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Abstract

O.Kowalski and J.Szenthe [7] proved that every homogeneous Riemannian
manifold admits a homogeneous geodesic, that is, a geodesic which is an orbit
of a one-parameter group of isometries. Then, several authors investigated the
set of all homogeneous geodesics of some homogeneous spaces.

In this paper, we study the set of homogeneous geodesics of five-dimen- sional
generalized symmetric spaces and we find several interesting behaviours.
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1 Introduction

Let (M,g) be a (connected) homogeneous space, that is, a Riemannian manifold
admitting a connected group of isometries GG, acting transitively and effectively on
M. Then, M can be identified with (G/H, g), where H is the isotropy group at a fixed
point o of M. The Lie algebra g of G has a reductive decomposition g = m®h, where
m C g is a subspace of g isomorphic to the tangent space T,(M )7and h is the Lie
algebra of H. In general, such decomposition is not unique. A geodesic ~(t) through
the origin o of M = G/H is called homogeneous if it is an orbit of a one-parameter
subgroup of G, that is

(1.1) ~v(t) = exp(tZ)(o0), t € R,

where Z is a nonzero vector of g.

A homogeneous Riemannian manifold is called a g.o. space if all geodesics are
homogeneous with respect to the largest connected group of isometries. All naturally
reductive spaces are g.o.spaces, but the converse does not hold. In fact, A. Kaplan
[3] proved the existence of g.o. spaces which are in no way naturally reductive; the
examples of A.Kaplan are generalized Heisenberg groups with two-dimensional center.
In [8], O.Kowalski and L.Vanhecke gave a classification of all g.o.spaces (which are in
no way naturally reductive) up to dimension six.
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About the existence of homogeneous geodesics in a general homogeneous Rie-
mannian manifold, V.V.Kajzer [2] proved that a Lie group endowed with a left-
invariant metric admits at least one homogeneous geodesic. More recently, O.Kowalski
and J.Szenthe [7] proved that any homogeneous Riemannian space M = G/H admits
at least one homogeneous geodesic through the origin. They also proved that if G is
semi-simple, then M admits n = dimM mutually orthogonal homogeneous geodesics
through the origin.

A natural problem is then to study the set of all homogeneous geodesics of a homo-
geneous Riemannian manifold. Several authors investigated the sets of homogeneous
geodesics on some types of homogeneous spaces (see [6], [9], [10]).

In this paper, we consider five-dimensional generalized symmetric spaces. The
study of homogeneous geodesics in these homogeneous spaces is of particular interest,
because their Lie groups in general are not semi-simple. For the ones of order 6
(type 9, see [4]), the Lie group is solvable. In section 2 we shall recall some basic
facts about homogeneous geodesics in homogeneous Riemannian manifolds. In sections
3,4,5,6,7 and 8 we study the sets of all homogeneous geodesics of five-dimensional
generalized symmetric spaces of type 2,3,4,7,8 and 9, respectively, which are all
the examples of five-dimensional generalized symmetric spaces which are not g.o.
spaces. The most interesting results we found concern homogeneous geodesics of five-
dimensional generalized symmetric spaces of type 7a and 9. Some other cases, in
particular types 3 and 8, are interesting because they present quite complicated sets
of geodesic vectors.

2 Preliminaries on homogeneous geodesics and
generalized symmetric spaces

Let (M = G/H, g) be a homogeneous Riemannian manifold with a fixed origin o, g
and h the Lie algebras of G and H respectively and

(2.1) g=moh

a reductive decomposition. The canonical projection p : G — G/H induces an iso-
morphism between the subspace m and the tangent space T, (M). Consequently, the
scalar product g, on T,(M) induces a scalar product <,> on m which is Ad(H)-
invariant. A non-zero vector Z € g is called a geodesic vector if the curve exptX (o)
is a geodesic. We recall the following characterization of geodesic vectors:

Lemma 2.1 [8] A non-zero vector X € g is a geodesic vector if and only if

(2.2) < [X,Y]m, X >=0

for allY € m (the subscript m denotes the projection into m).

Therefore, looking for all homogeneous geodesics of a homogeneous Riemannian
manifold (M = G/H,g), we first calculate the connected component G of the full
isometry group I(M), or at least the corresponding Lie algebra g . Then, we find a
decomposition of the form (2.1) and look for the geodesic vectors in the form

(2.3) Z = ixiei +zs:ajAj
i=1 j=1



Homogeneous Geodesics in Five-Dimensional Generalized Symmetric Spaces 3

.....

where {e;}i=1,2, . is a convenient basis of m and {A;};=1 2 . is a basis of h. When
we take Y =¢; , i =1,2,...,r, the condition (2.2) produces a system of r quadratic
equations for the variables z; and a; . Then, we see for which values of x1,za, ..., 2,
and a1, as, ..., as this system is satisfied. To such solutions, for which z1, zs, ..., x, are
not all equal to zero, correspond geodesic vectors (see also [6]).

A finite family {v1,v2,...,7} of homogeneous geodesics through o € M is said to
be orthogonal (respectively, linearly independent) if the corresponding initial tangent
vectors at o are orthogonal (resp., linearly independent). The following result holds:
Proposition 2.2 [6] A finite family {y1,7¥2, ..., Y&} of homogeneous geodesics through
0 € M is orthogonal (respectively, linearly independent) if the m-components of the
corresponding geodesic vectors are orthogonal (respectively, linearly independent).

