Clifford-Kahler manifolds

[lie Burdujan

Abstract. We consider the Clifford-K&hler manifolds defined by means of
a representation of the Clifford algebra with three generators, Cs = Cfys,
on its (1, 1)-tensor bundle, compatible with a Riemannian structure having
a special group of holonomy. Such manifolds are necessarily Einstein. It
is proved that its structural bundle is locally paralelizable if and only if
the Ricci tensor vanishes identically.

M.S.C. 2000: 53C10, 53C55.
Key words: almost Cliffordian manifold, Clifford-Kéhler manifold.

1 Introduction

A smooth 8n-dimensional real manifold M equipped with an action of the Clifford
algebra Cly3 on its tangent bundle is called an almost Cliffordian manifold.

A Clifford Kdhler manifold is a Riemannian manifold (M®", g), whose holonomy
group Hol (g) is isomorphic to a subgroup of Op(n)-Op(1) C SO(8n). Recall that the
enlarged Clifford unitary group Op(n) - Op(1) may be presented as the group of R-
linear transformations T : O™ — O™ (here O = Cly3) of the numerical n-dimensional
(right) octonic space O™ which have the form

T:6—¢ =ALq, &Eeo"

where A € Op(n) is a Clifford unitary transformation (with respect to the quasi-
Hermitian product n-§ = 3 3 (7€~ +E"‘n(’)) and ¢ is a unitary octon which multi-
plies on the right. Note that for any element p € Clyz one has T'({p) = (T€)(p') with
p’ = gpq; moreover, the Euclidean scalar product is preserved.

In this paper we shall study the Clifford Kéahler manifold by using tensor calculus.
In order to do this, it is rather convenient to define a Clifford-like manifold as being
a manifold which admits a vector subbundle V' of the bundle End (T'M) of the (1,1)-
tensors, having some special properties: V' is 6-dimensional as a vector bundle and
admits an algebraic structure which is closely connected with Clifford algebra Clys.

In Section 2 we recall some notions and results on the Clifford algebra Clp3. §3
is devoted to proving some formulae required in the last section for proving the main
results of this paper.
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Manifolds, mappings and geometric objects under consideration in this paper are
supposed to be of class C*°. Further, all manifold in use will be paracompact.

2  Clifford algebra Cly3

Recall that Cly3 denotes the Clifford algebra with three generators {ep,es, es}. It is
a real unital associative 8-dimensional algebra for which there exists a special basis
(eo, €1, €2, €3, €4, €5, €6, €7) such that

epe; = €;eq = €4, 1=0,1,....7,

e? = —ep, e% = ey, 1=1,2,...,6,

eiej +eje; =0, 1#£j, 1,j=1,2,..,6, i+j#7T,
€;€; = €5€4, 7;:0,17...77, 717&]7 Z+j:7,

€1€2 = €4, €1€3 = €5, €2€3 = €5, €1€6 = €7.

For our comfort, we denote @ = Clp3 and name their elements octons. The before
introduced basis B = (eq, e1, e, €3, €4, €5, €6, €7) is called the canonical (or, natural)
basis of O. In [7], it was proved that the center of O is C(O) = Reg @ Rey. It must
be remarked that C(O) ~ D where D denotes the real (associative and commutative)
algebra of the so-called double numbers. Moreover, O = H®g D because every element
a = apeg + a1e1 + ... + ayer € O has the form

(2.1)  a = (apeo + arer)eg + (areg — ager)er + (azep + aser)ea + (aseq — aqger)es;

consequently, O is a left D-module. The conjugation of H suggests us to introduce a
conjugation on O by

a = (ageo + arer)eg — (areg — ager)er — (azeq + aser)es — (azeq — aser)es,

i.e.
(2.2) a = apey — a1e1 — ... — Ag€g + arery.
Since
7
(2.3) aa = (Z af) eo + (apay — ajap + azas — asaq) er € D,
i=0

the following two quadratic forms Ay, hs : O — R are naturally defined by

7
hi(a) = Za? , ha(a) = apar — a1a6 + azas — asay, Va € O.
i=0

The linear group preserving both these quadratic forms is isomorphic to O(4,R) x
O(4,R).

The presence of a natural conjugation on O suggests the possibility to define an
(quasi-)inner product on it. We define now a quasi-inner product on O by

1, - _
(2.4) (a, by = 5(@- b+b-a)eD, Va,beO.
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The set Go = O\ {L; ULy} is consisting only in regular elements and it is a group.
The group Go is the product of two subgroups, namely Go = O(1) - D*, where
O(1) ={a € Ola-a = ep} and D* is the set of all invertible elements from C(O) = D
(O(1) and D* are normal subgroups of Go with O(1) N D* = {+eq, Ler}).

