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Abstract

In the previous paper [11] some sufficient topological conditions, expressed in
terms of homotopy groups, of two given differentiable manifolds M, N in order
that the ¢-category of the pair (M, N) be infinite, are given. In the more recent
paper [12] it is proved that, in the same topological conditions, the ¢-category is
actually infinite uncountable. As an application we observe in this paper that a
lower bound for the minimum number of points of zeros of the Lipschitz-Killing
curvature of some m-dimensional manifold immersible in R™**, with respect to
all this kind of immersions, can be given in terms of p-category.
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1 Introduction
Recall that the p-category of the pair (M, N) of closed manifolds is defined as
p(M,N) = min{#C(f) | f € C*(M,N)},

where C(f) is the critical set of f. A survey containing general results concerning
p-category is contained in the paper [1] (see also [2] and [3]).
Let M™ be a differentiable manifold immersible in R™+*; let f: M — R™* be
an immersion and
v € (df)p(T,(M))*= N SmHe-1
where p € M is a given point. Consider the second fundamental form ¢} , of f and
the projections Ny : N/t — gmHk=1" 7 NP1 M| where

NFL = {(,0) € M x S50 - o L (df),(T,(M))} =

- U ({p} x (Sm““*lﬂ(df)p(Tp(M))L))-

peEM
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Observe that 7 is a fibration with fibre S¥~1. Recall that the Lipschitz-Killing curva-
ture of f at the point p € M in the direction v is defined as

det(95,)
(

fo = det(g;

p))
and that gb}’?po is degenerated if and only if (po, vo) is a critical point of Ny ( for more
details we refer to the books [4] and [6]). Therefore

C(Ny) = {(p,v) e N1+ Lpo(p) = 0},

that is the p-category of the pair (N7, S™*+%~1) is a lower bound for the minimum
number of points of zeros of the Lipschitz-Killing curvature with respect to all im-
mersions of M in R™**. This fact can be shortly written by means of the inequality

Li(M) 2 oW1, gmHEty,

where
Lip(M) = min{#C(Ny) : f € ImmF(M)}

is the so called Ly-category or the immersiability category of M, and ImmF(M) is the
set of all immersions of M into R™**. The immersiability category Ly (M) is studied
in the case of surfaces and k¥ = 1 in the recent second author’s paper [12]. To prove
that the Ly (M) is infinite uncountable in certain situations, we will use the following
theorem.

Theorem 1.1 (/12]) Let M, N be compact connected differentiable manifolds of the
same dimension m.

(i) If m > 3 and m (M) cannot be embedded as a subgroup in mw(N), then
(ID(M7 N) = Nl;

(i1) If m > 4 and 7y(M) # 7y(N) for some q € {2,...,m—2}, then (M, N) = Ry.

Let us mention that Theorem 1.1 is improving ([11], Theorem 3.1) which states that,
under the same hypothesis, the p-category of the pair (M, N) is just > N,.

2 The implications of Theorem 1.1 on the
L;-category

Because the conditions of Theorem 1.1 are expressed in terms of homotopy groups
of the given manifolds and our lower bound for the minimum number of points of
zeros of the Lipschitz-Killing curvature is (N1, S™HE=1) we will try to relate in
what follows the homotopy groups of N/*! with those of M. We denote by k(M)
the smallest natural number such that M is immersible in R™*t*(M) By means of
Whitney’s theorem, observe that k(M) < 2m + 1 and if M™ is a compact manifold,
then k(M) < 2m — 1. Using [9], Theorem 1 and the proof of [9], Theorem 2 one can
see some lower bounds for k(Gs,,) and k(Gs.,,). For some lower bounds of k(P™(R))
and of k(P"(C)), k(P™(H)) see [8] and [7] respectively.



The Minimum Number of Zeros of Lipschitz-Killing Curvature 3

Theorem 2.1 Let M™ be a connected closed manifold.
(i) If m > 1 and w1 (M) is not trivial, then Ly(M) = Ry, Vk > max{3,k(M)};

(1t) If m > 2 and mq(M) is not trivial for some for some q € {2,...,k — 1}, then
Ly (M) > Xy, Vk > max{3,k(M)}.