We now recall some basic facts about generalized symmetric spaces. A generalized
symmetric space is a connected Riemannian manifold (M, g) admitting a regular s-
structure, that is, a family {s, : © € M} of symmetries on M, such that

Sz O Sy = 5, 0 Sy, Z:Sz(y%

for every points x,y, € M [5]. As it is well-known, every generalized symmetric space
is a homogeneous Riemannian space G/H [4]. An s-structure {s, : © € M} is said to
be of order k > 2 if (s,)* = id for all x € M and (s,)* # id for i < k. A Riemannian
manifold (M, g) is said to be k-symmetric if it admits a regular s-structure of order
k. Each generalized symmetric space is k-symmetric for some k [4]. The order of a
generalized symmetric space is the least integer k such that (M, g) is k-symmetric.

Low-dimensional generalized symmetric spaces have been classified [4], [5]. Com-
paring this classification with the classification of low-dimensional g.o. spaces given
in [8], we see that the generalized symmetric spaces which are not g.o. spaces are the
ones of type 2, 3,4, 7, 8 (all of order 4) and 9 (of order 6) in the classification given
in [5].

For all these spaces, in [4] it is given a basis of g , containing a basis { X1, Y1, Xa, Y5, W}
of m , with respect to which the Lie bracket [,] of g and the scalar product <, > of
m are explicitly described. B

According to Lemma 2.1, a non-zero vector X € g is geodesic if and only if

<X, Y)m, Xm >=0

for all Y € m or, equivalently, if and only if

< [X, X1]lm, Xm >=0,
< [X, X2]m, Xm >=0,
(2.4) < [X, Y1]m, Xm >= 0,
< [X,Yg}m,Xm >= 0,
< [X, W, Xm >=0
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3 Homogeneous geodesics of generalized symmetric
spaces of type 2

A five-dimensional generalized symmetric space M of type 2 is Bs(m,y,z,w,t),
equipped with the Riemannian metric

g = e Putgp? 4 Phtgy? L oDt 2 4 Matgy? L 2 4
20NN grdy 4 ePMFAD ] +
+28[ePM At dydz — P2 A dpdu),
where either \{ > Xs >0, 0>+ 82 <1l,or A\ =X >0, a=0and0< 3 <1, or

A1 <0, =0,a=0and 0 << 1. As homogeneous space, M = G/H, where G is
the group of all matrices of the form

ert 0 0

0 T
0 e M 0 0 v
0 0 er2t 0 z
0 0 0 e M
0 0 0 0 1

The linear subspace m of g admits a basis { X1, Y1, X», Y, W} such that
(X;, W] =-N\X;, [Y;,W]=\Y;, [,]=0otherwise.

2a): A\; > Ay >0 and o + 3% < 1.
In this case, h = 0 [4]. The Lie bracket [,] and the Riemannian metric <, > are
respectively determined by

(] X1 Xo Y; Yo w
X 0 0 0 0 - X3
(3.1) Xo 0 0 0 0 -2 X
Y1 0 0 0 0 Y
Y, 0 0 0 0 A Yo
w AMX1T AXe YT —\Y, 0
and
<, > X: Xo T Y W
X1 1 a 0 -8 0
(3.2) X « 1 8 0 0
Y 0 B 1 a 0
Y, -6 0 a 1 0
w 0 0 0 0 1

(see [4]). Using (3.1) and (3.2) to compute (2.4), we obtain that X € g = m is geodesic
if and only if its components (x1,z2,y1,y2, w) with respect to {X;, Xa,Y7,Ye, W}
satisfy
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w(xl + axo — 6:(/2) = O7
w(axy + x2 + Py1) =0,
w(Bry + y1 + aya) = 0,
w(—pfr1 +ayr +y2) =0,
Az (21 + axe — Bya) — Xewa(axy + x2 + By1)+
+Ay1(Bre + y1 + aya) + Aaye(—Br1 + ayr +y2) = 0,
where we took into account that Ay > Ay > 0.
If w+#0, (3.4) gives easily 1 = 29 = y1 = y2 = 0. If w = 0, the solutions of (3.4)
are given by (21,2, 91, y2,0), satisfying

(3.3)

(3.4) —Miz1(z1 + aze — By2) — Aexa(axy + 22 + By1) +
+My1(Bre + y1 + ay2) + Aaye (=L + ayr + y2) =0,

Hence, we proved that X is a geodesic vector of a generalized symmetric space of type
2q if and only if

(1) X =wW, or
(1)) X =21X1 +22Xo +y1Y1 + y2Yo and (3.4) holds.

Geometrically speaking, geodesic vectors of a generalized symmetric space of type
2a form a straight line (i) and a hypercone (of equation (3.4)) in the orthogonal
complement of such line (it).

Note that W is a geodesic vector of type (7), while X;+Y7, X; - Y1, —(a—0) X1+
Xo— (a4 0)Y1+ Y and —(a+ 8) X1 + X2 + (o — B)Y1 — Ys are geodesic vectors of
type (i) and all together they form an orthogonal basis of geodesic vectors.
2b): Ay = A2 >0, =0 and 8> 0.

