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Abstract

Let (M,g) be an orientable and compact Riemannian manifold. The aim
of the resent paper is to study the vector spaces H? (M,R) and K? (M,R) of
harmonic g-forms and Killing tensor fields of order g on a compact Riemannian
manifold, where ¢ =2,3,...,n — 2 and n = dim M.
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1 Introduction

Let (M,g) be a compact Riemannian manifold of dimension n. We denote by
K% (M,R) the vector space of Killing tensor fields of order ¢ and H? (M,R) the
vector space of harmonic g-forms on M, ¢ = 2,...,n — 2.

The purpose of the present paper is to study these vector spaces K9 (M,R) and
H?(M,®). The whole paper contains five paragraphs. Each of them is analyzed as
follows: The first paragraph is the introduction. Special tensor fields on a compact
Riemannian manifolds are included in the second paragraph. The Killing tensor fields
on a Riemannian manifold are studied in the third paragraph. The fourth paragraph
contains harmonic g-forms on a compact Riemannian manifold. Some topological
invariants of a compact manifold are studied in the last pararaph.

2 Tensor fields on a manifold

Let (M,g) be a compact Riemannian manifold of dimension n. We consider an
atlas (Ua, ®a)qecq » Where (Ua,¢o) is a chart on M with local coordinate system
{x},.., 22}

Let w be a g-form on M, that is w € A? (M). Therefore w on the chart (U, ¢) with
local coordinate system {:rl, e x”} can take the form
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1 ) . )
(1) W= —Wiis..iyda” Ada®™ A A da'e
q

where 1 <i; < iy < ... <iy <nandw, . ;, the components of w on the chart (U, ¢).
The local norm of w is defined by

(2) |w] v gt
where
(3) whle = giljl...gi"j"wil...iq

This ¢-form w, by means of (2), gives a function |w|® on M, that means |w|* €
D° (M)
Hence we have

1
(4) 5A (|w|2) =< §Aw,w > — |Vuw|?

The formula (4) by integration implies

(5) / [< §Aw,w > — |Vw|2] dM
M

where dM is the volume element of (M, g)

If we AY(M,R), then Aw € A?(M), where A is the Laplace operator acting
on the vector space A? (M,R) as a linear operator. On the chart (U, ¢) with local
coordinate system we have

q
— (FAVA VT Yo . .
Aw = 119 v]vlwll...lq_ § Pi Wiy s 1V isq1...ig
T s=1
1,...,q
vu i1 i
(6) - E Ritiswil---it—ll’it+1---is—IUis+1---iq dz" A ... \dz'
t<s

Hence the components of Aw on (U, ¢) have the form

q
_ 17 v
(Aw);, 5, = q! —g IV Wiy iy D P Wir iy v iyt
: s=1
1,...,q
uv
(7) + E Ritiswil...it71ul/it+1...i37111i3+1...iq
t<s

We obtain the inner product of the g-forms w and Aw, which takes the form

(8) < Aw,w >=<0Vw,w > +ﬁFq (w)

where F, (w) is the following quadratic form
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(9) Fy (w) = pijw' > law] .+ q%lRijklwms”'i"leﬁ..iq
It can be easily proved the following relation
(10) 2 (juf) =< Aww > — [Vwf — —F, (w,)
2 (¢ —1)!
The integration of (10) implies
(11) /M {< Aw,w > — |Vw|* - ﬁFq (w,w) | dM
It can be easily obtained the relation
(12) <Aw — (¢+ 1) Vw,w >= —q < éVw,w > +ﬁFq (w, w)

The equality (12) by means of (4) becomes

1 1 1
13) A (|w|2) = — |Vuw]? + Fu(w,w) = < Aw — (g4 1) 6V, w0 >

which by integration implies

(14) /M [< Aw — (g + 1) 6Vw,w > +¢|Vw|* — F, (w,w)| dM =0

1
(g—1)!

