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Abstract

We discuss the classification of certain infinite dimensional fiber bundles mod-
elled on Fréchet spaces. First we consider vector bundles (over a Banach manifold
X) of fiber type a Fréchet space F, obtained as the limit of a projective system
of Banach vector bundles. Such bundles are classified by the cohomology set
H1(X, H0(F)), with coefficients in the sheaf of germs of H0(F)-valued smooth
maps on X, where H0(F) is an appropriate topological Fréchet group replacing
the pathological GL(F). An analogous classification is proved for Fréchet prin-
cipal bundles whose structural group can be realized as a projective limit of
Banach Lie groups.
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Introduction

In our earlier papers [2], [3], and [10] we have studied the geometry of certain Fréchet
vector and principal bundles, arising as projective limits of corresponding ordinary
Banach bundles. The consideration of such bundles is necessitated by the fact that
arbitrary Fréchet bundles present serious difficulties, especially when dealing with
problems regarding differential equations and/or the structural group GL(F), if F is
the Fréchet fiber type. In this way, equations, structural groups and various geomet-
ric features such as connections, parallel translations, holonomy homomorphisms etc.
reduce to projective limits of corresponding entities in the category of Banach bun-
dles, where the classical gadgetry can be fully applied. In particular, the pathological
group GL(F), which does not admit even a satisfactory topological group structure, is
replaced by a projective limit of appropriate Banach-Lie groups, denoted by H0(F),
which can be also thought of as a generalized Fréchet-Lie group (see Section 1 for
details).

In the present note we are concerned with the cohomological classification of vector
and principal Fréchet bundles of the aforementioned type. More precisely, in Section
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2 we prove that the isomorphism classes of such vector bundles, with base (a Banach
manifold) X and of fiber type a Fréchet space F, are in bijective correspondence with
the 1st cohomology set
H1(X, H0(F)) with coefficients in the sheaf of germs of H0(F)-valued (generalized)
smooth maps on X (Theorem 2.3).

It is worth noticing that the preceding classification relies heavily on the fact that
the isomorphisms of vector bundles considered are also assumed to be projective limits
of ordinary isomorphisms of Banach bundles.

In Section 3 we obtain an analogous classification for principal bundles whose
structural group is a projective limit of Banach-Lie groups (Theorem 3.3). This choice
of structural group ensures that the bundles themselves and all the isomorphisms
between them are necessarily projective limits.

We conclude this note by relating H0(F)-principal bundles with vector bundles of
fiber type F.

1 Preliminaries

For the reader’s convenience, we summarize here the basic notions needed throughout
this note, referring for more details to [2], [3].

Let F be a Fréchet space whose topology is determined by a family of seminorms
{pi}i∈N with p1 ≤ p2 ≤ · · · . Then, F can be realized as a projective limit of Banach
spaces, i.e., F ∼= lim←−{Ei; ρji}i,j∈N, where Ei are the completions of the quotients
F/Ker(pi) (see [9]). We note that indices referring to projective systems are written
as superscripts in order to avoid confusion with indices relative to local charts used
later on.

With these notations we define the group

H0(F) :=
{
(gi)i∈N ∈

∏∞
i=1GL(Ei)

∣∣ lim←− gi exists
}
.

Since it can be realized as the projective limit of the Banach-Lie groups

Hi
0(F) :=

{
(g1, g2, . . . , gi) ∈ ∏i

j=1Lis(Ej)
∣∣ ρjk ◦ gj = gk ◦ ρjk(i ≥ j ≥ k ≥ 1)

}
,

after the identification (gi)i∈N ∼=
(
(g1), (g1, g2), . . .

)
, H0(F) is a topological group with

the inverse limit topology. Moreover, H0(F) considered as embedded in the Fréchet
space

H(F) :=
{
(gi)i∈N ∈

∏∞
i=1L(Ei)

∣∣ lim←− gi exists
}

is called a generalized Fréchet-Lie group.
The group H0(F) plays a fundamental role in the study of the Fréchet vector

bundles that can be obtained as projective limits of corresponding Banach bundles.
Indeed, assume that

{(Ei, πi, X); φji}i,j∈N

is a projective system of Banach vector bundles satisfying the following conditions:
(PLVB 1) The corresponding fiber types Ei form a projective system.