In this case, h = so(2) = span(A), where A is determined by AX; = X5, AXy =
—X1, AY1 =Ys, AY, = =Y, AW =0 (see [4]). Since [A, X] = AX forall X € g, we
get

[ ) ] Xl X2 Yl YQ w A
X4 0 0 0 0 X —X5
(3.5) X5 0 0 0 0 XX Xi
’ Yy 0 0 0 0 YR 4] -Y5
Yo 0 0 0 0 A Yo Y;
w AMX1T AXe —AY7 =Y, 0 0
A Xo -Xi Y5 - 0 0
and
<, > Xy, Xo 1 Y, w
X, 1 0 0 -8 0
(3.6) X, 0o 1 B8 0 0
Y 0 I] 1 0 0
Y> -6 0 0 1 0
w 0 0 0 O 1
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We computed <,> as in case 2a), taking into account o = 0. X € g is geo-
desic if and only if its components (z1, 2,1, Y2, w,a) with respect to the basis
{X1,Y1, X, Yo, W, A} of g satisfy

AMw(zy — Bya) + a(r2 + By1) =0,
Aw(z2 + By1) — a(r1 — By2) = 0,
—Mw(Bre +y1) + a(—PFz1 +y2) =0,
—Xow(—Px1 +y2) —a(fra +y1) =0,
=M@ (21 — By2) — Aoz (2 + By1)+
+My1(Bra + y1) + Aoy (—Bx1 +y2) = 0.

(3.7)

If a # 0, then the solutions of (3.7) are given by 1 = 25 = y; = yo = 0. For a = 0,
we put a; = 1 — Bys, as = x2 + Py1, az = Pfra+y; and ag = —fx1 + y2. The system
(3.7) reduces to

(3.8) wa; =0, 1=1,2,3,4,
' —A1x1a1 — A2agA1y1a3 + Aayaa4 = 0.

If w # 0, (3.8) gives a; =0, i = 1,..,4, from which it follows easily 21 = o = y; =
y2 = 0. If w = 0, then (3.8) reduces to the last equation, which gives x2 +z3 = y2 + 3.
Hence, X is a geodesic vector of a generalized symmetric space of type 2b if and only
if its m-component is

(1)  Xm=wW, or
(11) Xm =21 X1 + 22X + 51 Y1 +y2Ya and o7 + 23 = y§ + v5.

We can check easily that {W, X1 +Ya, X1 — Y, Xo + Y7, X5 — Y7} is an orthogonal
basis of geodesic vectors of m.
2¢): A1 >0, \a=0,a=0and 0 < < 1.

In this case, h = s0(2) @ so(2) = span(A;, As), where A1 = A of case 2b), while
A2 is determined by A2X1 = XQ, AQXQ = —Xl, AgYi = —}/2, A2Y2 = Yi, AQW =0
(see [4]). Similarly to case 2b), we get

[ ) ] Xl X2 Yl YQ w Al AQ

X, 0 0 0 0 —MX: —Xo —Xo
X, 0 0 0 0 0 X X
(3.9) Yi 0 0 0 0 MY - Y
Ys 0 0 0 0 0 i -V
WooaMX: 0 -y 0 0 0 0
A X, -Xi Y» -1 0 - -
Ay X, -X1 -Y» 1 0 - -

and
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<, > X, Xo 1 Y, w

X, 1 0 0 -8 0
(3.10) X 0O 1 B8 0 0
Y; 0o B8 1 0 0
Y, -3 0 0 1 0
1% O 0 0 0 1

X € g is geodesic if and only if its components (1,2, Y1, Y2, W, a, b) with respect to
{X17 Yla X27 Y27 W Ala A2} Satlsfy

Mw(zy — By2) + (a +b)(z2 + By1) =0,
—(a+b)(xz1 — By2) =0,

(3.11) —Mw(fze +y1) + (a — b)(—Pz1 +y2) =0,
—(a—=0b)(Bzre +y1) =0,
=Mz (21 — By2) + My (Bra +y1) = 0.

If @ # 4b, then 1 = 29 = y1 = y2 = 0. If @ = b = 0, then either w = 0 and
r1(21 — By2) + y1(Bra +y1) =0, or w # 0 and 2y = Bya, y1 = —PBas. If a = b # —b,
then z1 = Bys and x2 = y; = 0, while for a = —b # b, we obtain z; = yo = 0 and
y1 = —0x2. Hence, if X is a geodesic vector of a generalized symmetric space of type
2¢, then its m-component is

(1) Xm=z1X1+ 22Xo + 1 Y1 + yo Yo with 1 (21 — By2) + y1(Bra +31) =0,
or
(1) Xm

Bya X1 + 12 Xo — Bx2Y1 + yo Yo + wW.

We can check easily that X; + Y7, X1 — Y1 (type (4)), together with Xy — 5Y; +
W, Xz — Y1 — (1 — B*)W and BX; + Yz (type (ii)), form an orthogonal basis of m.

From the study of cases 2a), 2b) and 2¢) and taking into account Proposition
2.2, we can conclude that all five-dimensional generalized symmetric spaces of type 2
admit five mutually orthogonal homogeneous geodesics through the origin.