We use a new expression of the quadrate form F, (w,w), which can be written

(15) Fq (’LU, ’LU) = Bi1i2~~~iq yj1j2~~~jqwi1i2miqwjlj2qu
where
q—1
(16) Biis.iq jriada = \ Pivir9inde T =5 Rivia jrja | Gia s -Yia i

where the indices satisfy the inequalities
(17) ljil,iQ,...,ian ljjl,jQ,...,jan

Proposition 1 The tensor field B = (Biliz...iq 7j1j2___jq) on a Riemannian manifold
(M, g) is symmetric with respect to (i1i2,j1j2) and with respect of any of two indices
(iv,4v) v = 3,4,...q and as well as with respect to (i1,i2,...iq) and (ji,J2, .-, Jq)-
Therefore the quadratic form (15) is symmetric with respect to (i1,is,...iq) and
(jlanv a.]q)

Proof 1 It is known from the properties of the Rici tensor field p, the curvature
tensor field R and the metric tensor field g, we have the following relations

(18) Piiji = Pjriv » Pisjo = Pjaia » Ri, i, J1jz = le Jo i1 iz

(19) Givjr = Yjrir > Gings = Gjoin s Jisjs = Jjsis » > Jigja = i iq
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From (7) and (8) we conclude the first part of the proposition. The other part,
that means the symmetric property of the tensor field with respect to the pair

(20) (i15i27"'iq) ) (j17j27'-'7jq)

is a consequence of the same relations (18) and (19) i

A
Now, we intrude a new quadratic form F, (w,w) on the vector space A? (M, )
as follow

A
(21) Fy (w,w) = Béil... )

g 1de
ig)(d1d) W w

with the condition that the symbol (i1,i2,...1;) means
1ji1<i2<...<ian

For this reason we form the tensor field

kyokg oli...lq
(22) Béi1~~~iq)(j1---jq) = Bkl"'kqll"'lqéill---iq 6.71.7(1
where
(23) Oitke and g

are the Kronecker’s generalized symbols which are given by the formulas

k1 kq l1 lq

5.8 ol ..ol

Epodkg | eeeeeeeeeee Liodg | eeeerenn

(24) 51'1...1',1 I I ’ 6j1 L
k1 kq 1 lq

5.l o

Now, we can prove the following proposition

Proposition 2 The tensor field B' = (Béilmiq)(jlqu)
{(ir-iq) 5 (i jg)}

Proof 2 According to the proposition 1 we have

) is symmetric with respect to

(25) Bry . kgtroty = Byt ko kg

From the properties of Kronecker’s tensor field we conclude that

C [ 1 =g

(26) 54—{0 it i
Liody  cki kg
(27) e — ghk

From (25), (26) and (27) we have

(28) By ig)(rdo) = Blirdoinig O
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A
Now, under the introduction of the tensor field B the quadratic form Fj (w,w)
becomes

1
WB(jl---jq)(il...iq

where the indices satisfy the inequalities

A . . . .
(29) Fy (w,w) = yw't e qpdtde
(30) 1<i1<ia<..<ig=n 1237 <ja<...<j;=Xn

A
The relation between the quadratic forms F, (w,w) and Fy (w,w) is the following

(31) Zé\q (w,w) = ﬁ

Now, we can prove the following theorem

F, (w,w)

Theorem 3 Let (M,g) be a compact Riemannian manifold of dimension n, n = 3.
The nullity of the quadratic form ﬁq (w,w) is a global property.

Proof 3 Let (U, ¢) be a chart on M with local coordinate system (xl, ,:r”) We
assume that the nullity of Zéq (w,w) on (U, ) is k, that is

A
(32) nullity Fy (w,w) =k

If (V,v) is another chart on M with local coordinate system (y',...,y™) such
that U NV # 0, then the components {w'!*-+!e} of w on V are connected with
the components {w %} of w on U with the relations

oz Ozl
= @@w

The relations (33) are valid on U NV and the local coordinates (z',...,2™) and
(y',...,y™) are connected by the relations

! ll...lq

(33) w i1...9q

(34) =t (yl, ,y”) Lt =a" (yl, ,y”)

A
The quadratic form F, (w,w) on the local coordinate system (y',...,y™) and by
meaning of (33) and (34) takes the expression

A
(35) F, (w,w)=P-Q
where

gzt Oxla Ozt Pl
36 P=w blaZ2 77 — I'my..mg
(36) w Syl Byl Sy By

The change of the local coordinate system (a:l, ,x”) on the chart (U, @) to the
(yl, ey y”) on (V,v) brings a change into the base
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(37) {dyi1 Ady2 A ... A dyiQ}

of the vector space A? (U NV, R), which is determined by the relation

(38) doit Adai® A A dgio = 0802 O

- l 1 1
= Byl Byl ---@dy Ay A LA dyte

This expression implies

oz Ox2  Oxla n
. ronk (G ) = ()
A
From (35) by means of (39) implies that the nullity of the quadratic form F, (w,w)
is constant and equal k on the whole manifold.