(PLVB 2) There exists an open covering {Uα}α∈I of X and respective trivializations
{(Uα, τ i

α)}α∈I of Ei’s such that the limit lim←−
i∈N

τ i
α exists for each index α ∈ I.
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Then, the projective limit E := lim←−Ei of this system can be endowed with the struc-
ture of a smooth Fréchet vector bundle of fiber type F = lim←−Ei over the same base X.
The differentiability considered here is meant in the sense of [7], [8]. More precisely,
the pairs {(Uα, lim←− τ i

α)}a∈I , obtained by condition (PLVB 2), form a trivializing cover
of E. As corresponding transition functions we consider the mappings

(1.1) T ∗αβ : Uα ∩ Uβ −→ H0(F) : x 7→ (T i
αβ(x))i∈N,

where T i
αβ : Uα ∩ Uβ → GL(Ei) are the usual transition functions of Ei. Note that

(T ∗αβ) are naturally continuous maps, with respect to the inverse limit topology of
H0(F), and smooth if they are considered as taking values in H(F).

Therefore, the structural group of the bundle E is now H0(F), which replaces the
general linear group GL(F). The relation between the new transition functions (1.1)
and the ordinary ones

Tαβ : Uα ∩ Uβ −→ GL(F) : x 7→ (
lim←−
i∈N

τ i
α,x

) ◦ (
lim←−
i∈N

τ i
β,x

)−1
,

where τ i
α,x stands for the restriction of τ i

α on the fiber over x, is given by

(1.2) ε ◦ T ∗αβ = Tαβ ; α, β ∈ I.

Here ε is the continuous mapping

ε : H0(F) −→ GL(F) : (gi)i∈N 7→ lim←− gi,

connecting the previous two groups of F.
It is essential to note that the transition functions (1.1) fully characterize the

bundles under discussion, for if an arbitrary Fréchet vector bundle E has transition
functions {Tαβ} factorizing in the form of (1.2), then E can be always realized as a
projective limit of Banach vector bundles (see [2, Theorem 1.4]).

This approach allows to circumvent many difficulties posed by the pathological
structure of GL(F) when one tries to study the geometry of Fréchet vector bundles
by employing the “classical” methods that have been proven successful up to the case
of finite dimensional and Banach bundles. In this respect see, e.g., [2], [10].

On the other hand, principal Fréchet bundles are easier to handle, since the as-
sumption that their structural groups are projective limits of Banach-Lie groups suf-
fices to recapture every element of the bundle as a projective limit. More precisely,
if (P, G,X, π) is a Fréchet principal bundle, where the base X is a Banach manifold
and the structural group G a projective limit of Banach-Lie groups G = lim←−Gi, then:

• There always exists a projective system of Banach principal bundles
{(P i, Gi, X, πi)}i∈N whose limit is isomorphic to P ;

• Every connection on P can be realized as a projective limit of connections on
(P i).

Based on these results, we can prove most of the main geometric properties of the
bundles under consideration, e.g. the existence of connections and parallel displace-
ments, Cartan’s equations, the existence of frame bundles etc., whose validity is not
ensured in the case of arbitrary Fréchet bundles (see for details [3]).
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2 Classification of Fréchet vector bundles

Let VX(B) be the set of isomorphism classes of finite dimensional or Banach vector
bundles of fiber type B, over a manifold X. As is well known (see, e.g., [5]), this set
is equivalent to the 1st cohomology set of X with coefficients in the sheaf of germs of
smooth GL(B)-valued maps on X; that is,

VX(B) ∼= H1(X, GL(B)).

However, by what have been said in the Introduction, the previous result fails in the
case of arbitrary Fréchet bundles of fiber type a Fréchet space F.

