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Abstract

We prove an integral inequality for compact pseudo-umbilical spacelike sub-
manifolds in the indefinite space form. As an application of the inequality, we
give a necessary and sufficient condition for such submanifolds to be totally
geodesic.
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1 Introduction

Let M}*?(c) be an (n + p)-dimensional connected semi-Riemannian manifold of con-
stant curvature ¢ whose index is p, which is called as indefinite space form of index
p. Let M™ be an n-dimensional Riemannian manifold immersed in M*?(c). As the
semi-Riemannian metric of M]'*?(c) induces the Riemannian metric of M", M" is
called a spacelike submanifold. Let h be the second fundamental form of the immer-
sion, and £ the mean curvature vector. Denote by (-, -) the scalar product of Mg‘“’(c).
If there exists a function A on M™ such that

(1.1) (h(X,Y),§) = —MX,Y)

for any tangent vector X,Y on M™, then M™ is called a pseudo-umbilical space-
like submanifold of M*P(c). It is clear that A > 0. If the mean curvature vector &
vanishes identically, then M™ is called a maximal spacelike submanifold of M;‘“’ (c).
Every maximal spacelike submanifold of Ml?“’(c) is itself a pseudo-umbilical spacelike
submanifold of M"*?(c).

Maximal and pseudo-umbilical spacelike submanifolds have been studied by many
researches. For example in 1988 Ishihara [1] proved that if M" is a complete and
maximal spacelike submanifold of M**?(c), then either M™ is totally geodesic (when
¢>0)or0<S < —npe(when ¢ < 0), where S is the square length of the second
fundamental form of M™. In 1995 Sun [2] first proved that the mean curvature H of
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the pseudo-umbilical submanifolds M™ in M;‘“’ (c) is constant, then he generalized
Ishihara’s result to pseudo-umbilical submanifolds, obtaining the inequality

1
nH? < S < §np[H2 —c—\/(H? —¢)* +4H20/p].

In this paper, we prove an integral inequality for compact pseudo-umbilical space-
like submanifolds in the indefinite space form and as an application of the inequal-
ity, we give a necessary and sufficient condition for such submanifolds to be totally
geodesic. We will prove the following
Theorem 1. Let M™ be an n-dimensional compact pseudo-umbilical spacelike sub-
manifold in M}*?(c), then

1
(1.2) / {§ZRfmjk+Zanj—ncR+nﬂzR}*1§0.
M’n

Theorem 2. Let M™ be an n-dimensional compact pseudo-umbilical spacelike sub-
manifold in MJ*?(c), then
(1.3)

/ {%ZRfmjk + (n —2)eS —n(n —1)c® + n*(n — 1)cH? +nH25} x1 <0,
M’n

and equality holds if and only if M™ is totally geodesic.
In the above Theorem, Y R? ; i 18 the square length of the Riemannian curvature

tensor of M™, S~ R%, ; the square length of the Ricci curvature tensor and R the scalar
curvature. We shall make use of the following convention on the ranges of indices:

1§A7B7C7§n+p) lsla.]akagna n+1§a75777§n+p7

and we shall agree that repeated indices are summed over the respective ranges.

2 Local formulas

We choose a local field of semi-Riemannian orthonormal frames ei,---,epqp in
M;}“’(c) such that, restricted to M", ey, --, e, are tangent to M". Let wy, -+, Wn+p
be its dual frame field such that the semi-Riemannian metric of M*?(c) is given by

ds® =3 (wi)* =) (wa)> = _ea(wa)’,

where £; = 1 and €, = —1. Then the structure equations of M;'*?(c) are given by
(2.1) de:—ZEBwAB/\wB, waB +wpa =0,

1
(2.2) dwap ==Y ecwac Awep — 3 > Kapcpwe Awp,

(2.3) Kapcp = ceaep(0apdpc — dacdBD).
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We restrict these forms to M™, then

(2.4) Wa =0, wai= Zh%wja hiy = hi;
(2.5) dw;j = — Zwi’“ A Wrj — % 2 Rijriwr A wi,
(2.6) Rijr = c(6udjr — dirdji) — Z(hfih?k = hirhG),
(2.7) R, = Zlekl =c(n —1)dj + Zhﬁc it
(2.8) R=> Rj;=n(n—1)c+S5,

(2.9) dwap = — Z‘*"W A Wyo — % Z Rogijwi A wy,
(2.10) Rapij=—» ( 3h?z — hiihy).