Moreover, the D-module O™ can be endowed with an quasi-inner product defined
by

vp = (plap2a apn)aq = (q17q27 "'7Qn) con.

As it is usual, we define the group of ”isometries” Op(n) as being the group consisting
in all matrices o € M,,(O) such that

(op,0q) = (p,q), Vp,q€O".

It is easily to prove that O(1) can be identified, via an isomorphism, with Op(1).
The Lie algebra O~ associated to the associative algebra O (by means of the usual
bracket) is isomorphic to su(2) & su(2) & D~ = sp(1) @ sp(1) & D~
It is proved in [3] that GL,,(O) can be isomorphically identified with a subgroup
of GL(8n,R), namely

GL,(0)={r € GL(8n,R)| 7F; = FiT, i = 1,2,...,6};

here F; (i = 1,2,...,6) is the matrix of linear transformation O" — O", ¢ =
(q1,92y -y qn) — qe; = (q1€;,q2€4, ..., qne;) where e; is an element of canonical ba-
sis of Cly 3 in an admissible frame of O™. The Lie algebra gl,,(O) of GL,(O) can be
isomorphically identified with a subalgebra of gi(8n,R), namely

gln(0) = {0 € gl(8n,R)| OF; = F;0, i = 1,2,...,6}.

On the other hand, the Lie algebra g of Op; - GL, (O) can be isomorphically identified
with a subalgebra of ¢gl(8n, R), namely

0F1 — F19 = ng +6F3 7bF4 7CF5,

QFQ - FQQ = —dF1 +fF3 —|—aF4 —CF6,

. OF; — F30 = —eFy —fF, +aFs +bFg,
g=\0€dBLR) | yp _po = bR —aF, +fF —eFy
OFs — F50 = cky —aF3; —fF, +dFg,

0Fg — kg6 = cFy —bF3; +eF, —dFs.

3 Almost Cliffordian manifolds

Let M be a real smooth manifold of dimension m, and let assume that there is a
6-dimensional vector bundle V' consisting of tensors of type (1, 1) over M such that in
any coordinate neighborhood U of M, there exists a local basis (Fy, Fy, ..., Fg) of V
whose elements behave under the usual composition like the similar labelled elements
of the natural basis of the Clifford algebra Clys.

Such a local basis (Fi, Fy, ..., Fg) is called a canonical basis of the bundle V' in
U. Then the bundle V is called an almost Cliffordinan structure on M and (M,V)
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is called an almost Cliffordian manifold. Thus, any almost Cliffordian manifold is
necessarily of dimension m = 8n.

An almost Cliffordian structure on M is given by a reduction of the structural
group of the principal frame bundle of M to Op(n)-Op(1). That is why the tensor fields
(F1, Fy, ..., Fg) can be defined only locally. In the almost Cliffordian manifold (M, V)
we take the intersecting coordinate neighborhoods U and U’ and let (Fy, Fs, ..., Fg)
and (Fy, F5, ..., F§) be the canonical local bases of V in U and U’, respectively. Then
F|, F}, ..., F§ are linear combinations of Fy, Fy, ..., Fs on U NU’, that is

6
(3.1) F) =Y siF, i=1,2,..6,
j=1

where s;; (i,j = 1,2,...,6) are functions defined on U N U’. The coefficients s;; ap-
pearing in (3.1) form an element sygr = (s;5) of a proper subgroup, of dimension 6, of
the special orthogonal group SO(6). Consequently, any almost Cliffordian manifold
is orientable.

If there exists on (M, V) a global basis (Fy, Fa, ..., Fg), then (M, V) is called an
almost  Clifford manifold; the basis (Fy, Fs, ..., Fg) is named a global canonical basis
for V.