3 Killing tensor fields

Let (M,g) be a compact Riemannian manifold of dimension n. Let T be an antisym-
metric tensor field of type (0,q). It is known that for T we can associate an exterior
g-form w. This exterior g-form w is called Killing if it satisfies the relation

(40) (g+1)Vw =dw

The relation (40) implies that the tensor field Vw is antisymmetric and the same
time
(41) ow =0

The tensor field T is called Killing if the associated exterior g-form w is Killing.
Let (U,¢) be a chart on (M,g) with local coordinate system (:L“l,...,:r”). Let

{wil.,,iq} be the components of w on (U, ¢). If w is a Killing, then {wil,,,iq} satisfy
the relations

1 n 1 1l...q
VI v w0 T PO R E Vo ) A E VU gy . . . R
g v]vzwu...zq"‘q Py, Wiy ig_y vzs+1...zq+q Rit 1o Wit 1 vig1s—1 Wisq1.ig — 0

s=1 t<s
(42)
and
(43) 9"V jwiy iy, =0

on the chart (U, ¢).
If w is a Killing exterior g-form, the formula (11) takes the form

(44) /M [q |Vw|* — ﬁFq (w,w)| dM

Now, we can prove the following theorem
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Theorem 4 Let (M,g) be a compact orientable Riemannian manifold of dimension
A
n. We assume that the quadrate form F, (w,w) is semi-negative on the whole manifold

A
M. We also assume that on one chart of M the nullity of Fy (w,w) is equal to the
number of linearly independent parallel exterior forms of order q, then the dimesion
of Ky, (M,R) of Killing exterior g-form on M is given by

A
(45) dim K, (M,R) = nulity F; (w,w)

Proof 4 Let w be a Killing exterior form of order g. Under the assumption, we have

A
that the quadratic form F, (w,w) is semi-definite on the whole manifold. From the
formula (44) we obtain

A
(46) Vw=0 F; (w,w)=0

It is known that if f € D° (M) and Af = 0or Af <0, then f =c.
From the relation (8), the equation Aw = (¢ + 1) § Vw and the above remark we
conclude that

(47) lw|*> = ¢, ¢= constant
We assume that on the chart (U, ¢) of the manifold M with local coordinate system

A
(z'...2™) the nullity of the quadratic form F, (w,w) is equal to s and there are
linearly independent different than zero exterior g-forms, wéﬁ )iz___iq) 8 =12 ..k
which satisfy the relations (46). These exterior g-forms are parallel and the same time

Killing
Let w1 be another parallel exterior g-form different than zero, which satisfies
the relation

A
(48) F, (w(“+1),w(“+1)) =0

We shall prove that the exterior q-form w(®**1) can be written with a unique
(8)

manner as a linear combination of Wiiiaiy) B =1,2,...,k with constant coefficients
g

on the chart (U, ¢).
We assume that

+1
(49) g:m Z $sw (1112

where @3 are functions of (z',2?,...,2™). If we apply the operator of covariant differ-
entiation V; on the relation (49), we obtain for every j the system

(50) Z 9 d)ﬂ (i112..

which has a number < Z > equations with k¥ unknown



106 Gr. Tsagas and Gr. Bitis

(51) 0jp1,0502, ..., 0y

From our assumption we know that the degree of the matrix
(8)

52) {0l

of the coefficient of the unknown is equal to &

Therefore for every point of U, there exists at least one determinant of order
k different than zero, the referred above matrix. The corresponding homogeneous
system, which has as matrix of the coefficients the determinant which is different
than zero. Hence, we obtain

(53) 0j03 =0 (6=1,2,..k) forevery j=1,2,..n
which imply

(54) pg=cg B=12 .k

Hence, we have

K
(k+1) _ (8)
(55) Wiirig...ig) — Z CB Wi iy...iq)
B=1

On the other hand, by means of the formulas of changing the local coordinate
system we easily conclude that the linear conection (55) with constant coefficients is
valid on the whole manifold.