4 Homogeneous geodesics of generalized symmetric
spaces of type 3

A five-dimensional generalized symmetric space M of type 3 is the homogeneous
space M = SO(3,C)/SO(2), where SO(3,C) is the special complex orthogonal
group and the Riemannian metric of M is induced by a real invariant positive semi-
definite form of GL(3,C) (see [4]). The subalgebra is h = so(2) = span(A), where
AX, = X5, AXy = — X4, AY] = Ys, AY, = —Y7, AW = 0, with respect to a basis
{X1,X2,Y1,Ys, W} of m . The Lie bracket [,] and the Riemannian metric <,> are
respectively given by
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X, 0 0 0 - X5 X5
(4.1) X5 0 0 W 0 -X Xi
) Y 0o -w 0 0 Y =Y
Y, w 0 0 0 Y5 Yy
w X Xo -7 -V 0 0
A X X7 Y2 -V 0 0
and
<, > X:s Xo T Y w
X, a? 0 0 —v O
(4.2) X5 0 a> v 0 0
Y1 0 v a2 0 0
Y> - 0 0 a2 0
w 0 0 0 0 b?

where a,b > 0, v are real numbers, a® > || (see [4]).

Using (4.1) and (4.2) to compute (2.4), we obtain that X € g is geodesic if
and only if its components (x1,Z2, Y1, Y2, w,r) with respect to {X7, Xo, Y1, Y, W, A}
satisfy

w(a?zy 4+ (b* —7)y2) + r(a*ze +yy1) = 0,

w(a*zy — (b* = )y1) — r(a’zy —yy2) = 0,
(4.3) w(—a?y; + (b% —v)x2) +r(a’ys —yz1) =0,
w(—a*yy — (b* — y)z1) — r(a®yy + yx2) = 0,
o} + a3 =yl + 3,

CL2
CL2

taking into account that a? # 0.

We can now find all the solutions of (4.3). If r = w = 0, then (4.3) reduces to
23 + 23 = y? +y3. If r = 0 # w, the solutions of (4.3) are x7 = x5 = y; = yo = 0 if
a? - +y#0,and 1 +ys =x9 —y1 =0if a2 =62 + v =0.

The case 7 # 0 is much more complicated. After some standard but quite long
calculations, we eventually find that, when r # 0, the solutions of (4.3) are given by

o Vwryn +wye) |y
NE T s a2y a2Y
a?(r? + w?) a
Vw(wy, —rya) v . 5 brw?(b? —2v) 9
x2:—a2(r2—|—w2) — 3y with r :7&—72 —w”.

Thus, if X is a geodesic vector of a generalized symmetric space of type 3, then its
m-component is

(i) Xm=21X1+22X5 +11V1 +12Y2 and 2f + 23 = 47 + 43, or
(i) Xm =wW if a® = b? + 7 # 0, while
X = 22Xo + 22V +wW if a2 — b2 + v =0, or
(m)xngﬁﬂﬂiﬂﬁ Y w(wys — rys)
a?(r?2 +1) a2(r2 +1)
+y2 Yo + wW, where 12 = M —w? 40,

at—~y

+ 5ve) X+ ( - L) Xe + it
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One can check that W is a vector of type (i7), while V; = X; + Y7, Vo = X7 — Y7,
Vs = X1 +a? Xy —7Y1 +a?Ys and Vy = v X1 —a? X2 +7Y1 +a?Ys are of type (i), and
{WV1, V2, V3, V4, W} is an orthogonal basis of m. Therefore, Proposition 2.2 implies that
five-dimensional generalized symmetric spaces of type 3 admit five mutually orthogonal
homogeneous geodesics through the origin o.

5 Homogeneous geodesics of generalized symmetric
spaces of type 4

Five-dimensional generalized symmetric spaces M of type 4 are complex matrix groups

e 0 z
0 e M w
0 0 1

where z,w € C and t € IR. M is also the space C?(z,w) x IR(t), equipped with a
Riemannian metric

g = e OVzdz + OV qudw + dt® + 26[6(5\_A)tdzdﬂj + e()‘_x)tdidw] +

+’Y€72)\td22 + ’76725\td22 o 762)\tdw2 . ’762;\td1I)2,

: N 5 B 9 1= b?
with A,y € C, c € R, v7 + ¢* < 1/4 [4]. Put v = (1 + b*)~, where ¢ = SRS
Then, v + ¢® < 1/4 is equivalent to v < b2.
2a): A+ A #0 and v # 0.

In this case, h = 0 [4]. With respect to a suitable basis { X7, X5,Y7,Ys, W} of g,
the Lie bracket [,] and the Riemannian metric <, > are given by (see [4]) B

[ ) ] Xl X2 Yl Y2 w
X1 0 0 0 0 —77X2 — ,UYQ
(5.1) Xo 0 0 0 0 nX1 — uYy
Yi 0 0 0 0 —uXo +nYs
)/2 0 0 0 O —,LLXl — 77Y1
w nXs+pYs —nXi+pYr pXo—nYe pXi+nYi 0
and
<, > Xy, Xo 7 Y, w
X1 1 a 0 -0 0
(5.2) Xy « 5 0 0
Yi 0 I] 1 « 0
Y, -3 0 o b 0
w 0 0 0 O 1
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where A = n+ip and v = a+i3. Using (5.1) and (5.2) in (2.4), we obtain that X € g
is geodesic if and only if its components satisfy

wn (e + b%za + By1) + wp(—Br1 + ayr + b%y2) =0,

—wn(z1 + aze — By2) + wp(Bra + y1 + ayz) =0,

wpowy + ey + By1) — wn(—Br1 + ayr + b%y2) =0,

wp (w1 + avz — By2) + wn(Bra + y1 + ays) =0,

(nx1 + py1) (axy + b2xg 4 Byr) + (po1 — ny1) (—Br1 + ayr + b*y2)+
+(=nz2 + py2)(v1 + awz — By2) + (w2 +1ny2)(Bra + Y1 + ays) =0