Example 3.1. The Clifford module O™ is naturally identified with R®". It sup-
plies the simplest example of Clifford manifold. Indeed, if we consider the Cartesian
coordinate map with the coordinates (z1,Ta, ..., Tn, Tnt1, Tnt2y ooy T2y coes LTl oees
Tgn), then the standard almost Clifford structure on R®" is defined by means of the
three anticommuting operators Ji, Jo, J3 defined by:

Lo ) Lo 2 L0 )
lg%‘ axnéri ’ 23%‘ 3$28n+i ’ 33%‘ 3$3@n+i ’
. — 9 L, 9 - __9 5 _ __0
0%yt 83%‘ ’ O%p i 3$4n§i ’ 0%y 3$5@n+i ’
la—— = 2 = -5 35— = —m———
O0Ton+i 35U48n+i ’ O0Top4i ox;’ O0Top4i OTeni’
Y0Tanrs  Osnii’ 20Tspr:  OTenys S O0Tsnii T Oz
x3n+1 x58n+1 x3n+1 x6§+1 x3n+z axz
Yrame: 35U28n+i C 2 0ans OTpri’ PO0Tapri O%pyi’
YOzsnei O ) L Oz PO0xsnii OTpii’
Tsn+i x38n+1 Tsn+i x'76n+1 Tsn+i Tn+i
1 = 2 = —5 3 =
O0Ten4i O0T7p4i’ OT6n+i 0T3n+i’ OTen+i O0%onti’
_ 0 _ 0 _ 0
Y 0r7n Oxonti’ "2 0T7ny Oxsnti’ "3 0T7ny OTanti’

Example 3.2. The tangent bundle of any quaternionic-like manifold endowed with
a linear connection can be naturally endowed with an almost Cliffordian structure [5].

4 Connections on almost Cliffordian manifolds

An almost Cliffordian connection on the almost Cliffordian manifold (M, V) is a linear
connection on M which preserves by parallel transport the vector bundle V. This
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means that if ® is a cross-section (local or global) of the bundle V', then Vx® is also
a cross-section (local or global, respectively) of V| X being an arbitrary vector field
of M. The following result was proved in [5].

Proposition 4.1. The linear connection V on the almost Cliffordian manifold
(M, V) is an almost Cliffordian connection on M if and only if the covariant deriva-
tives of the local canonical base are expressed as follows

Vii= ml+n0J3—mQJs—13QJs
Vil =-m@®JJ1+n6QJ3+m Q@ Js—n3 R Jg
VIg=-150J1 =@ J2+m @ J5 +n2 @ Jg
Vdi= 1201 —m@Je+n5RJ5 —n5 @ Jg
ViIs= mJh-meJ3—1m60Js+m8Js
Vig= mJJ—m1QJ3+n50Js—mJs

where N1, M2, ...,ne are locally 1-forms defined on the domain of Jyi, Js, ..., Jg.

Let 11,72, ...,m6 be the 1-forms defined by the connection V with respect to the
canonical base Ji, Ja, ..., Jg. Then, using the relations (3.1) we get the following change
formulae

6
n;zzsabnb+)‘a7 a:1>27"'76
b=1

where )\, are linear combinations of s,; and dsgp.
Clifford Hermitian manifolds

The triple (M, g,V), where (M, V) is an almost Cliffordian manifold endowed with
the Riemannian structure g, is called an almost Cliffordian Hermitian manifold or a
metric Cliffordian manifold if for any canonical basis Ji, Ja, ..., Jg of V in a coordinate
neighborhood U, the identities

g(Jx X, YY) =g(X,Y) VXY € X(M)
hold. Since each J; (i =1,2,...,6) is almost Hermitian with respect to g, putting
(4.2) O,(X,)Y)=9(JX,)Y), VX, Y€ X(M), i=12,..,6,
one gets 6 local 2-forms on U. However, by means of (3.1), it results that the 4-form
(4.3) Q=PI AP+ P2 NP+ P53 A P+ Py APy + D5 A P5 + P A D

is globally defined on M.
By using (3.1) we easily see that

(4.4) A=W+ LR +I30J3+J4Q@Js+J5@ J5 + Jg ® Jg

is also a global tensor field of type (2,2) on M.

If the Levi-Civita-connection V = V9 on (M, g, V) preserves the vector bundle
V' by parallel transport, then (M, g, V) is called a Clifford-Kdihler manifold. Conse-
quently, for any Clifford-Kéahler manifold, the formulae (4.1) hold (with V = V9).
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Actually, a Riemannian manifold is a Clifford-K&hler manifold if and only if its
holonomy group is a subgroup of Op(n) - Op(1). Then, one can prove the formulae

(4.5) VQ =0, VA=0.

Conversely, if one of the equations (4.5) hold, then (M,g,V) is a Clifford-Kéhler
manifold. Thus we get the following result.

Theorem 4.2. An almost Clifford Hermitian manifold is a Clifford-Kdhler
manifold if and only if either V2 =0 or VA = 0.

