefore, we use the fact that every Ricci-semisymmetric manifold is also
Ricci-pseudosymmetric, and consequently either properly Ricci-pseudosymmetric or
pseudosymmetric. According to Proposition 3.1 a properly Ricci-pseudosymmetric
hypersurface of En+1 has a diagonalised shape operator of the form (9) and is Ricci-
semisymmetric, and in view of Corollary 3.1 properly Ricci-semisymmetric. In all
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other cases, the Ricci-semisymmetric hypersurface Mn of En+1 has to be pseu-
dosymmetric and thus satisfies R · R = LQ(g,R) . By contraction, it follows that
R · S = LQ(g, S). Since Mn is Ricci-semisymmetric and thus satisfies R · S = 0, we
deduce that LQ(g, S) = 0. If at a point L = 0, then R · R = 0 and the hypersurface
is semisymmetric. If L 6= 0, then Q(g, S) has to vanish. From Q(g, S) = 0, it follows
that the Ricci tensor S has to be proportional to the metric tensor g. Following a
result by A. Fialkow [12], the shape operator A of an Einstein hypersurface of En+1

takes one of the following forms:

A = aIp ⊕Oq , p + q = n ,

and is locally a hyperplane, a cylinder, or a hypersphere. In all these cases, the condi-
tion for semisymmetry is trivially satisfied. Summarizing, since all possible cases have
been exhaustively considered, we see that a Ricci-semisymmetric hypersurface which
is not semisymmetric must indeed have a diagonalised shape operator of the form (9);
this finishes the proof of our statement. 2

The result recalled in Theorem 3.1 was generalized in [3], where it was proven
that Ricci-semisymmetric hypersurfaces Mn which are not semisymmetric exist in
Euclidean spaces En+1 for all dimensions n ≥ 5. Indeed, according to Corollary 3.1,
hypersurfaces with diagonalized shape operator given by (9) would provide exam-
ples of nonsemisymmetric Ricci-semisymmetric hypersurfaces of the Euclidean spaces,
provided they exist. In [3] it was proven that nonsemisymmetric Ricci-semisymmetric
hypersurfaces Mn

(p,q,r) of En+1 with diagonalized shape operator given by (9) do really
exist in all dimensions n ≥ 5 and for all possible choices of (p, q, r). The existence
of the immersions of Mn in En+1 for which R · S = 0 but R · R 6= 0, relies on the
(complete) integrability of a system of partial differential equations of Bourlet type.
In particular [3] thus show that the example of Theorem 3.1 is not an isolated case,
but belongs to an infinite family of which it is the simplest representative. The con-
struction for all dimensions n ≥ 5 of nontrivial hypersurfaces Mn of En+1 for which
R · S = 0 but R · R 6= 0 relies on Theorem 3.2 here below which stems from [3]. The
approach identifies links with the theory of completely integrable systems, and thus
gives insight into the nonlinearity underlying the geometry.

Theorem 3.2 There exists an isometric immersion of the n-dimensional manifold
Mn

(1,q,r), with q ≥ 3, r ≥ 3, and q + r + 1 = n, into En+1 with the metric

ds2 = e2hx1

(
(dx1)2 + B2

q+1∑

i=2

l 2
i (x2, · · · , xq+1)(dxi)2

+C2
n∑

i=n−r+1

l 2
i (xn−r+1, · · · , xn)(dxi)2

)
,(10)

and principal curvatures,

λ1 = 0 , λi = (1−r)β e−hx1
(2 ≤ i ≤ q+1) , λi = −(1−q)βe−hx1

(n−r+1 ≤ i ≤ n) .

The parameters h, β, B, and C are related by the following conditions
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(1− q)(1− r)β2 = h2 ,(11) (
h2 + (1− r)2β2

)
B2 = 1 ,(12) (

h2 + (1− q)2β2
)
C2 = 1 ,(13)

and the functions {li(xα+1, · · · , xα+m)}α+m
i=α+1 are a solution of the completely inte-

grable system

∂γij

∂xi
+

∂γji

∂xj
+

∑

k 6=i,k 6=j

γkiγkj + lilj = 0 (α + 1 ≤ i, j ≤ α + m)(i 6= j) ,(14)

∂γjk

∂xi
= γjiγik (α + 1 ≤ i, j, k ≤ α + m)(i 6= j, j 6= k, k 6= i) ,(15)

with γij =
1
li

∂lj
∂xi

(α + 1 ≤ i, j ≤ α + m)(i 6= j) and for (α, m) = (1, q), and

(α, m) = (q +1, r), respectively. Mn
(1,q,r) satisfies R ·S = 0, but is not semisymmetric.