(5.3)

It is not difficult to show that if w # 0, the solutions of (5.3) are given by (0,0, 0,0, w),
while if w = 0, (5.3) reduces to the fifth equation. So, in this case the solutions are
(21, 22,91, y2,0) such that

(5.4) (nzy + pyr) oy + b2zs + Byr) + (pey — ny1 ) (— By + ayr + b2y2) +
+(=nz2 + py2)(z1 + axs — By2) + (pae + ny2)(Bre +y1 +ays) =0

We then proved that X is a geodesic vector of a generalized symmetric space of type
4a if and only if

(i) X =wW, or
(’LZ) X = 5U1X1 + (EQXQ + y1Y1 + y2Y2 and (54) holds.

Then, for generalized symmetric spaces of type 4a, geodesic vectors form a straight
line (i) and a hypercone (of equation (5.4)) in the orthogonal complement of such line
(it).

About the existence of an orthogonal basis of geodesic vectors, we found that such
basis always exists, but it strongly varies with the different values of «, 8, n and pu.
Taking into account that n # 0 and a+i5 # 0, an orthogonal basis of geodesic vectors
is given by:

a) {X1,Y1,Xo — Y1, 6X: + Yo, W} when oo = pp = 0;

A — VA
b) {X; + MYth + Wyh(/gk —a)X; + Xo — (ak +

BIY1 +kYz, (B + ak) X1 — Xz + (Bk — a)Y1 + Yo, W}, with A = (a® + 82)(n* + p1*)
and k — w7 when o # iﬁﬁ;
an + B U

2 2 2
+
) {Xl,Yl,X2—<1+%)ﬂY1+%n,—” a

X1+X2*3Y2, W} when o = %5 £ 0;

d) {X1+%Y17X1—2Y1, %ﬂX1+X2—ﬁY1,ﬁX1+%5Y1+1e, W}ifa= —%ﬂ £0.

Therefore, five-dimensional generalized symmetric spaces of type 4a admit five
mutually orthogonal homogeneous geodesics through the origin.
2b): A+ A=0,rv=0and b* # 1.



Homogeneous Geodesics in Five-Dimensional Generalized Symmetric Spaces 11

Since A+ A = 0, we have A\ = iy, u € IR. In this case, h = s0(2) = span(A), where
A is determined by AX; = —Y1, AXs =Y, AY] = X5, AYs = —Xo, AW =0 (see
[4]). Computing [,] and <, >, taking into account that now v = 0 and A = iu, we get

[,] X X2 " Y w A

X, 0 0 0 0 —uYs Y
(5.5) X, 0 0 0 0 —uyi -Y
' Y: 0 0 0 0 —uXo —-Xi
YQ 0 O O O _MXI X2
w MYQ /LYl [LXQ ,qu 0 0
A -7 Yo X5 —Xo 0 0

and {X1, X5,Y7,Ys, W} is an orthogonal basis, with < X1, X; >=< Y1,Y; >= <
W,W >=1and < X9, Xo >=< Y5, Yo >=b% # 1.

Therefore, X € g is geodesic if and only if its components (x1,z2,y1, Y2, W, a)
with respect to the basis {X1,Y1, X, Ys, W, A} satisfy

pwb?y; — ayy =0,
pwyy + ab®ys =0,
(5.6) pwb?zs + axy = 0,
pwzy — ab’xs =0,
2u(x1ys + z2y1) = 0.

It is easy to show that if p = 0, then any vector of m is the component of a
geodesic vector. Hence, we now focus on the case p # 0. When w # 0, from (5.6) we
get 1 = 29 = y1 = yo = 0, while if w = 0, then (5.6) reduces to z1ys + x2y1 = 0.
Therefore, if 4 # 0, X is a geodesic vector of a generalized symmetric space of type
4b if and only if

(1) Xm=wW, or
(17) Xm =21 X1 + 22X0 + 11 Y1 + y2Y2 and z1y2 + z2y1 = 0.

We can check easily that X7, X3, Y7, Yo and W are mutually orthogonal geodesic
vectors. Thus, five-dimensional generalized symmetric spaces of type 4b admit five
linearly independent homogeneous geodesics through the origin o.
2¢): A+ A#0,v=0and b? = 1.

In this case, h = s0(2) @ so(2) = span(A;, As), where A1 = A of type 4b, while
A2 is determined by A2X1 = )(27 A2X2 = —Xh A2Y1 = —1/2, A}/Q = Yl, AW =0
(see [4]). Hence, computing the Lie bracket, we get

[ , ] X1 XQ Yl YQ w A1 AQ
Xl 0 0 0 0 —an - /,I,Yz Yi —X2
X2 0 0 0 0 ?7X1 — ,LLY1 7Y2 X1
Y1 0 0 0 0 —uXs+nY: —Xi Yo
Ys 0 0 0 0 —uXi -7 X2 -V
W 77X2 + /LYQ *?7X1 —+ qu ,U,Xz — 7’]Y2 ,LLX1 —+ 77Y1 0 0 O
A1 —Y1 Y2 X1 —X2 0 — —

As X2 -Xi -Y Y, 0 — -
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Note that in this case {X1, Xs,Y7,Ys, W} is an orthonormal basis of m.