Proof. The homotopy sequence of the fibration S¥~1 — N1 5 M is
B WT(Sk_l) - WT(NfJ) — (M) — 7T7‘—1(Sk71) —

Because the homotopy groups m,(S*~1), m,_1(S*¥~1) of the sphere are trivial for ¢ €
{1,...,k — 2} and m,_1(S*"1) ~ Z it follows that m,(N/1) ~ 7, (M) for all ¢ €
{1,...,k — 2} and the morphism 74_;(N7!) — 741 (M), induced by the projection
7 : N1) — M is surjective. Therefore, to prove (i) apply Theorem 1.1 (i), taking into
accout that mi (M) 2 0 ~ 7, (S™*+* 1), Annalogously, to prove (ii) apply theorem 1.1
(44), taking into accout that for some for some ¢ € {2,...,k — 1} we have 7 (M) #
0~ g (SmHh=1y,

Theorem 2.2 Let M™ be a connected closed manifold immersible in R™ 2.
(i) If m > 2 and 71 (M) is not trivial, then Lo(M) = Ny;
(i) If m > 3 and wo(M) #£ Z, then Lo(M) = Vy;

(i11) If m > 4 and m,
Lo(M) = ;.

—~ T

M) is not trivial for some for some q € {3,...,m—1}, then

Proof. The homotopy sequence of the fibration S* — N1 5 M is
oo (SY) = I WY - (M) - me_ (S — -

Because the homotopy groups m,(S') of the circle are trivial for ¢ = 0 and ¢ > 2
and 7 (S') ~ Z, it follows that the morphism m;(N/1) — 7;(M) induced by the
projection 7 : N1 — M is surjective, meaning that 7y (M) 2 0 implies 1 (N/1)
0 ~ 71 (S™*1). Therefore using Theorem 1.1 (7), it follows that La(M) = R; and the
statement (7) is proved. To prove the second statement, observe that the morphism

ma(N1) — my (M)
induced by the projection 7 : N/t — M is injective and
T (M) [ma (N 1) ~ Z.
Combining this observation with the hypothesis of (i7) it follows that
To(NT1) £ 0 o~ may (8™,

Therefore using Theorem 1.1 (i7) conclude that Lo(M) = Ny.
The statement (iiz) follows immediately from Theorem 1.1 (i¢) taking into account
that for ¢ € {3,...,m — 1} we have m,(NF!) ~ m,.(M) % 0 =~ 7, (S™H1).



4 D. Andrica and C. Pintea

3 Some manifolds with infinite uncountable
L;-category

In this section we are going to use the results of the previous section to obtain some
manifolds with infinite Lg-category.

Proposition 3.1 (i) For m > 1 we have that
Liy(P™(R)) =Ry, VkE > max{3,k(P™(R))};
(ii) For m > 1 we have that
Lp(L*™ a1, ..., qp)) = Ny, Yk > max{3, k(L*" Yq1,...,q,))};

(#1i) For m > 2 we have that Ly (SOy,) > Xy, Vk > max{3, k(SO,,)}.

Proof. Indeed, for m > 3 we have
m(P?(R)) = 11 (P™(R)) =~ m1(SOp) = Zy # 0,
while P1(R) ~rop SO2 ~rop St so that
m (P (R)) ~ m(SO,) ~ Z # 0,

and
T (L a1y 3 qp) = Zyy # 0, Ym > 1.

Therefore using Theorem 2.1 (), proposition 3.1 is completely proved.

Proposition 3.2 (i) Ly(Gp;) = N1, Yk > max{3,k(G,,)};
(i) If m > 3, then Li(Spin,) = N1, Vk > max{4, k(Spin,)}.

Proof. (i) Let us assume that p > . In this case it follows, using [13], Theorem 10.16,
pp- 204, that

7rq(Gp,l) = 7rq(Vanl,l) D qul(Ol)a vq.

On the other hand the inclusion SO; — O; induces isomorphism of homotopy groups
m;(SO;) — m;(O;), so that for | = 2 we have 71(0O3) ~ 71(S02) ~ Z and for [ > 3
we have m1(0;) ~ m(SO;) =~ Zs. In any case m2(G)p,;) has as a subgroup either Z or
Z,, that is, m2(Gp,) # 0, meaning by Theorem 2.1 (i7), that Ly(Gp;) = Ny, Yk >
max{3, k(Gp1)}.

(#4) Indeed w4 (Sping,) ~ 74(SOm), Yk > 2, Spin,, being the universal cover of
SO,,. Hence

. Z ifm=3and m>5
75 (Spinm) = 73(SOm) —{ ZoZ if m = 4.
For the above mentioned homotopy groups, see for instance [5], pp. 224. Therefore in
the given conditions, w3(Spin,,) % 0, meaning by Theorem 2.1 (i%), that Ly (Spin,,) =
Ny, Vk > max{4, k(Spin,,)}.
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Remark 3.3 For k& > max{3,p + 1,k(Gp,;)} the first point of Proposition 3.2 can
be also proved by means of [13], Theorem 10.13, pp. 203, from which it follows that
Tp(Vpg1,1) 1s either infinit cyclic or cyclic of order two.
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