5 Some formulae

Let (M,V,g) be a Clifford-Kahler manifold with dim M = 8n. In a coordinate
k
neighborhood (U,z") of M we denote by g;; the components of g and by J/ the

k
components of J, with k = 1,2,...,6 (here and in what follows we shall put the label
12 6
of any element of a local basis in V above it, i.e. (J, J, ..., J) is a canonical local basis

of V in U). Then formulae (4.1) become

1h 4 2 53t Sah o osh
VJZ = T]jl]i + 77j<]i — ﬂjJZ‘ — ani
o h 1 h 3 h L h 6h
4 6 1 3
ViJi =-nidi +n;Ji +n;di —n;di
3h 1h 2 b 5h 6N
5 6 1 2
VJi =-n;Ji —n;Ji +n;di +n5d;
(5.1) 4h - Ton o gn
2 1 6 5
VJZ = ani _ani +77j‘]i —'I]jJi
5h S 1h 8 g ah gh
VJi = i =gt —n;di i
6h o h 3 h A h sh
3 2 4 4
ViJi = ndi —nidi +n;di —ndi
where nij are the components 0f7i7 (i=1,2,...,6) in (U, z").
Using Ricci formula, from (5.1) one gets:
L1° Luh 4 2t 5 3P, a4l o sh
K" Ji — Kiji®Js = wiidi +wijdi —wijli —wijJs
o s o h L h 3 h L h 6h
A s 4 6 1 3
Ky Ji — Kiji'Js = —wijdi +wiji +wiji —wids
38 3 h L h o h sh 6 h
h s 5 1 2
Kijs'Ji — KijiwJs = —wijJi —wijdi +wijdi +wi;ds
(5.2) n 4 h , 1h o 2k sk gh
Kijs"Ji — Kiji®Js = i —wigdi +wigdi — oy
58 s h Lk 3 h A h 6 h
h s 3 1 4
Kijs'Ji — Kiji'ds = wijdi —wijdi —wiidi +wijdi
6° 6l 2 3h ah 5h
h s 3 2
Kipjs'Ji — Kpji®Js = wijdi —wijdi fwrjdi —wridi

where K kjsh are the components of the curvature tensor K of the Clifford-Kahler
manifold (M, V, g) and Jj, 3), cey & are defined by



Ilie Burdujan

18

DS NS NS O e
< < < < < L
NTOoTOoOT LT OIS
+ + + 4+ + +
O HST AT AT nT oS
< < < < < L
AT HFT IS S S s
+ + + + 4+ +

AT AaT NS YT T oS
T T T T

L | |
~3 A3 ™3 ¥3 w3 ©3

(5.3)

and

(5.4)

Thus &, i = 1,2, ..

.,6, are local 2-forms defined on U.

From (5.2) we get

0P o o O o 0w~

~ o~ o~ I~ —~~

P e e e
NIl
™3 »3 a3 w3 *3 +3
_ S e
Y Ny ey Sy Y S

N3 —3 —3 ©3 ©3 03
o+ 4+ + 1+
Oy N S A o o

SESESESESES
w3 ©3 ©3 =3 =3 «3
+ 4+ | | |
[ L e - L

in a coordinate neighborhood (U, "), X and Y being arbitrary vector fields in M. In

another coordinate neighborhood (U’, z'") we get

rO/J 6/J 6IJ 6/J 6/J 5/J7

Py ey ety ey vy Ty
| | + I + ,
HRy Ry Ry i R Ry

T s ]

2Mw1Mw1Mw6Mw6Mw5M
I+ 4+ + 1+
A R

S s ]

+ + [ | f

A W o v 0 oy

2

where (J',J', ..

(s45) €

.,J") form a canonical local basis of V in U’. Since Sy y

SO(6,R), by means of (3.1) we find in UNU’

i

6.

1,2, ...

1

6

1

2
W = 8;1W + SjowW + ... + S;pw,

/

(5.7)

Using (5.7) we see that the local 4-form

©3
©3
w3
03
<3
«3
=3
»3
~3
a3
-3

—3
I

(5.8)
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determines in M a global 4-form, which is denoted also by X. This ¥ is, in some sense,
the curvature tensor of a linear connection defined in the bundle V' by means of (4.1).
Now, using (5.3) we can prove

Lemma 5.1. Let (M,V,g) be a Clifford-Kdhler 8n-dimensional real manifold. A
necessary and sufficient condition for the 4-form ¥ to vanish on M, is that in each

12 6
coordinate neighborhood U to exist a canonical local basis (J, J, ..., J) of V satisfying

i.e., that the bundle V be locally paralelizable.