Finally, since every exterior g-form w(?) satisfies the relation

(56) ‘w(ﬂ)‘ =cjy (g #0)

and taking under consideration the theorem 3, we conclude that the exterior g-form
w® B =1,2,..k are the only non-zero linearly independent Killing exterior q-form
on the whole manifold a

4 Harmonic g-forms
Let w be an exterior g-form. This is called harmonic if it satisfies the relations

(57) dw=0, dw=0

or equivalently

(58) Aw =0

Let (U, $) be a chart on the manifold with local coordinate system (z'...z"). Let
{wi,...;,} be the components of w on U. If w is harmonic, then its components satisfy
the conditions



On the Harmonic and Killing Tensor Filed on a Compact Riemannian Manifold 107

q 1l...q
JINT NV s s _E Yoan: s . . _E VU oy . . . R
g v]vzwu...zq Riswzl...zs_l Visgt1...iq Rit s Wit g1 Vigg1alsm1 Wisq1...0q =0
s=1 t<s

(59)
The integral formula (14), if w is a harmonic form and by means of (59), takes the
form

(60) /M [|Vw|2 + ﬁFq (w,w)} dM =0

The following results are known. If F; (w, w) is semi-definite on the whole manifold,
then every harmonic form is parallel. If F, (w,w) > 0, then there exists no harmonic
form and the q Betti number is zero, then

(61) by (M) =0

Now, we can prove the following theorem

Theorem 5 Let (M, g) be an orientable and compact Riemannian manifold of dimen-

A
sion n. We assume that the quadratic form Fy (w,w) is semi-positive on the whole
manifold M and the same time the nullity of F, (w,w) is equall with the number of
linearity independent parallel exterior q-forms, then q Betti number of M is equall to

A A
the nullity of F, (w,w), that is by (M) = nullity (Fq (w,w)) .

A
Proof 5 From the assumption the Fj (w,w) is semi-positive on the whole manifold
M, we conclude, by the meaning of the formula of (60), the relations

A
(62) F, (w,w)=0, Vw=0

From the equation (10) using the known result if f € D° (M) and Af > 0 implies
f = constant we conclude that |w|” = c.

If we use the same method as in the theorem 3 we conclude that there are x
linearly independent paraller exterior g-forns, which are the only harmonic g-forms
on the manifold. Therefore we have the equality dim H? (M,R) = b, = k. O

5 Determination of the Betti numbers

Let M be an orientable and compact manifold. It is known that the ¢ Betti number
b, is a topological invariant.

One problem of algebraic topology is to determine b, (M), ¢ = 1,2, ...,n — 1,
where n = dim M. In some cases we use Riemannian metrics on M to determine b,
q=1,2,..,n—1.

This method connects Algebraic Topology and Differential Geometry.

Let H (M) be the set of all Riemannian metrics on M. It is known that H (M) is
a Bancach space of infinite dimension.

Let g € H (M) be a Riemannian metric on M. If w € A? (M) then we can form
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A
(63) Fy (w, w)
If
A
(64) F, (w,w)>0 and Vw=0

then w is parallel and the same time harmonic. If there are x exterior g-forms
w1, Ws, -.., Wy such that they satisfy

A A A

F, (w,w1) =0 Vw; =0, F, (wz,w3) =0 Vwy =0,....., F (wg,w,;) =0 Vw, =0
(65)
then by = k. From the above we have the proposition.

Proposition 6 Let M be an orientable and compact manifold of dimension n. We
assume that there are k exterior g-forms wy, we, ..., wy and Riemannian metrics g
such that thes forms are parallel with respect to the Luvi-Civita connection V and the

A
same time Fy (wj,w;) =0, j=1,...,k, thenb, =k

The above proposition permits to determine the Betti numbers on an orientable
and compact Riemannian manifold.
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