X € g is geodesic if and only if its components (21,72, y1,y2, w, a, b) with respect
to {X1,Y1, Xo,Ya, W, Ay, Ao} satisfy

w(nze + uyz) —ayy + bry =0,

w(nxy — py1) — ays + bxy =0,

(5.7) w(umz - nyg) +axy — bys =0,
w(pry +ny1) — axvs + by = 0,

2 (Z‘lyg —l—yll‘g) 0.

When w # 0, (5.7) gives 1 = 2 = y1 = y2 = 0. For w = 0, (5.7) reduces to its last
equation z1ys + y1x2 = 0. Thus, if X is a geodesic vector of a generalized symmetric
space of type 4c¢, then its m-component is

(1) Xm=wW, or
(17) Xm =1 X1 +22Xo + 11 Y1 + y2Yo and z1y2 + z2y1 = 0.

Note that {X71, X2,Y7,Y2, W} is an orthonormal basis of m, where X;, X5, Y7,
Y5 are of type (i) while W is of type (i¢). Therefore, from Proposition 2.2 it follows
that five-dimensional generalized symmetric spaces of type 4c admit five mutually
orthogonal homogeneous geodesics through the origin.

6 Homogeneous geodesics of generalized symmetric
spaces of type 7

As homogeneous spaces, five-dimensional generalized symmetric spaces M of type 7
are real matrix groups

0 x

0 e M 0 0 vy
teM 0 et 0 U
0 te=™ 0 e M
0 0 0 0 1

M is also IR®(x,y,u,v,t), equipped with a Riemannian metric

g = dt’ + e M (tde — du)? + M (tdy + dv)? + a®(e” P da® + MMdy?) +
+27(dydu — dxdv),

where \,a,7 € IR, A >0, a > 0 and v? < a?.
2a): A # 0.

In this case, h = 0 [4]. Following [4], there exists a basis {X7, X2,Y7,Ys, W} of g
such that B
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[ ) ] Xl X2 Yl YQ W
X1 0 0 0 0 —AX1 — Xo
(6.1) X, 0 0 0 0 —AX,
Y1 0 0 0 0 AY] + Y5
Y> 0 0 0 0 Y,
w AXi+Xe AXy —AY1—Ye —AY, 0
and
<, > X1 Xoo v Yoa W
X1 Cl2 0 0 - 0
(6.2) Xs 0o 1 ~ 0 ©
Y: 0 ~ a®> 0 0
Yy 40 0 1 0
w 0 0 0 O 1
We now use (6.1) and (6.2) to compute (2.4). Taking into account that A # 0, we get
a’ry —yyz =0,
To +YY) = 07
(6.3) yxo + a’y; =0,
Y2 —yr1 =0,

which only admits the solutions (0,0,0,0,w). So, X is a geodesic vector of a gener-
alized symmetric space of type Ta if and only if X is parallel to W. In other words,
geodesic vectors of a five-dimensional generalized symmetric space of type Ta form a
straight line. As a consequence, we clearly have the following
Theorem 6.1 Five-dimensional generalized symmetric spaces of type Ta only admit
one homogeneous geodesic through the origin.
2b): A =0.

In this case, h = so(2) = span(A), where A is determined by AX; = —Y7,
AXy =Yy, AV = Xy, AY; = —Xo, AW = 0 (see [4]). Computing [,] and <,>,
taking into account that now A = 0 and v = 0 [4], we get

[,] X1 Xo 1 Y5 W A

X, 0 0 0 0 -X v
X, 0 0 0 0 0 -Y
(6.4) Y, 0 0 0 0 Y, -X
Y, 0 0 0 0 0 X
WX, 0 -Y, 0 0 0
A Vi Yy Xi -Xy 0 0

and { X1, X», Y1, Y2, W} is an orthogonal basis of g , with < X, X; >=< Y;,Y; >= a?
and < Xo, Xo >=< Y5, Yy >=< W, W >=1.

Using (6.4) to compute (2.4), it is easy to show that X € g is geodesic if and
only if its components (z1,x2,y1, Y2, w,a) with respect to the basis {X1,Y1, X5, Y5,
W, A} satisfy
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ayr —wre = 07

ayz = 07
(6.5) ax; —wys =0,
axry =0,

122 — Y192 = 0.

For a # 0, (6.5) gives 1 = 23 = y; = y2 = 0. For a = 0, we have either w = 0 and
122 —y1y2 = 0, or w # 0 and x5 = yo = 0. Therefore, if X is a geodesic vector of a
generalized symmetric space of type 7b, then its m-component is given by

(1) Xm=z1X1+2Xo+y1Y1 +y2Ys and 122 — 12 =0, or
(ZZ) Xm = 1’1X1 + y1Y1 + wW.

Finally, since all the vectors of the orthogonal basis { X1, X2, Y7, Y2, W} are of type
(i) or (ii), we can conclude that five-dimensional generalized symmetric spaces of type
7b admit five mutually orthogonal homogeneous geodesics through the origin.