Assuming that a Clifford-Kahler manifold satisfies the conditions stated in Lemma

5.1, we see that the functions s;; appearing in (3.1) are constant in a connected
12 6
component of UNU’, U and U’ being coordinate neighborhoods, if we take (J, J, ..., J)

such that Vf] =0,i=1,2,...,6 in each U. In a Clifford-K&hler manifold with M
a simply connected manifold and the bundle V' is locally paralelizable, then V has a
canonical global basis.

i i
Transvecting the 6 equations of (5.2) by Jpy = Jf g (i = 1,2, ...,6) and changing
indices, we find respectively

1t1 4 4 5 5 5 2 3 3
—Kijts i Iy + Kijin = wijJin +wijJin + wijin + wijJin
2 2 4 6 1 3
4 6 1 3
t -
—Kijts i Iy + Kijin = wijJin + wijJin + wijin + wijJin
33 5 6 1 2
5 6 1 2
¢ —
(5.9) —KjisJi Iy + Kijin = wijJin + wijJin +wrjJin + @i Jin
4t 4 2 2 1 1 ¢ © 5 5
—KijisJi Jp + Kijin = WigJin + wigJin +wigJin +wigJin
55 3 3 L1 6 6 4 4
—KjisJi Iy + Kijin = wijJin + wijJin +wrjdin + wigJin
6 6 3 3 5 2 5 5 4 4
—Kpjes Iy + Kijin = wijdin +wWridin +wijdin + wijJin,

k k k
where Kyjin = Kj;;9sn and Jip, = J7gsn (k =1,2,...,6) are the components of ®

defined by (4.2).
Lih gk
Transvecting the second equation (5.9) with J = g'?.J,, we get

ytos jih vho o4 aih 5 oqih o ik 5 ik
—Kpjesd i Ipd  + Kijind  =wijJind  +wridind +wijJind  +wijdind

But

otgs  1h ot 48 ot 4t 1t

7Kk‘jts<]i‘]hgip‘]p = Kkjts‘]igip‘]p = 7Kkjt8‘]igsp‘]p = 7Kkjts']pgsp =

19 1ts
t
= Kkjtstg P = KkjtsJ

so that
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1%k 1 L 1 Lih
2Kkjth = 8mwkj — Wkj = TKkjth
m
Similarly we obtain
s sih
(5.10) wkj = in KkﬂhJ s = 1,2, ...,6.

Using (5.10) and identity Kgjin + Kjten + Kikjn = 0, one gets

%

(5.11) Kesnd® = —nwpn i=1,2,...,6.

Ilie Burdujan

On the other hand, taking into account of (5.11) and transvecting succesively (5.9)

with ¢¥ it results:

2% g 3% 4 4% 5 5%

Kkh = —QTkaSJh — wkth Wkth wkth — wkth
; 1° 29 3% 4 4% 45 6%
Kkh = _wkth — QTkath wkth — wkth — wkth
110 3 3% 5 5° g 6°
(5 12) Kkh_—wkéjh wkah—an;%Jh wkah—wkth
' 1 17 o 4 4% 5 5% g 6°
Kkh = 7wkg¢]h - wkgjh — 2nwngh - wkgjh — wngh
S S S 6 S
11 3 3 4 4 5 6 O
Kkh = —wkth — wkth wkth QTkath wkth
2 2% 3 3% 4 4% 5 5° 6°
Kkh = —wkth — wkth — wkth — wkth — ankth.

Here, Ky, = Kkjihgﬂ are the components of the Ricci tensor S of (M,V,g).

From these equations it follows that

P
(5.13) Ky = —2(n—|—2)w;€sJZ 1=1,2,...,6.
Formulae (5.13) give

i 1

5.14 = K JS i=1,2 .6
(5.14) Ok = 5 gy BksTh

Substituting (5.14) in (5.9) we get

11 1 2 2 3 3 4 5 5
_KkjtstJ}f'FKkjih = m <J;Jih+Jtth+Jthh+J;th
2 9 1 1 1 6 6
—Kpjis JE TS + Kijin = IE) <Jth +J th—I-J th—&-J;Jm

3 3 1 1 6
—KjisJII; + Kijin = PITE) <J;Jm+Jthh+Jthh+J Jin
(5.15) 44 . X 6 6
—Kk:jtstJ}f‘i_Kk]lh = m (J th‘i_Jthh'i'Jthh"V—J;th
55 1 1 1 6 6
—Kpjis JE TS + Kijin = PITE) <J;J1 +J th+<] J1h+JtJh
6 6 1 2 9 4 5 5
_Kk:jtsJith‘f‘Kkjih = m (Jtth-i-Jthh-l-Jthh“rJtJm

[=2)
\_/\_/\_/V\_/v
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Since wzs (i=1,2,...,6) are all skew-symmetric, using (5.15) we find

i g
(5.16) K JiJs = Ky i=1,2,..,6.