The aim of this section is to obtain an analogous cohomological classification for
the Fréchet vector bundles that can be realized as projective limits of Banach bundles.
To this end, let {(Ei, πi, X); φji}i,j∈N and {(Ẽi, π̃i, X); φ̃ji}i,j∈N be two projective
systems of Banach vector bundles, of fiber type Ei, i ∈ N, satisfying conditions (PLVB
1), (PLVB.2). We denote by

(E = lim←−Ei, π = lim←−πi, X), (Ẽ = lim←− Ẽi, π̃ = lim←− π̃i, X)

the corresponding limit bundles with fiber type the Fréchet space F = lim←−Ei. Con-
cerning isomorphisms between E and Ẽ we obtain the following Lemmas, which are
essential for the proof of the main Theorem 2.3 below.

Lemma 2.1. If {gi : Ei → Ẽi}i∈N is a projective system of vector bundle iso-
morphisms, then the corresponding limit

g := lim←− gi : E −→ Ẽ

is a Fréchet vector bundle isomorphism.

Proof. The mapping g is a smooth bijection in the sense of [7], [8] as a projective
limit of smooth bijective mappings (see also [2]).

On the other hand, g preserves the fibers of the bundles under consideration since

π̃ ◦ g = (lim←− π̃i) ◦ (lim←− gi) = lim←−(π̃i ◦ gi) = lim←−πi = π.

Moreover, if we consider the trivializations (U, lim←− τ i) and (U, lim←− τ̃ i) of E and Ẽ
respectively (without loss of generality we can take the same open cover U of X),
then the mapping

F : U −→ L(F) : x 7→ τ̃x ◦ gx ◦ τ−1
x

can be factored in the following way:

F = ε ◦G,

with
G : U −→ H(F) : x 7→ (τ̃ i

x ◦ gi
x ◦ (τ i

x)−1)i∈N

and
ε : H(F) −→ L(F) : (gi)i∈N 7→ lim←− gi.
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Indeed, for every x ∈ U , we have that

(ε ◦G)(x) = lim←−(τ̃ i
x ◦ gi

x ◦ (τ i
x)−1)

= lim←− τ̃ i
x ◦ lim←− gi

x ◦ lim←−(τ i
x)−1

= τ̃x ◦ gx ◦ τ−1
x

= F (x).

As a result, taking into account that each component

Gi : U −→ L(Ei) : x 7→ τ̃ i
x ◦ gi

x ◦ (τ i
x)−1

is smooth, we conclude that G and F are also smooth.
Analogously we prove that the map

U −→ L(F) : x 7→ τx ◦ g−1
x ◦ (τ̃x)−1

is smooth, which completes the proof. 2

Lemma 2.2. Any vector bundle isomorphism of the form g = lim←− gi : E → Ẽ
corresponds bijectively to a family {hα : Uα → H0(F)}α∈I of smooth mappings, where
{Uα}α∈I is an open covering of (the common base) X, such that

(2.1) T̃ ∗αβ(x) = hα(x) ◦ T ∗αβ(x) ◦ h−1
β (x),

if {T ∗αβ : Uα∩Uβ → H0(F)} and {T̃ ∗αβ : Uα∩Uβ → H0(F)} are the transition functions

of E and Ẽ respectively, defined in Section 1.

Proof. Since each gi : Ei → Ẽi is an isomorphism between Banach bundles, there
exists a family of smooth mappings

hi
α : Uα −→ GL(Ei); α ∈ I,

such that
hi

α(x) = τ̃ i
α,x ◦ gi

x ◦ (τ i
α,x)−1,

where (Uα, τ i
α)α∈I , (Uα, τ̃ i

α)α∈I are trivializing coverings of Ei and Ẽi respectively.
These coverings can be chosen so that condition (PLVB 2) be satisfied. Then, for any
i, j ∈ N with j ≥ i, we see that