It is now clear how to construct genuine Ricci-semisymmetric nonsemisymmetric
hypersurfaces of all Euclidean spaces En+1 (n ≥ 5) corresponding to all possible
(p, q, r), thus with p > 0, q > 1, r > 1 and p + q + r = n. First, when p > 1,
take a product immersion in En+1 of Ep−1 with a hypersurface Mn−p+1

(1,q,r) of En−p+2;
if both q ≥ 3 and r ≥ 3, Theorem 3.2 proves the existence of this hypersurface
Mn−p+1

(1,q,r) of En−p+2. When e.g. q = 2, then i, j, k range over only 2 possible values,
and consequently equations of the type (15) cannot occur. For the same reason (14)
gives only 1 single equation. If we make the Ansatz

l2(x2, x3) = cos φ(x2, x3) , and l3(x2, x3) = sin φ(x2, x3) ,

the remaining Gauss equation (14) turns into

∂2φ

(∂x2)2
− ∂2φ

(∂x3)2
= − sin(φ) .(16)

This is the sine Gordon equation and essentially (upon adjustment of the normali-
sation, which is conventional) the equation (8) which was encountered in Theorem
3.1.

4 Generalisations and further developments

The examples constructed in [2] (see Theorem 3.1) and in [3] (see Theorem 3.2) answer
Question 1.1 and thus solve the problem of P.J. Ryan: nonsemisymmetric hypersur-
faces of Euclidean spaces which satisfy R · S = 0 do exist. Although the fundamental
question has now been solved, a number of new questions can be raised. Indeed,
one may e.g. ask for still more examples of nonsemisymmetric Ricci-semisymmetric
hypersurfaces of Euclidean spaces En+1 , or even for a classification of all Ricci-
semisymmetric hypersurfaces of the Euclidean spaces which are not semisymmetric.
More general than Question 1.1, one can therefore state the following:

Problem 4.1 Study the equivalence of semisymmetry and Ricci-semisymmetry for
hypersurfaces of Euclidean spaces En+1 , n ≥ 5.



88 F.Defever

In our analysis, we used the concept of pseudosymmetry and subsequent structural
results for hypersurfaces, as for example formula (9), as a technical tool to isolate
appropriate candidates for counterexamples. Perhaps (9) might also provide a starting
point for the associated classification problem.

4.1 More general ambient spaces

Going beyond Problem 4.1, one can also consider more general ambient spaces, and
for example state the following:

Problem 4.2 Study the equivalence of semisymmetry and Ricci-semisymmetry for
hypersurfaces of semi-Euclidean spaces En+1

s , n ≥ 4.

One possibility to tackle such problems, and gain more insight is searching for
sufficient conditions on hypersurfaces for both concepts (1) and (2) to be equivalent.
We quote some results of this kind which thus contribute to the solution of Problem
4.2:

Theorem 4.1 (1) and (2) are equivalent for Lorentzian hypersurfaces of a Minkowski
space En+1

1 , n ≥ 4 [9].

Theorem 4.2 (1) and (2) are equivalent for para-Kähler hypersurfaces of a semi-
Euclidean space E2m+1

s , m ≥ 2 [9].

Another result along this line of thought is the following theorem from [10]. For hy-
persurfaces with pseudosymmetric Weyl tensor C ·C = LQ(g, C) of a semi-Euclidean
space En+1

s , the conditions of R ·R = 0 and R · S = 0 are equivalent. Finally, we also
quote the following result which stems from [1].

Theorem 4.3 For hypersurfaces of a semi-Euclidean space En+1
s , n ≥ 4, which sat-

isfy the curvature condition C ·R = 0, the conditions of R ·R = 0 and R · S = 0 are
equivalent.