Using (5.3) we get the identities

db= NAGENNG —DAG—NAD
2 4 1 6 3 1 4 3 6
do=-nNAw+nAw+nAw—nAw
3 5 1 6.2 1 5 2 6
do=-nNAw—nAw+nAw+nAw
(5.17) 4 2 1.1 2 6 5 5 6
dwo= nAwlnAw+nAw-—nAw
4 4
A= NAW—DAD—NAG+NAD
4 4
do= NAOD—HNAD+NAG —1) AL,
(5.1) gives

19 19 4 29 5 39 2 4g 3 5g
Vi (stJi> = (ViKjs) J; + Kjs (UkJi + i — i — UkJi) ;

1 1
taking into account that (Vi Ks) JF + (Vi Ks) J$ =0, one gets

1
ViKi; = (ViKys) JfJ;.
The following identity holds:
P p
(5.18) ViKij = (ViK) Ji 5. p=1,2,...,6.

6 Some Theorems

Lemma 6.1. For any Clifford-Kdhler manifold (M,V,q) the Ricci tensor is
parallel.

Proof. By means of formulae (4.1) and (5.14) and the first identity (5.17) it follows

S

P pS pS
(6.1) (ViKjs)J; + (Vi Kis)J), + (VZ-K;CS)JJ— =0, p=1,2,...,6.

1
Transvecting (4.1) with J, one gets

151°¢ 151°¢ 151°¢

(kaJS)JfLJh + (VJKls)Jth —+ (szks)Jth = O,

i.e.

151t 1tqs
~ViKjn + (ViKis) ), + (ViKgs)J ), J; = 0.
1t

Substituting in this equation (V;Ky)J,J, = VK, (which is a consequence of
(5.18)), one obtains
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1t 18
—Vkth + Vijh = —(VthS)JhJj .

gbga
If we substitute in this equation Vi Ky = (Vi Kpq)J . J s (which is obtained in a similar
way as (5.18)), then we find

1€ 2b 4Q
ViKin — ViKjn = (VeKpa)J I J -
Similarly, we get
5 4b 1a 4c 1b ga
v]Kkh — kajh = 7(chba)JthJJ - 7(chba)Jh‘]ij

Combining the last two equations gives

1¢obya gcybqa 4¢1boa
(6.2) (Vcha)JijJi = (Vcha)JijJi = (Vchu)JijJi.
In particular, one gets
1¢2bya 2¢4bqa
(Vcha)JijJi = (Vcha)JijJi
LEERY

from which, by transvecting with J,.J J,, it follows

c, bqa cob

27471 12
(63) _(VCKba)‘]rJqu = (chba)r]rJ

sa
J

q=p’

Thus, by combining (6.2) and (6.3) it follows

1¢2bya
(VCKba)JijJZ- =0,
which implies
(6.4) Ve Ky, = 0.

Lemma 6.1 allow us to prove:
Theorem 6.2. Any Clifford-Kdhler manifold is an Einstein space.

Theorem 6.3. The restricted holonomy group of a Clifford-Kdhler 8m-dimensi-
onal manifold is a subgroup of Op(m) if and only if the Ricci tensor vanishes iden-
tically.

Proof. From (5.10) and (5.14) we get

pih

(6.5) Kyjind

4m s

= K
2(m+2) "

5 p=12,..6.

If Ricci tensor vanish identically, then we obtain for successive covariant derivatives
of the curvature tensor the identities
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Therefore, by Ambrose-Singer theorem, the restricted holonomy group of (M, g, V)
is a subgroup of Op(m). Conversely, if the restricted holonomy group is a subgroup of
Op(m), then (6.6) hold and hence K;; = 0 (by taking account of (6.4)). O

Taking into account of Lemma 5.1, we have:

Theorem 6.4. For a Clifford-Kahler manifold (M,V,g) the bundle V is locally

paralelizable if and only if the Ricci tensor vanishes identically.
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