ρji ◦ hj
α(x) = ρji ◦ τ̃ j

α,x ◦ gj
x ◦ (τ j

α,x)−1 = τ̃ i
α,x ◦ φ̃ji ◦ gj

x ◦ (τ j
α,x)−1 =

τ̃ i
α,x ◦ gi

x ◦ φji ◦ (τ j
α,x)−1 = τ̃ i

α,x ◦ gi
x ◦ (τ i

α,x)−1 ◦ ρji = hi
α(x),

where ρji : Ej → Ei are the connecting morphisms of the projective system (Ei). As
a result, the linear isomorphism

hα(x) := lim←−hi
α(x) : F −→ F

(F = lim←−Ei) exists for each x ∈ Uα, thus we may define the (smooth) mapping
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(2.2) hα : Uα −→ H0(F) : x 7→ (
h1

α(x),
(
h1

α(x), h2
α(x)

)
, . . .

)
.

On the other hand, for any α, β ∈ I, we have that

T̃ ∗αβ(x) ◦ hβ(x) ◦ T ∗βα(x) =
(
T̃ i

αβ(x) ◦ hi
β(x) ◦ T i

βα(x)
)

i∈N
=

(
τ̃ i
α,x ◦ (τ̃ i

β,x)−1 ◦ hi
β(x) ◦ τ i

β,x ◦ (τ i
α,x)−1

)
i∈N =

(
τ̃ i
α,x ◦ gi

x ◦ (τ i
α,x)−1

)
i∈N =

(
hi

α(x)
)
i∈N = hα(x)

Conversely, any family of smooth mappings as in (2.2), satisfying also the compat-
ibility condition (2.1), gives rise, for each i ∈ N, to a corresponding family of smooth
mappings (relative to the bundle Ei)

hi
α : Uα −→ GL(Ei); α ∈ I,

so that
T̃ i

αβ(x) ◦ hi
β(x) ◦ T i

βα(x) = hi
α(x); α ∈ I,

holds true for every x ∈ Uα, where {T i
αβ} and {T̃ i

αβ} are the usual transition functions
of Ei and Ẽi, respectively. Therefore, we define a bundle isomorphism gi : Ei → Ẽi

such that
hi

α(x) = τ̃ i
α,x ◦ gi

x ◦ (τ i
α,x)−1.

Then, for any j ≥ i, we easily check that φ̃ji◦gj = gi◦φji and, in virtue of Lemma 2.1,
the mapping g = lim←− gi : E → Ẽ exists and determines a vector bundle isomorphism.
2

Note. According to a well-known terminology, two cocycles satisfying (2.1) are
said to be cohomologous.

Within the category of vector bundles with fiber the Fréchet space F and base X,
we single out the ones which are projective limits of Banach bundles in the sense of
Section 1. Considering the obvious equivalence relation induced by the isomorphisms
that can be realized as projective limits, we obtain the quotient space Vpl

X (F). Then,
we are in a position to prove the following cohomological classification theorem.

Theorem 2.3. Equality

Vpl
X (F) = H1(X, H0(F))

holds true within a bijection.

Proof. Lemmas 2.1 and 2.2 allow now us to follow the classical pattern. As a matter
of fact, if E = lim←−Ei and Ẽ = lim←− Ẽi are isomorphic bundles by means of the limit iso-
morphism g = lim←− gi, then the transition functions
{T ∗αβ : Uα ∩ Uβ → H0(F)} and {T̃ ∗αβ : Uα ∩ Uβ → H0(F)} of E and Ẽ, respectively,
are cohomologous by means of the family (hα) obtained in Lemma 2.2.

Therefore, to [E] ∈ Vpl
X (F) we assign the class [(T ?

αβ)] ∈ H1(X,H0F)). This is a
well defined bijection according to Lemma 2.2 and the constructions of Section 1. 2
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Remark 2.4. From the preceding results it is clear that the cohomological clas-
sification of Fréchet vector bundles that are projective limits of Banach bundles is
based on two main considerations:

1) The general linear group GL(F) (of a Fréchet space F) is replaced by the group
H0(F), which serves now as the structural group of our bundles.

2) The isomorphisms of our vector bundles are also projective limits of isomor-
phisms of ordinary Banach bundles.
Both are very natural since we wish to remain within the category of projective limits
of Banach vector bundles.