7 Homogeneous geodesics of generalized symmetric
spaces of type 8

As homogeneous spaces, five-dimensional generalized symmetric spaces M of type 8
are I¢(IR*)/SO(2) or I"(IR*)/SO(2), where I¢ (respectively, I") denotes the group of
all positive affine transformations of IR® that preserve da? + dy? + dz> (respectively,
dx? + dy? — dz?). M is also described as submanifold of IRG(JC, Y, z,a, 3,7), such that
a? + 3?2 £ 42 = £1. The Riemannian metric of M is induced by the regular invariant
quadratic form

G = dr?+dy® £d2? + ) 2(da® +dB* £ dy?) + [u+ (1)) (adx + Bdy + vdz)?,

where A, > 0 [4]. The five-dimensional generalized symmetric spaces of type 8a
(respectively, 8b) are obtained when we have the sign ” +” (respectively, ” —”) in the
previous formulas. Here we analyze the case 8a, the case 8b can be treated similarly
and it leads to the same conclusions. In both cases, h = so(2) = span(A4), where A
is determined by AX; = —Y;, AXy = Ys, AY) = Xy, AY; = — X5, AW = 0, with
{X1, X2,Y1,Y2, W} a basis of m. The Lie bracket on M is determined by

[ ) ] X; X Y Y, W A

X1 0 w 0 0 X2 Y
(7.1) Xs -Ww 0 0 0 0 -Y,
' Yi 0 0 0o W Y =X
Y, 0 0o w 0 0 Xo

w X, 0 -Y 0 0 0

A -7 Y5 Xy X5 0 0

Moreover, {X;,X5,Y1,Y5, W} is an orthogonal basis of m, with < X;,X; >=
<Y,Y] >=10?, < X0, Xy >=< Y5,Ys >=1and < W,W >= ¢2, where b,c > 0
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[4]. Using (7.1) to compute (2.4), we obtain that X € g is geodesic if and only if
its components (x1,z2,y1,y2, w,a) with respect to the basis {X;,Y:, X, Ye, W, A}
satisfy

row(1l — ) — y1ab® = 0,
Tiwe? + aye = 0,

(7.2) —yow(l — ¢*) + z1ab?® = 0,
yrwe? 4+ axs = 0,
z129 — b*y1y2 = 0.

For a = w = 0, (7.2) reduces to z172 — b?*y192 = 0. If a = 0 # w, we get x1 = x5 =
y1 = y2 = 0 when ¢? # 1, while if ¢ = 1 we only have 7 = y; = 0. If @ # 0, we must
distinguish different cases. We eventually obtain:

1) If ¢ =1 <0, then 21 = x5 = y1 = yo = 0.

2) If ¢2 — 1 > 0 and b* = 1, then, in addition to z1 = 23 = y; = y2 = 0, we also have

we? we? ab

the solutions 9 = ——y1, yo = ———x1 and w ==+
a a cve? -1

3) If ¢2 — 1 > 0 and b # 1, the solutions are either 1 = x5 = y; = y» = 0, or

0 we q " ab 0 we q
o =1y =0, =——r andw=f———+——,0r 21 =y =0, 290 = ——y; an
2 Y1 Y2 a 1 C\/C27_1 1 Y2 2 ayl
b
W=t
cvez -1

In this way, we proved that the if X is a geodesic vectors of a five-dimensional
generalized symmetric space of type 8a, then its m-component is:

i)  Xm=wW, or
i) Xm=21X1 +22Xo + 31 Y1 + y2Ys and 129 — b2y1y0 = 0, or
1) Xm = 22X2 + y2Y2 + wW (only when ¢ = 1), or

2 2 b
) Xm=11X1 — £y1X2 +1 Y7 — ﬁleg + ¢ W (only when ¢ > 1
a a cve? —1
and b? = 1), or
we? ab

Xm=x21X; — —x1Yo & ———W and

(v) T 12 a$12 E 1 an
ab

X, = fglez +y Y £ W (only when ¢® > 1 and b* # 1).
a

cve? —1

The calculations for spaces of type 8b are similar. Since all the vectors of the
orthogonal basis {X1, Xa,Y7, Y2, W} are geodesic vectors of type (i) or (i4), which
exist for all values of b and ¢, we can conclude that five-dimensional generalized
symmetric spaces of type 8 admit five mutually orthogonal homogeneous geodesics
through the origin.
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8 Homogeneous geodesics of generalized symmetric
spaces of order 6 (type 9)

Five-dimensional generalized symmetric spaces of order 6 can be described in the
following way. The underlying manifold is IR?(x,y, z,u,v), equipped with the Rie-
mannian metric

2
81) g¢g = §a2(du2 + dudv + dv?) + (207 + 1) (2T da? + e~ dy? +
+e720d2%) + 2(0% — 1)(eVdady + etdrdz — e~ TV dydz),

where @ > 0 and b > 0 are real numbers. The space (IR?, g) can be identified with the
homogeneous space G/H, where G is the group of all matrices of the form

ety 0 0 =z
0 e* 0 y
0 0 e y
0 0 0 1

Generalized symmetric spaces of type 9 have a special interest because they are of
solvable type, that is, G is a solvable Lie group. In a forthcoming paper [1], the authors
and O. Kowalski will study homogeneous geodesics in some examples of generalized
symmetric spaces of solvable type of arbitrary odd dimension.