For indefinite Riemannian manifolds, refer to O’Neill [3].
We call h = Z hf‘jwiwjea the second fundamental form of the immersed manifold

1
M™. Denote by S = z:(hf;)2 the square length of h , £ = - ZtrHaea the mean
curvature vector and

H= % > (trH,)?

the mean curvature of M™ respectively. Here tr is the trace of the matrix H, = (hg)).
Now let e, 41 be parallel to £. Then we have

(2.11) trH,y1 =nH, trH, =0, a#n+1.

Let hf} . and h% . denote the covariant derivative and the second covariant derivative
of h{; respectively, defined by

(212) Z h%kwk = dh% — Z hﬁcwkj — Z h?]@wki - Z h’?jwﬁon
(213) Z h%k,wl = dh%k - Z h%lwlk - Z h?;kwlj - Z h,“j,cwli — Z hiBjkwﬁa7

then we have

(2.14) ik — hik; =0,

(2.15) W& — h& == > By Runjir — Y h%, Rinirt — > s Ragia.

The Laplacian Ahg; of h} is defined by Ak = >° ke, . By a direct calculation
we have (cf. [4])

Z hiy D hiy = Zh% kkij — Z B W B —

(2.16) ;
- Z B h Rk — Z hS:hly; Ragjk.-
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3 Proof of Theorem

Proof of Theorem 1. From (1.1) and (2.11)

(3.1) (h(ei,e;), Hent1) = —H?6;; ie. ™ = —Hby,
therefore
(3.2) > hhy; = —nH A H.

Since H is constant (see [2]),

(33) Z h‘ kkzj =
On the other hand, from (2.6)

Zh hkm ml]k—_lz:(h?' i ha ha) mijk

=3 Z{Rzmkj 61]6mk 6mj6lk)}le]k — Z Rmz]k R,

(3.4)

= G hG Rk = > (W&, — h&hS,; + nH?6j) Ry =
(3.5) = {c(0ij0mi — 6ii0mj) — Rimij + nH>6y,j} Rynj =
=> Ry, —(n—1)cR+nHR.
From (2.10)

(3'6) _th]hszaﬁjk _Zh ki Jl Icl Zhah h

Since

S OhgEihg g = Y tr(HYHP)?

(3.7)

< > ((H*)AH®)?) =Y kg o T,
therefore
(3.8) = " h&hg Ragji > 0.

From (2.14), (3.3-3.8)
(3.9) > b Ahg > Z Rk + > Ro;—ncR+nHR.

Since / {Z he; A ho‘} x 1 <0 (see [4]), we have

(3.10) / { ZRm”k + ZR?M - ncR+nH2R} x1<0.
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Theorem 1 is proved.
Proof of Theorem 2. From (2.7)

(3.11) YR =nn-17+2n-1)cS+ Y [ D ha,h% | ,

m,j i,

G12) Y[ Xaay) 20 ] 25 () =28

m,j i, i,

therefore from (3.10),
(3.13)

/ { ZRngk+ 2)cS—n(n—1)cz+n2(n—1)cH2+nHZS}*ISO.

If M™ is totally geodesic, i.e., S =0, h{; = 0, then from (2.6)

(3.14) = Z R2 i =n(n—1)c

in this case, (3.13) becomes an equality; Inversely, if (3.13) becomes an equality, then
from (3.12) S =0, i.e. M" is totally geodesic. Theorem 2 is proved.

References

[1] T. Ishihara, Mazimal spacelike submanifolds of a pseudo-Riemannian space of
constant curvature, Michigan Math. J., 35(1988), 345-352.

[2] H. Sun, On spacelike submanifolds of a pseudo-Riemannian space form, Note Mat.,
15(1995), 215-224.

[3] B. O’Neill, Semi-Riemannian Geometry, Academic Press, New York, 1983.

[4] S.S. Chern, M. do Carmo and S. Kobayashi, Minimal submanifolds of sphere
with second fundamental form of constant length, Functional Analysis and Re-
lated Fields, Springer, 1970, 59-75.

Department of Mathematics

Concordia University

7141 Sherbrooke West

Montreal, Quebec, H4B 1R6, CANADA

Department of Mathematics, Yangzhou University,
Yangzhou 225002, People’s Republic of China




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