3 Classification of Fréchet principal bundles

As explained in the Introduction and the last part of Section 1, in the case of principal
bundles it is enough to assume that only the structural groups involved are projective
limits of Banach Lie groups. As a matter of fact, we have already proven (see [3,
Theorem 2.1]) the following.

Lemma 3.1. Let (P, G, X, π) be a Fréchet principal bundle over a Banach base
X with structural group a projective limit of Banach Lie groups G ∼= lim←−{Gi;φji},
(i, j ∈ N). Then, the bundle P can be thought of as a projective limit of Banach
bundles over X with structural groups Gi, i.e.,

P ∼= lim←−
{
(P i, Gi, X, πi); (f ji, φji)

}
,

where f ji : P j → P i and φji : Gj → Gi are the connecting morphisms of the
projective systems (P i)i∈N and (Gi)i∈N, respectively.

Consequently, we obtain

Proposition 3.2. Let P = lim←−P i and P̃ = lim←− P̃ i be G-principal bundles over

X, as in Lemma 3.1. Then, every bundle isomorphism g : P → P̃ is a projective limit
of bundle isomorphisms, i.e., g = lim←− gi, with gi : P i → P̃ i.

Proof. Working as in the case of Banach principal bundles (see, e.g., [1, No 6.4.4]),
we check that an isomorphism g : P → P̃ is fully determined by a family of smooth
mappings {hα : Uα → G}α∈I satisfying the conditions

g(σα(x)) = σ̃α(x) · hα(x); x ∈ Uα,

g̃αβ(x) = hα(x) · gαβ(x) · h−1
β (x); x ∈ Uα ∩ Uβ ,(3.1)

where {gαβ : Uα ∩ Uβ → G} (resp. {g̃αβ}) are the transition functions and {σα :
Uα → P} (resp. {σ̃α}) the natural sections of P (resp. P̃ ), over a common trivializing
covering {Uα} of X.

Since these transition functions (gαβ) and (g̃αβ), as well as the natural sections
(σα) and (σ̃α) coincide with the projective limits of their counterparts on P i and P̃ i

respectively, we check that, for each i ∈ N, the family

(3.2) {φi ◦ hα : Uα → Gi}α∈I ,
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where φi : G → Gi are the canonical projections of the projective limit G = lim←−Gi,
satisfies the analog of (3.1). Thus, (3.2) determines an isomorphism gi : P i '−→ P̃ i.
Moreover, we see that

φji ◦ gj = gi ◦ φji,

φi ◦ g = gi ◦ φi,

for all i, j ∈ N with j ≥ i. Thus g = lim←− gi and the proof is complete. 2

We denote by PX(G) the set of isomorphism classes of Fréchet principal bundles
over a Banach base X, with structural group a projective limit of Banach Lie groups
G = lim←−Gi. Then, based on Proposition 3.2 and working analogously to the case of
vector bundles, we obtain the following classification of Fréchet principal bundles.

Theorem 3.3. If G is the sheaf of germs of G-valued smooth maps on X, then

PX(G) = H1(X,G),

within a bijection.

Corollary 3.4. Theorems 2.3 and 3.3 imply that

PX(H0(F)) ∼= Vpl
X (F).

The last result essentially shows that any H0(F)-principal bundle identifies with
the generalized bundle of frames of a vector bundle as in Section 2. We have already
dealt with generalized frame bundles in our previous paper [10].
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[3] G. Galanis, On a type of Fréchet principal bundles over Banach bases, Period.
Math. Hungar. 35 (1997), 15-30

[4] W. Greub, S. Halperin, R. Vanstone, Connections, Curvature and Cohomology ,
Vol. II, Academic Press, 1973.

[5] F. Hirzebruch, Topological Methods in Algebraic Geometry , Springer-Verlag,
1966.

[6] S. Lang, Differential manifolds, Addison-Wesley, 1972.

[7] J. A. Leslie, On a differential structure for the group of diffeomorphisms, Topol-
ogy 46 (1967), 263-271.



Classification of Fréchet bundles 31
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