Following [4], the Lie algebra g of G' admits a basis {X1, X, Y1, Y2, W} such that

[,] X1 X2 T Y W

X1 0 -Xo 0 0 W
(8.2) X, X 0 Xo 0 0
Yl 0 —X2 0 Y2 0
Y 0 0 -Y, 0 0
w -W 0 0 0 0
and
<,> X1 X i Y W
X 2a®> 0 1a® 0 0
(8.3) Xo 0 20 +1 0 b —1 b —1
Y za®> 0 2a> 0 0
Y, 0 -1 0 20% + 1 —(?—1)
W 0 -1 0 —(*-1) 20°+1

Since h = 0 [4], each geodesic vector must be an element of g. We use (8.2) and (8.3)
to compute (2.4). Putting

b2 -1

h=——
202 +1°
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we get easily that X € g is geodesic if and only if its components satisfy

(z2 4+ w)(z2 + hys —w) =0,
(1‘1 + y1)($2 + hys + hw) =0,
(z2 +y2)(z2 — Y2 + hw) =0,
y1(hze +y2 — hw) = 0,
x1(hxy — hys +w) = 0.

(8.4)

By the definition of A, it follows easily that h — 1 # 0, h+1 # 0 and 2h — 1 # 0, for
all b > 0. We now find all the solutions of (8.4).

a) If 21 = 0, (8.4) reduces to

(z2 4+ w)(z2 + hys —w) =0,
y1(z2 + hys + hw) =0,
(72 + y2)(z2 — Y2 + hw) = 0,
y1(hzg + yo — hw) = 0.

(8.5)

Adding the second and the fourth equation of (8.5) and taking into account that
h+1# 0, we get that either y; = 0 or x5 + yo = 0.
If also y; = 0, then (8.5) reduces to

(r2 + w)(x2 + hy2 —w) =0,
(w2 +y2) (22 — Yo + hw) =0,

whose solutions are (0, —w, 0, w,w), (0,—w,0, (h — 1)w,w), (0, —y2,0,y2, (h — 1)y2),
0, (1 = h)w,0,w, w).
When y; # 0, the only solutions are (0,0, y1,0,0).

b) If z; # 0, from the last equation of (8.4) we get hxo — hys + w = 0.

If y; = 0, the case is similar to the case 1 = 0,y; # 0. Proceeding in the same
way, we get the solutions (z1,0,0,0,0).

If yy # 0, (8.4) gives

hxo — hys +w = 0,
hzo 4+ yo — hw) = 0,

(8.6) (x2 + w)(x2 + hys —w) =0,
(.%‘1 + y1)(x2 + hys + hw) =0,
(x2 + y2)(x2 — y2 + hw) = 0.

whose solutions are (z1,0,¥1,0,0).

So, we proved the following
Proposition 8.1 X is a geodesic vector of a five-dimensional generalized symmetric
space of type 9 if and only if

(i) X =-wXe+wYs+wW, or

(i) X =-wXso+ (h—1wYs +wW, or
(iit) X = —yoXo+y2Yo + (h — 1)y W, or
(iv) X =01-hwXs+wYs +wW, or

(’U X = 1‘1X1 + y1Y1-
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Note that two geodesic vectors of two distinct types among (2), (i7), (i7¢) and (iv) are
always distinct, since h — 1 # 1.

If we add to {X;,Y1} a triplet of vectors chosen in {V; = = X5+ Yo + W, V5 =
—Xo+ (h=1D)Yo+ W, V5= —-Xo+ Yo+ (h—1)W, Vi = —(h — 1) X5 + Yo + W}, we
then always get five linearly independent geodesic vectors, taking into account that
h — 2 # 0. Hence, there exist five linearly independent geodesic vectors in M.

About the orthogonality, it is easy to prove that a geodesic vector of type (v) is
orthogonal to all geodesic vectors of type (i), (i7), (ii%) or (iv). Moreover, for example
X7 and V = X; — 2Y; are two orthogonal geodesic vectors of type (v). Finally, two
geodesic vectors chosen in two different types among (4), (i), (i4i) and (iv) are never
mutually orthogonal. In fact, < Vi,V5 >=< V},V3 >= < V|,V >=3(h+1) # 0,
while < Vo, V3 >=< V5,V >=< V3, Vy >= (2b>+1)(2h—1)— (b*—1)(h*+2) # 0. So,
we can conclude that there are at most three geodesic vectors mutually orthogonal,
for example taking X1, V = X; — 2Y7 and V;. So, from Proposition 8.1 it follows
Corollary 8.2 Geodesic vectors of five-dimensional generalized symmetric spaces of
type 9 form

(a) a plane (2-dimensional vector subspace) P of g (type (v)), and

(b) four straight lines, respectively generated by the geodesic vectors —Xo+Ya+W,
—Xo+(h—1D)Yo+W, = Xo+ Yo+ (h—1)W and (1 —h)Xo + Yo + W (types (i), (i1),
(#i1) and (iv), respectively), in the orthogonal complement of P.

Finally, we can conclude with the following result.

Theorem 8.3 Five-dimensional generalized symmetric space of type 9 admit five

linearly independent homogeneous geodesics through the origin o, but never five or-

thogonal ones. There are at most three mutually orthogonal homogeneous geodesics

through o.
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