One can still further generalize Problem 4.2 to even more general ambient spaces, and
e.g. state the following:

Problem 4.3 Study the equivalence of semisymmetry and Ricci-semisymmetry for
hypersurfaces of semi-Riemannian spaces of constant sectional curvature Ñn+1(c) ,
n ≥ 4.

In this respect, e.g. [14] proves that (1) and (2) coincide for hypersurfaces of Rie-
mannian space forms with nonzero constant sectional curvature. Problem 4.3 on the
equivalence of (1) and (2) was solved for the 4-dimensional case in [7]; more precisely:

Theorem 4.4 For hypersurfaces of a semi-Riemannian space of constant sectional
curvature Ñ5(c), the conditions R ·R = 0 and R · S = 0 are equivalent.

This generalizes a result from [6] where the above was proven for hypersurfaces of
a Euclidean space E5. We also quote the following result from [5] which generalizes
Theorem 4.3.

Theorem 4.5 For hypersurfaces of a semi-Riemannian space form Ñn+1(c), n ≥ 4,
which satisfy the curvature condition C ·R = 0, the conditions of semisymmetry and
Ricci-semisymmetry are equivalent.
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4.2 More general curvature conditions

Analogously to P.J. Ryan’s problem for the conditions (1) and (2), one could ask
a similar question for pseudosymmetric and Ricci-pseudosymmetric hypersurfaces,
respectively. Although the conditions (3) and (4) do not coincide for manifolds in
general, one could state the problem whether or not the conditions R ·R = LRQ(g, R)
and R · S = LSQ(g, S) are equivalent for hypersurfaces of semi-Riemannian spaces
of constant sectional curvature. But, it is known that this question has a negative
answer in general by the existence of nonpseudosymmetric, Ricci-pseudosymmetric
hypersurfaces of Sn+1(c). Namely, in [11] it was shown that Cartan hypersurfaces of
Sn+1(c), n = 6, 12, 24, are such hypersurfaces. This however does not exclude that
the conditions (3) and (4) may be equivalent for hypersurfaces in some special cases.
As an example, we can e.g. recall Proposition 4.1 from [7].

Theorem 4.6 Every Ricci-pseudosymmetric hypersurface M4 of a 5-dimensional
semi-Riemannian space of constant sectional curvature N5(c) is pseudosymmetric.

Otherwise stated, this proves that the conditions (3) and (4) are equivalent for 4-
dimensional hypersurfaces of a semi-Riemannian space of constant sectional curvature.

4.3 Some explicit examples

The inclusions among the 4 curvature conditions, semisymmetry (1), Ricci-semi-
symmetry (2), pseudosymmetry (3), and Ricci-pseudosymmetry (4), can be summa-
rized in the following table.

R · S = LSQg, S ⊃ R ·R = LRQ(g, R)

∪ ∪

R · S = 0 ⊃ R ·R = 0

In general, all inclusions in the table are strict for manifolds Mn with n ≥ 4. However,
for hypersurfaces this picture can be refined.

Indeed, for hypersurfaces of Euclidean spaces, Proposition 3.1 shows that nonpseu-
dosymmetric Ricci-pseudosymmetric hypersurfaces Mn of Euclidean spaces En+1

(n ≥ 4) must necessarily be Ricci-semisymmetric. Whence there follows that in
this particular case Ricci-pseudosymmetric hypersurfaces which are neither Ricci-
semisymmetric nor pseudosymmetric do not exist. However, [2] and [3] prove the ex-
istence of nonsemisymmetric Ricci-semisymmetric hypersurfaces Mn of the Euclidean
spaces En+1 (n ≥ 4).

For hypersurfaces in other ambient spaces, the situation can look quite different.
For example, for hypersurfaces of spheres Sn+1 (n ≥ 4), [14] shows that the conditions
(1) and (2) coincide, and that consequentely there do not exist nonsemisymmetric
Ricci-semisymmetric hypersurfaces. On the other hand, [11] shows that Cartan hy-
persufaces Mn of Sn+1 (n = 6, 12, 24) satisfy R · S = LSQ(g, S) with LS 6= 0, but
do not fulfil R · R = LRQ(g, R). This proves the existence of Ricci-pseudosymmetric
hypersurfaces Mn of spheres Sn+1 (n ≥ 4) which are neither pseudosymmetric nor
Ricci-semisymmetric.
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